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Preface 


T he purpose of this book is to give tlie student a substaatial grasp 
of physical principles ralher Ilian to describe phenomena. The 
more difficult jKirtious are therefore treated more fully than is usual 
in elementary texts. Difficulties are met without evasion and with- 
out sacrificing clearness in an attempt to be brief. It is a great mis- 
take to mask what is really hard by making it seem easy, and students 
are invariably confused by such a device. It is better to meet diffi- 
culties fairly and squarely, even if the text is lengthened by such a 
policy. 

Th(‘ aim has been to make explanations so clear that the student 
should be able to understand them without assistance. Such an aim 
seems rather obvious, yet all teachers of physics are familiar with the 
ru'cessity of explaining an explanation and so wasting precious time. 
The lectuH'r should have his hour free for enlarging on the text, for 
citing applications and illustrations from everyday life, and for per- 
forming experiments. 

The language of mathematics has been freely used even when a 
purely verbal discussion would be possible, bt'cause most students 
find a concise symbolic statement easier to grasp than a verbal one. 
Howevei, only very simple algebra and trigonometry are used. The 
proofs of classical eciuations and theorems are in the main traditional 
proofs. There is no advantage in straining after new ways of deriving 
old relations unless there is a distinct gain in brevity or clarity. This 
Is rarely possible, though here in a few instances new and simplified 
demonstrations have been introduced, but not for the sake of novelty, 
i The ground covered in this book is a little more extended than 
^ asual. The object of the broader program is to make the change 
f-om elementary physics to intermediate courses less \iolent than 
add otherwise be the case. But this has not made the book unduly 
ig, and no fine print (t-xcept in the problems) has been used to make 
appear shorter than it really is. Holding the extent of the text 
wn to reasonable dimensions without sacrificing either clarity or 
)pe has been made possible in two ways: The portions that any 
ident grasps at once have not been dwelt on at great length, and 
ry little space has been devoted to directions telling the instructor 
w to perform demonstration experiments in the classioom. He 
)uld know how to do them unaided. 

Although modem ideas have been as fully treated as is feasible in 
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an elementary course, a certain amount of material whose importance 
is largely historical has been retained. This is partly because of its 
intrinsic interest and partly because of its pedagogical value in making 
clear fundamental concepts and paving the way for more difficult 
modem ideas. In electricity, the notion of electrons and protons is 
introduced almost at once, but the fuller discussion of atomic stmc- 
ture and allied topics is postponed until classical electromagnetism 
has been thoroughly treated. In this earlier section, electrons are 
referred to only when they are a genuine help to understanding 
what happens. There is no advantage in constantly referring to an 
electric current as a flow of electrons in the opposite direction, or in 
describing a positive charge as a deficit of electrons, after the idea has 
once been grasped. In fact, there is a very real danger that a too 
facile treatment of such delicate subjects as metallic conduction will 
give the student a half-baked or even false idea of recent physical 
thought. 

The determination to be up-to-date at any cost can be very detri- 1 
mental to an otherwise excellent textbook. This is because many | 
recent discoveries have to be treated in the popular manner of the j 
daily press. The reader is awed, but gains only a very hazy notion | 
of reasons and causes. Physics which only describes and does not ; 
explain is not physics. The student should realize from the start* 
this important distinction between an exact science and one which isj’ 

^ concerned mainly with phenomena. 

To sum up: the chief aim in writing this book has been to explain; 
the difficult portions of physics fully and clearly, to introduce modemi 
physical ideas wherever they can be discusser’ with some degree oi^ 
rigor, and to retain those aspects of classical vsics which are still 
valuable as the basis of its fundamental principles. j 

The author gratefully acknowledges much valuable assistance in 
the preparation of this book. Portions have been read and criticizeq 
by specialists in particular fields, and their advice has been most 
helpful. He wishes to express his sincere thanks to all of them, and 
in particular to his colleague, Professor Arthur P. R. Wadlund, who 
has rendered invaluable assistance both in reading the manuscript 
and in checking the solutions of most of the problems. Dr. Howard 
D. Doolittle, another colleague, has also read most of the manuscript, 
and deserves the author’s sincere thanks for many helpful suggestions. 

Finally, to Doctor Edward U. Condon belongs the credit jfor 
important improvements in the text submitted to him. His so^.d 
judgment and critical acumen as science editor for the publishers 
greatly appredated. 

H. A. R 
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CHAPTER 1 


Introductory 

1. The scope of physics. The science of physics was formerly 
called natural 'philosophy. Tliis meant that its purpose was to explain 
nature rather than merely to describe. In order to “explain'^ some- 
thing we must show how it depends upon other things that we accept 
as true. These fundamental ‘^truths” are called laws and are usually 
expressed in exact mathematical language. Their application to 
natural phenomena is w^orked out by mathematical analysis. 

Nature in general is too complicated to be accounted for in the 
exact way just described, and so most of the things we see about us, 
trees, birds, and so forth, lie outside the realm of physics. But certain 
aspects of nature as well as man-made machines are sufficiently 
simple to be explained mathematically in terms of fundamental 
“laws.” These aspects are the legitimate field of physics and arc 
grouped for convenience under five heads: mechanics, heat, sound, 
light, and electricity. They are not wholly distinct from each other, 
but each deals with certain characteristic phenomena that give rise to 
problems capable of exact solution. In short, physics deals with the 
general principles and methods by which such problems are to be 
approached and solved. 

2. Mechanics defined. Mechanics is the most fundamental of the 
five departments of physics. It treats of such ideas as motion, force, 
and energy and their relations to each other and to matter. But in 
general it is not concerned with different kinds of matter or its various 
properties such as color, temperature, or electrical condition. These 
questions are left mainly to other divisions of physics. 

Mechanics may be divided, somewhat artificially, into two sec- 
tions: kinematics, which treats of pure motion regardless of what 
causes it, and d3mamics, the science of forces. Dynamics in turn has 
two divisions: statics and kinetics. The former treats of systems 
acted on by forces with no resulting motion, the latter of systems 
acted on by forces which result in motion. 

3. Materials. As the materials of arithmetic and geometry are 
number and space, so the materials of mechanics may be said to be 

3 
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time, distance, and mass. Time and distance are basic concepts 
which mean something very real to us but which we cannot defim^ 
Mass is not so directly perceived, but it can be defined in tdfms of 
force which is readily appreciated. We shall therefore take time and 
distance, and, for the present at least, force for granted. The mean- 
ing of mass will be explained farther on. 

4. Measurements. The magnitude of a given tim(> interval, or of 
distance or mass, can be measured only by comparing it with an 
accepted standard unit of the same kind. Thus, when we say that a 
man is six feet tall, we mean that a foot rule applied six times, so that 
at each application the new and old positions just touch, will reach 
from the floor to the top of his head. His height, then, is to the 
length of the ruler as six is to one, and we are really obtaining a ratio 
between two quantities of the same kind. In measuring time we use 
a similar process. The intervals between the ticks of a seconds 
pendulum are, so to speak, added end to end, and a time interval 
between two given events is described as containing so many elapsed 
seconds. So with mass, when we say that an object has a mass of 
twenty pounds we mean that twenty of our standard units of mass 
taken together have the same total mass as the objc^ct considered. 

6. Standard units. There are two systems of units in common use 
in America and England. They are the yard, pound, and second of 
the British system, and the meter, kilogram, and second of the metric 
system. The latter is much simpler, is more scientific and has been 
legally adopted by all but a few backward nations, and the two just 
named. 

The second, which is common to both systems, is defined as 
of a mean solar day, or the average elapsed time between the sun's suc- 
cessive crossings of a given meridian. This time differs slightly from 
day to day, but the average taken over a year is regarded as constant. 

The yard and pound are arbitrary units based 
on the prototypes preserved in the Standards 
Office, Westminster, London, though in the United 
States the legal yard has been defined by Congress 
as meter. 

The meter is defined as the distance between 
two fine lines ruled on a certain bar of platinum- 
iridium at the temperature of melting ice. This 
bar has a peculiar section as indicated in Fig. 1, 
and is thus very rigid, while the lines referred to are ruled on the sur- 
face A, so as to be in a plane along the bar's axis. 
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Tlio meter was intended to be one ten-millionth part of the distance 
from the equator to the pole taken along the meridian of Paris. But 
the survey was not so accurate as was anticipated, so that the meter 
of the Archives, as it is called, is really arbitrary like the yard. It is 
kept at Sevres, near Paris. 

The kilogram is the mass of a piece of platinum also kept at Sevres, 
It is almost exacciy tiie mas» of a liter of water at the temperaturci of 
4° C, when it is most dense. Actually the standard kilogram weighs 
0.04 gram more than was intended. But for ordinary calculations, 
it is sufficiently accurate to assume that a liter of water at 4^ C 
weighs a kilogram, and that a cubic centimeter weighs a gram. 

6. The e.g.s. system. A system based on the centimeter, gram, 
and second is used almost exclusively by physicists. They have 
substituted the gram (oiui thousandth of a kilogram) and the centi- 
in('t(‘r (one hundredth of a meter) for the kilogram and meter as being 
more suitable for measuring the magnitudes usually met with in the 
laboratory. All the other quantities of mechanics such as velocity, 
force, and so on, are expressible in terms of the e.g.s. system. With 
th(j additional notions of temperature, and possibly magnetic perme- 
ability and the dielectric constant (to be defined later), all the quanti- 
ties used in physics may be derived from these basic quantities. 

7. Compound quantities. Such quantities as velocity, volume, 
density, and so forth, are compounds of the basic quantities. Veloc- 
ity, for instance, is measured in terms of distance divided by time, as is 
evident from the term milc^s per hour, fc^et per second. The preposi- 
tion per means of course through or by. Our only true speed unit, 
the knot, is a nautical mile p(*r hour, and as 69^ statute miles equal 
60 nautical miles, the knot is about 15.3 per cent faster than a mile 
per hour. 

It should be noted that this very old unit of sp(3ed is named from 
the method used in ^'heaving the log^^ to determine a vesseFs motion 
through the water. The log line, knotted at regular intervals, slippc^d 
through the fingers, and the number of knots felt in a given time 
measured the speed. Therefore a knot is not the distance of a nauti- 
cal mile, as is frequently stated, and the expression ‘‘t(ni knots an 
hour'^ is incorrect, ^‘ten knots'’ being a complete statement of the 
facts. 

Other compound quantities are area (the square of a length), 
volume (length cubed), and density, which is the amount of matter 
per unit volume of a substance. Density is measured in terms of 
mass per unit length cubed. 
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8. Dimensions. The way in which the fundamental quantities, 
mass, distance, and time, enter into a compound quantity gives rise to 
what are called ^‘dimensional'^ formulae. These “dimensions" are 
expressed in terms of L, ikf, and T, the initials of the three basic 
quantities. Thus the dimensions of velocity are obviously L/T, or 
[LT”^] as it is usually written, the bracket indicating that we are 
dealing with a dimensional expression, and not an ordinary algebraic 
equation. Setting v for velocity, we would then obtain the complete 
expression [v] == [LT"^]. Similarly, if A represents area, and if V 
represents volume, [A] = [L^] and [V] == [U]. Density may be 
expressed by [d] = [ML~^]y which is mass divided by volume. 

This method of expressing the essence, as it were, of a compound 
quantity is of the utmost value, often helping to formulate laws, and 
always acting as a check on equations, because the two members must 
of course have the same dimensions. We cannot equate area with 
volume, or velocity with density! 

9. Angles. Everyone is familiar with the measurement of angles 
in terms of degrees, minutes, and seconds, but these units are wholly 
arbitrary and based on no physical or mathematical considerations 
whatever. The circle might just as well, perhaps better, have been 
divided into four hundred degrees, for instance. 

The logical angular unit, used in physics, is the radian, but before 
we can appreciate its significance, it is necessary to explain the mean- 
ing of angles. Consider the line OB 
in Fig. 2 as having started in coinci- 
dence with OA and to have developed 
the angle 6 by turning about 0 in a 
counterclockwise sense, as indicated 
by the arrow. This sense of rotation 
is considered positive, and the angle 6 
is a positive angle. If OB had been 
rotated in a clockwise sense from the 
horizontal, it would have developed the negative angle — The 
magnitude of the angle depends upon the portion of a revolution 
executed by the rotating radius OB and is independent of the length 
of that line. 

10* Measurement of angles. The absolute magnitude of any 
angle, such as ^ in Fig. 2, is the ratio of the arc BA to the length of the 
radius of that arc, or OA . This is known as circular measure. It is 
the only natural and logical measure because it has no arbitrary unit, 
such as the degree, and is independent of the particular arc or radius 
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chosen. This may be seen by taking another arc, as ba; then, by 
geometry, the ratio of ha to its radius Oa equals BA/OA, and both 
ratios measure the same angle. 

When the length of the arc is equal to its radius, the ratio is unity 
and the angle thus determined is the natural unit of circular measure. 
It is called the radian and is equal to 57.296+ degrees. This is 
calculated by means of the consideration that its arc, which has the 
same length as its radius, by hypothesis, goes 2t times into the cir- 
cumference. There are therefore 27r radians in a circle. But a circle 
contains 360 degrees; therefore om^ 
radian has 360/27r degrees, which is 
the value given above. It also follows 
that 360° = 27r radians, 180° = tt radi- 
ans, and 90° = t/2 radians. 

11. Curvature. A circle has constant 
curvature, denoted by o-, and this is de- 
fined as the change in direction per unit 
length of arc. The direction of a curve at any point is that of its 
tangent at that point. Therefore in a circle the curvature indicated 
in Fig. 3 is given by 



cr = 


e 

Z* 


( 1 ) 


But in circular measure 



( 2 ) 


Substituting the value of 6 from (2) in (1) we obtain 

1 

a = -• 

r 


( 3 ) 


This means that curvature is numerically equal to the reciprocal of 
the ‘^radius of curvature.” 

For all other curves, the curvature at any point is that of the circle 

which most nearly fits the curve 
at that point. Thus in Fig. 4, 
op and OP are the radii of curva- 
ture at the points p and P, and 
the curvatures are 1/op and 1/OP 
respectively. Since ciuvature in- 
creases as its radius decreases, a 
pin point has a very large curva- 
ture, while that of the surface of the earth is extremely small. 
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12. Motion. This important physical concept may be defined as 
progressive change of position of a point or a body during an interval 
of time. The time element is essential, for if a body assumes two 
successive positions one must have followed the otluT in time. When 
stress is laid on the time consideration, motion is thought of as a 
speed or velocity, but if we are interested only in the changing posi- 
tions regardless of liow long a time was required, we concentrate our 
attention on the path followed, which is the locus of succeeding posi- 
tions of the moving body. 

A particle is a body whose dimensions may be neglected as having 
no significance in the problem under consideration. A rigid body is 
one whose dimensions are significant, and it may be regarded as 

made up of particles at fix(?d dis- 
tances from each other. 

The path of a moving particle 
is a straight or curved line. The 
path of a moving body is the 
totality of the paths of its com- 
ponent particles. If these paths 
all have the same length as shown 
in Fig. 5, the motion is pure trans- 
lation. Translation may take 
place along eith(;r a straight or a 
curved path. At the (md of the displacement, or any portion 
of it, the body is oriented in the same way with reference to any 
fixed plane. 

A body is said to rotate when every particle in it describes con- 
centric circles around some common axis as in Figs. 6 (a) and 6 (&) . In 
(a) the axis lies outside the body, 
in (&) it passes through it, but both 
are rotations because the compo- 
nent particles all move in concentric 
circles. Translation and rotation 
may take place at the same time. 

In that case the body at any instant 
is rotating about an instantaneous 
center which itself is moving along 
a straight or curved path. The simplest case is that of a wheel 
rolling along level ground. It rotates about its axis which at the 
same time is moving horizontally in a straight line. 

Any motion, however complicated it may appear, can be resolved 



(a) (6) 

Fig. 6. 



Fig. 5. 
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into a pur(^ rotation about an instantaneous axis, as in Fig. 6, and a 
pure translation of the body as a whole, as in Fig. 5. 

13. Linear velocity. When a particle moves along a straight line, 
the motion is rectilinear and its velocity is defined as the time rate 
of change of position measured along the line. 

If the velocity is constant it can be calculated by dividing the 
distance bc^tween any two instantaneous positions by the time re- 
(piired to pass from one to the 
other. Thus let Xi and Z 2 in 

Fig. 7 r(^pr(‘sent the distances of ^ ^ ^ 

the positions pi and p 2 from 
a point 0 on the path. Then 

X 2 — 0*1 is th(‘ distance traveled, and if the time at pi is h and at 
p 2 is to, then 


X, ^ 

Jj ^ 



Fig. 7. 


V 


Jh - Xi 

k- k 


( 1 ) 


If the v(‘loeity is not constant, but varuis in any conceivable 
manner, equation (1) gives us the average velocity over the time 
interval k k. If we thcai wish to know the velocity at some par- 
ticular point P, we find it by bringing pi and p 2 very close together 
and at ('ither side of that point. In this way X 2 — Xi and k — k 
becomes vanishingly small and the instantaneous value of the variable 
velocity is expre^ssed in the notation of the calculus by v = dx/dt. 
This is the limiting value of the expression (1) above as pi and P 2 
approac^h the desired point. The term dx means an infinitcjsimal 
distanc(5 corresponding to the elapsed time dt; therefore any velocity, 
constant or cduinging in the x direction, may be indicated by dx/dL 

14. Acceleration. The time rate at which a body gains or loses 
velocity is called acceleration. It is expressed in terms of unit dis^ 
placement per second each second^ and its more usual units are centi- 
meters, or fe(^t, per second pf^r second. 

When acceleration is constant, we may calculate it by dividing the 
gain in velocity by the time required to make this gain or 


__V2 — Vi _V2 — Vi 

~ k-k~ t ’ 


(1) 


where Vx and V 2 y k and k are the initial and final velocities and times, 
and t is the time interval. If, for instance, an automobile going at 
20 feet per second speeds up in 2 seconds to 30 feet per second at a 
uniform rate of increase, then its acceleration is at the rate of 5 feet 
per second each second, or 5 ft./sec^. 
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But when acceleration is variable, so that the body gains velocity 
at different rates during the time t, the above statement is not true, 
and we must express a by the notation of the calculus as in the case of 
variable velocity. We then write a = dv/dtf which is the limiting 
value of the average acceleration when V 2 and vi approach each other 
as the time interval — <1 approaches zero. 

Equation (1) may be transposed to read 

= V 2 — Vi, (2) 

In this form it enables us to calculate the velocity acquired in a given 
time under a given constant acceleration, and thus it may be written 
simply V = atj where v is the velocity gained during the time t. As 
the dimensions of velocity are [LT~^]f the dimensions of acceleration 
are those of velocity divided by time, or [LT~^]. 

16. Vectors and scalars. Such magnitudes as displacement, 
velocity, and acceleration are usually associated in our minds with tht? 
idea of direction, w’hile the ideas of mass and time do not involve 
direction. When a quantity has both direction and magnitude, it is 
called a vector quantity. When it has only magnitude it is called a 
scalar quantity. The magnitude of a vector quantity considered 
independently of direction is itself a scalar quantity. Thus velocity 
is essentially vectorial, but we may be interested only in the rate, as 
in discussing a sprinter’s record, regardless of the direction of the race. 
This is a scalar quantity designated by speed. Similarly length may 
be used to designate the scalar aspect of the vector quantity dis- 
placement. 

A symbol used to designate a vector quantity is referred to as a 
vector without the addition of the word quantity. Thus vector 
quantities may be expressed in terms of vectors, just as scalar quanti- 
ties may be expressed by numbers. In a diagram a vector is repre- 
sented by an arrow pointing in the proper direction, and having a 
length proportional to the vector’s scalar magnitude. The point of 
the arrow is called the terminus and the “nock” is the origin of the 
vector. In analytical expressions it may be designated by a line 
above the letter or letters indicating the vector, as AJB, or by printing 
the symbols in bold-faced type, as R. 

16. Addition of vectors. Scalar quantities of the same kind are 
combined by algebraic addition or subtraction, and due account 
should be taken of their signs, either positive or negative. Vectors, 
on the other hand, can be added or subtracted only geometrically; 
this property is a third criterion of a true vector. It must then have 
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magnitude, direction, and be capable of geometrical (or vector) addi- 
tion and subtraction with other vectors of the same kind. 

Vector addition is best shown by the so-called parallelogram of 
vectors. Let A and B be two vectors, as in Fig. 8, having scalar 
magnitudes of 5 and 10 units, and di- 
rected northeast and cast respectively. 

Their vector sum R is obviously not 15 
units, as if they were scalars, but is less 
than that, and its direction lies some- 
where between their directions. To 
prove that the diagonal of the parallelogram correctly represents 
the sum, we may reason as follows: It is a principle of geometry 
that two directions perpendicular to each other are mutually inde- 
pend(jnt. If W(^ travirf due north, for instance, we get no farther east 
or west; therefore, w^e may consider A as made up of two independent 
^ components indicated in Fig. 9. One of these 

^ ^ ^ goes north, the other east, and the numerical value 

y/ I of each is 5 cos 45® = 3.54. The northerly com- 

/ I ponent has no effect upon the easterly vector B, 

/ \ but il’s easterly component V is added arithme- 

i tically to B, which gives a total ^^easting^^ of 13.54, 

A . \ J as shown in Fig. 10. Similarly the northerly com- 

^ Fi 9 ponent, a' of A produces a ^*northing^' of 3.54 that 

* is unaffected by the two easterly vectors, and the 

sum, or resuUanty is drawn to the point specified by 13.54 units east 
and 3.54 units north of the origin, as shown in Fig. 10. If -4' rep- 
resents the side of the parallelogram opposite 4, since it is equal in 
direction and magnitude, it represents the samt^ vector quantity. 
Therefore we might have saved the construction line B' by drawing 



Fig. 8. 


only B and 4', placing the origin of 
4' at the terminus of B and then 
uniting the origin of B with the termi- 
nus of 4' to form R. R could also 
have been formed by uniting B' to 



4 in a similar manner. This add! 


Fig. 10. 


tion by a triangle rather than a 

parallelogram is usually the better way, but it should always be re- 
membered that it involves origin to terminus contact, while the 
parallelogram requires the vectors to be placed origin to origin. 

17, Subtraction of vectors. A vector difference is obtained by 
subtracting one vector from another vectorially. This is accomplished 
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by roversing the vector to be subtracted (subtrahend) and then 
obtaining the resultant as above, just as in algebra the difference 
a — b may be thought of as the sum a + {— h). Thus if we wish to 
subtract vector A in Fig, 10 from A is reversed and the parallelo- 
gram of Fig. 1 1 results. 

Vector differences are useful in finding relative magnitudes and 
directions; for instance, in comparing two velocities. If an airplane, 

moving with the wind, is going at a 
velocity of 60 miles per hour ov(t the* 
ground and the wind has a velocity of 
20 miles per hour, then the velociity of 
the airplane through the air, or its 
motion relative to the wind, is 40 miles 
per hour. But if wc wish to know the velocity of the air with refer- 
ence to the plane, or apparerd wind velocity as observed by the 
aviator, w'e must subtract the plane’s velocity from that of the wind, 
obtaining —40 miles per hour. The minus sign indicates that the 
wind appears to blow against the plane, although it really blows 
with it. Therefore to obtain relative motion, subtract the velocity of 
the object with niference to which the relative motion is desired. 

The rule just stated is equally true w^hen the vectors are not in 
the same straight line. For instance, if it is desired to find the motion 
of a west wind blowing 30 miles per hour with reference to an airplane 
flying north with the same velocity, we reverse the vector representing 
the plane’s velocity and add vectorially to that of the wind. This 
gives us a wind velocity of 30\/2 
miles per hour blowing apparently / 



Fig. 11. 


from the northwest. The aviator 
therefore encounters a stronger 
wind blowing at an angle of 45° 
from head on, instead of from the 
side. 

18. Graphic summation of many 
vectors. When there are more 
than two vectors we may first add 
two of them either by the paral- 
lelogram or triangle methods, then 
add the third to the resultant thus 



Fig. 12. 


obtained, then the fourth to the sum of the first three and so on. But 


it is much simpler and better to proceed as indicated in Fig. 12. The 
vectors shown in (a) have been added in (6) by placing them head 
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The square of the resultant equals the sum of the squares of its x, t/, 
and z components. This proposition may be demonstrated from 
Fig. 17 as follows: The vector Op is the hypotenuse of a right-an^gled 
triangle of which x and y are the other two sides. Therefore Op^ = 
x'^ + 1 /^. But Oq^ or jR, is the hypotenuse of the right-angled triangle 
Oqpy so = Op^ + z^y and substituting for Op we obtain 

+ ( 1 ) 

or /? = V X- + y- + z^. 

SUPPLEMENTARY READING* 

Emile Borel, Space and Tirne^ Blackie & Son, London, 1926. 

H. A. Erikson, Elements of Mechanics (Chap. 1), McGraw-Hill, 1927. 

A. P. Wills, Vector and Tensor Analysis (First ten pages), Prentice-Hall, 
1931. 


PROBLEMSt 

1. How many radians are subtended by a 12 ft. arc of a circle whose 
radius is 3 ft.? How many degrees does this represent? Ans. 4 radians, 
229,2 degrees. 

2. Convert 30®, 45®, 60®, and 90® to radians. Ans, 0.52; 0.79; 1.05; 
1.57 radians. 

3. 'What is the curvature of an arc 10 ft. long which subtends an angle of 
4 radians? Ans. 0.4 ft~h 

4. A train passes a signal tower at 12:30 p.m. and a switch three miles 
beyond at 12:35, How' fast is it going if the speed is constant? Ans, 
52.8 ft./sec. 

5. A ship heads due east with a speed of 15 knots, across a southerly 
tidal current of 5 knots, Wliat is its resultant velocity? What is the angle 
its course makes with the north-south meridian? Ans. 15.8 knots; 71?5 
east of south. 

6. A man who swims in still water at 2 mi./^hr. crosses a stream half a mile 
wide by swimming straight across the current. He lands a quarter of a mile 
downstream. How swift is the current? How long is he in crossing? What 
is his actual speed? Ans. 1 mi./hr.; 15 rain.; 2.24 mi. /hr. 

* A few of the books recommended at the end of this and following chapters 
are somewhat too difficult for the usual beginner. They are listed in the hope 
that a few ambitious students wdll at least turn over their pages in the college 
library and obtain some impression of what lies before them. Also the instructor 
may find some of them useful in refreshing his memory of topics outside his own 
special field. 

t Before working any problems, the student should read the brief appendix 
entitled **The Solution of Problems.” 
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7. If the same swimmer of Problem 6 heads upstream so as to go 
straight across and it takes him 20 minutes, how swift is the current? Am, 
1 .32 mi./hr, 

8 . What is the horizontal velocity of a stone thrown with a s|:)eed of 
200 ft./sec. at right angles from an airplane traveling at 150 ft./sec., if air 
resistance is not considered? Am. 250 ft./sec. 

9. If the above stone was thrown eastward at the airplane traveling 
200 ft./sec. northward, with what velocity would it strike, and from what 
direction? Am, 282 ft./sec. from the northwest. 

10. Calculate the resultant, and its direction, of two vectors whose scalar 
magnitudes are 9 and 5, if their angular separation is 60®. Am. 12.29; 
20?6 from the larger vector. 

11. Calculate the resultant of the following vectors: 8 ft. north; 6 ft., 30® 
east of north; 10 ft. southeast; 4 ft., 30® west of south, and 5 ft. west. 
Am. 4,06 ft.-f; 41® north of east. 

12. A ship sails 30® north of east at a si:)eed of 20 knots. What are its 
component velocities northeast and east? Am. 7.3 knots east; 14.1 north- 
east. 
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must be parallel or come together at a common point. They are then 
said to be concurrent They must also lie in the same plane as was 
assumed above. This condition is described as coplanar. Finally, 
their vector sum must be zero. 

In all such problems we must first find the point P where the forces 
meet. This point is then regarded as independent of its surroundings. 
Such an assumption is perfectly reasonable, for consider a single rivet 
in the steel frame of a skyscraper. It is at rc^st, and therefore what- 
ever forces act upon it must balance each other 
regardless of all the rest of th(^ building. 

Having selected the appropriate point, we tluai 
decide which forces ac^t upon it, and as we are now 
considering only problems concerning three forces, 
we know that their vectors can be formed into a 
closed triangle. The final solution consists in solv- 
ing the triangle. This is always possible when we 
know the length of at least one side and two other 
^^elements,’^ that is, two other sides, or one side and 
one angle, or two angles. 

1. Suppose a boy in a swing is pulled sidewise by a horizontal 
force A until the ropes supporting him make the angle $ with the 
vertical, as shown in Fig. 20. The forces acting where he sits at P 
are his weight /I, the pull A, and the tension C on the rope. As these 
are balanced, the resultant R of A and B is equal and opposite to C. 

Therefore A, B, and C would form a right-angled 
triangle equivalent to A 'BR. Suppose d = 30°, and 
B is 100 lb.; then the force A is 100 tan 30° ~ 57.7 
lb., and the tension C is 100/cos 30° = 115.6 lb. 

2. An almost identical problem is that of a 
bracket supporting a weight w as shown in Fig. 
21. Here there is a compression of the diagonal 
strut whose reaction is shown by the vector C. 
This balances the resultant R of the forces A and B, 
Thus, as before, there is equilibrium between A, 5, 
and C, and if ^ is 30° and w is 100 lb., the tension 
in the horizontal member is 57.7 lb., and the compression in the strut 
is 115.5 lb. 

3. If a weight is suspended from the center of a loose light cord 
supported at Q and S as shown in Fig. 22, the cord assumes the posi- 
tion QPS. The vector C, which represents the weight, is balanced by 
the resultant R of the two tensions A and B. Then C (or R) equals 
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2A sin e. The angle 6 may be found if the length 21 of the cord is 
known as well as the vortical height k between P and the line QS. 

Then 


■“ r 


_ 2Ah 

2h 



If 6 is less than 30°, I is greater than 2/i, and the tension A in the 
cord is greater than the force C, If h is very small compared to I, the 
tension is much greater than the weight causing it, and the cord may 
be broken by a surprisingly small load. 

4. A roof truss, shown in Fig. 23, is similar to the bent cord. The 
force C exerted by the weight of the roof is supposed to be concen- 
trated at P, where it is balanced by R, the resultant of the outward 
thrusts A and B of the beams PQ and PS. Then R == 2A sin 6 = C. 
The lower ends of the beams rest upon the walls of the house, each 
exerting a downward force equal to half of C. This is balanced by 
the upward reactions Z>, but the components of C acting along the 



beams and represented by A' and B' tend to make their lower ends 
spread apart. Such action is neutralized by a tie rod QS which 
sustains a tension T equal and opposite to T", the resultant of D and 
S', or of D and A'. Therefore T = |C/tan B. 

5. Still another illustration of three balanced forces is found in a 
weight supported by a crane as shown in Fig. 24. Here the weight 
exerts a downward force A at the point P. This causes a tension B 
in the rope PQ. The resultant R of these two forces acting at P is 
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balanced by C, the outward thrust of 
the boom SP, Then 

C (or R) = -r^, 

^ ' tan 9 

and tan ^ = j' 

. r = Al 



The tenskm in th(i rojx^ is also given by 7? = A /sin 6 where sin 6 = 
h/Vh^-b i'\ SO that if h and I an? known, both tlie compression of 
the boom and the tension in the rope due to w may bo found. 

26. Pressure. The word pressure has a very special meaning in 
physics. It does not mean just a pushing force in a vague sort of 
way. But it does mean the irdcusity of that force. Why is it that a 
pound push on a needle point pressing upon the skin hurts more 
than the same push acting on the dull point of a pencil? The common- 
sense answer is that one is sharper than the other. Physics is only 
highly developed common sense and it makers thc^ same answer, but 
a more prexMse and useful one. It tells us that the prick of the needle 
is due to the fact that the force is concentrated over a very small area. 
The smaller the area th(^ sharper is the prick when the same force is 
applied. Therefore pressure varies directly as the force and inversely 
as the area over which it is applied. It is force per unit area, or in 
symbols, 



This definition applies wherever the force is distributed evenly over 
an area normal to the direction of the force. The pressure on the 
bottom of a cubical tank containing water may be measured by the 
weight of the water in pounds dividcjd by the area of the base given 
in square feet or square inch(}s. Similarly the pressure of the atmos- 
phere is due to its weight and is commonly stated in pounds pt^r 
square inch. 

26. Moment of a force. If you wish to open a heavy gate, where 
do you push? As far from the hinges as you can, of course. In what 
direction do you push? Naturally, at right angles to the gate. 
Everyone learns these two facts in early childhood, probably from 
“trial and error.'' At any rate, when way, 
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the force you exert is of greater account or moment than if you push 
near the hinges or at some other angle than ninety degrees. This 
use of the word moment is similar to its use in such expressions as 
^‘an event of great moment.'^ It tells us that in making something 
rotate, the same force may have more or less importanccy depending 
upon its direction and the point of application. 

In order to measure this moment, or importance, of a force, con- 
sider Fig. 25 where a wheel pivoted at 0 is acted on by a force F 
which pushes normally against a crank r. The moment of the force 
is the product of F and r, for clearly the effectiveness of the push 
depends directly upon both quantities. If you 
increase F, keeping r constant, the turning 
moment increases, but if you use a correspond- 
ingly longer crank, you obtain the same result 
without changing the force. If the same force 
were applied at the point p instead of at the 
end of r, the moment would be exactly the same. What counts 
is not the point of application, but the perpendicular distance between 
the axis and the line of action of the force. So to obtain the moment 
of a force, drop a perpendicular from the axis upon the line of action 
of the force. Tliis is the kver arm, and when multiplied by the force 
gives the moment in a compound unit such as pound-feet. The 
moment is said to be positive if it tends to produce a counterclockwise 
rotation. This is in accordance with the convention 
regarding positive and negative angles. 

In Fig. 26, the above rule is further illustrated by a 
force F acting on a block B. Its line of action is pro- 
duced to obtain the lever arm r by dropping a perpen- 
dicular from the axis at P. 

27. Couples. If a log of wood is lying on the ground, and if two 
men push against its ends equally hard, but in opposite directions at 
right angles to the log, it is easy to see what will happen. The log 
will spin around, about a center midway between the two men. It 
would be a very poor way to try to push the log 
along a road, for all one obtains is pure rotation. 
This arrangement of forces is shown in Fig. 27 and 
is called a couple. The forces must be equal, op- 
positely directed, parallel but not in the same line 
(nonconcurrent) and must lie in the same plane 
(coplanar). No rotation is ever produced except when a couple is 
acting, A force applied to the lim of a wheel turning freely on an 




Fig. 26, 



Fig. 25. 
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Fig. 28. 


axle, makes the wheel turn, but only because an equal and opposite 
reaction holds the axle in place. 

The value of a couple's moment is called its torque.f It is calculated 
by taking the product of one of the two forces and the perpendicular dis- 
tame between their lines of action. Thus in Fig. 28, a body M is acted 
on by the couple AB. If P is taken as 
the axis or center of momentSy the force A 
has a positive moment A a, where a is its 
lever arm with respect to P. Similarly the 
moment of B is positive and equal to Bb. 

The total torque L is therefore Aa + Bb. 

But A == P; hence L = A(a + 6), or L = A/ as stated above. 

In the case just discussed the axis was supposed to lie between the 
two forces, but the value of the couple is the same no matter where 
P is placed. Take, for instance, the two forces shown in Fig. 29 
with P outside their lines of action. Now the moment of A is +Aa, 
while that of B is —Bb because B tends 
to produce a clockwise rotation. The net 
torque is then 

Aa — Bb = A(a — b) == Al 

as before. From this it follows that the 
torque due to a couple is independent of 
its position in a given plane. We may 
move the figure representing a couple freely 
about the plane, and we may also transfonn 
it by decreasing F and increasing I proportionately, and vice versa. 

28. Equilibrium of bodies. The wheel of a moving automobile is 
being both rotated and translated. But if the brakes are set tight 
and the wheel skids, there is then only translation. The torque due 
to the brakes has neutralized the torque which caused rotation. On 
the other hand, attempting to start the auto on an icy pavement 
results only in spinning the wheels. Here is rotation without trans- 
lation because the feeble tractive effort exerted on ice is neutralized 
by the car's resistance to starting. 

From the preceding illustrations we may infer that to prevent a 
couple from producing rotation, it must be opposed by another 
couple, and to prevent a force from producing translation it must be 
opposed by another force. In general, if the algebraic sum of all the 

t Torque, is also used in speaking of a moment due to a single force, though 
this is not strictly correct. 
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turning moments acting on a body with reference to any axis, is zero, 
there is no rotation; and if the vector sum of all the forces is zero, 
there is no translation. These principles taken together are the neces- 
sary and sufficient conditions for equilibrium. They may be stated 
symbolically as 



XF = 0 (no translation). 

( 1 ) 

and 

SL == 0 (no rotation). 

( 2 ) 


If (1) is true, but not (2), pure rotation results. If (2) is true, but 
not (1), pure translation results. If neither holds, the motion which 
results is a combination of both translation and rotation. 

29, Parallel forces. When the forces acting on a body are all 
parallel to each other, the calculation of their resultant and the 
torques they produce is very simple, especially if they an^ also 
coplanar. Suppose a body is acted on by five parallel coplanar forces, 

as shown in Fig. 30. Throe act- 
ing upward are positive and two 
acting downward are negative. If 
there is no translation condition, 
(1) gives us 

( 1 ) 

If there is no rotation, the algebraic 
sum of the torques around any 
axis also vanishes. If we take any point as 0 for the center of mo- 
ments, the various lever arms r may be found by dropping normals 
from the force vectors upon an axis parallel to these forces and 
passing through the center of moments. This fulfills the require- 
ments stated in Article 26, that lever arms are the perpendicular 
distance between the axis and the line of action of the forces Then 
XL (or XFr) = 0. Taking account of the fact that three of the forces 
tend to produce positive rotation, and two negative rotation, we have 

F^r 2 — FsVs FaTa F^r^ = 0 . ( 2 ) 

In problems involving coplanar parallel forces in equilibrium, the 
unknown quantity is either one of the forces, or its point of applica- 
tion, or both. If the force is required, the force equation is used. 
If its point of application is required, the torque equation is used. If 
both are required, both equations are necessary. 

Suppose that in Fig. 30, the force needed to prevent translation 
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is required. Let the other four forces have the values +3, +2, —4, 
and +2 units respectively. Then equation (1) becomes 3 + = 0, 

or Fs = ~3. It should be noted that as we do not know in advance 
the direction of Fs, it must be given the positive sign in equation (1). 
Then if the result is nc'gativc' we know that it acts downward. 

If Fb is known, but not its point of application, in order to prevent 
rotation, we must know the other lever arms as well as all the forces. 
Let the four known values of r be 1, 2, 3, and 4 units respectively. 
Then equation (2) becomes 

3 X 1 + 2 X 2 - 4 X 3 + 2 X 4 - 3rr. = 0, 

which gives us 3/5 == 3, or r^B = 1. This means that f \ must act 
opposite to Fi, instead of at the point shown in the diagram, in order 
to prevent rotation. We have thus found both tlu? magnitude and 
location of a single force needcid to balance the four given parallel 
forces so as to prevent both translation and rotation. 

The choice of the center of moments is arbitrary. We could have 
taken P instead of 0 as such a point. This reduces the moment of 
Fa to zero, and the lever arms measured to the left of P are negative. 
Equation (2) would then become 

~3X2-2Xl-4X0 + 2Xl-3rB = 0, 

or 3r5 = — 6, and n — ~2, wliich places Fb opposite to Fi as before. 

30. Three parallel forces. The special case of three forces occurs 
so often in simple structures and 
machines that it deserves particular — 
mention. One such problem is 
represented in Fig. 31, where two H 
weights are hung at the ends of 
a rigid bar of length I and whose 
own weight we will suppose negli- 
gible compared to Wi and W 2 . It is 
desired to find the point P where it must be supported by a force Fa in 
order not to rotate. Since 

2F = 0, 

— Fi -}~ Fa — F 2 = 0. 

Fa = Fi + F 2 . (1) 

Taking moments around the left end of the bar, we find that 
SL = 0= -- Fi X 0 + Fax - Fa/. 


Fig. ,31. 


( 2 ) 
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Substituting Fz from (1) in (2) Ave obtain 
{Fi F2 )x = F2L 

( 3 ) 

( 4 ) 


X F2 

Then by ^^division'^ 

I — X _ ^ 

X Fz 


Thus it appears that the point P divides I into two segments whose 
lengths are inversely proportional to the two weights. If the w^eight 
of the bar, however, must be considered, it appears as a third down- 
ward force acting at the bar’s center of gravity, which is a point to 
be defined later. In this case the above simple solution is no longer 
valid. 

Another problem of this type is that of a bar of length 21 and 
negligible weight supported at its ends by two men exerting forces 

Fi and Fs, and carrying a weight w 
hanging from the point P on the 
bar. It might be required to find 
Fj the position of P for any assigned 
distribution of the load between 
the two men, or to find Fi and F^ 
with P fixed. Let us consider the 
latter case, taking our center of moments at the center of the bar. 
Then since IF = 0, 

Fi + Fs = F^j 
and since SL = 0, 

Fsl = Fil -f* F^sd" 






Eliminating F 2 by substituting Fi + F 3 for it, we obtain 

Fzl = FiZ -(- Fid “f" Fsdf 


and 


^_l + d 

Fi'^ I- d' 


( 6 ) 


which again shows that the two supporting forces are inversely pro- 
portional to the segments into which the bar is divided. 

31. Center of gravity. Any body may be regarded as made up of 
a great number of very small particles, each having a finite mass. 
The forces of gravity acting upon these mass-particles are all prac- 
tically parallel to each other unless the body is so large that the 



Chap. 2] 


STATICS 


27 


gravitational forces directed toward the center of the earth have 
appreciably different directions. Let us assume, then, a body of 
moderate size, the mass-particles of which are acted upon by a system 
of parallel forces each proportional to the mass of the particle. Then i 
the center of gravity is a point through which the equilibrarvt of all the 
forces must act in order to produce equilibrium with the body in any ! 
position. This means a point at which the body may be supported 
and placed in any position without having a tendency to rotate. 

The center of gravity of a tliin sheet may be found by experiment 
as follows: A piece of stiff cardboard cut in any shape is suspended 
by a thread from a point on its edge. It will hang with its center of 
gravity directly under the support, because only then does the sum 
of all the infinitesimal turning moments with reference to the support 
equal zero. Therefore the center of gravity lies on a line drawn on 
the cardboard vertically downward from the support. It is then 
suspended from another point on the edge and a similar vertical line 
is drawn. The intersection of 
these two liruis is the point 
sought, and the cardboard should 
balance when supported there. 

32. Calculation of the center of 
gravity. In Fig. 33 let the forces 
2, 3, and 1 lb. act respectively on 
the mass particles mi, m2, and m^. 

Applying the rule SF = 0, we 
find that the equilibrant E must 
be 6 lb., equal and opposite to 
the resultant R. 

If the lever arms x are 1, 2, and 5 ft. respectively, the rule SL = 0 
becomes 

- 2 X 1 - 3 X 2 - 1 X 5 + fix, = 0, (1) 

and X, = ft. This locates the line of action of the equilibrant, 
and the center of gravity C lies somewhere on that line. 

To locate C completely, imagine the body rotated so that the 
forces act parallel to the X axis as shown in Fig. 34. Let the dis- 
tance y from the X axis be 2, 3, and 1 ft., respectively. Then apply- 
ing the second rule, SL = 0, we have 

2 X 2 + 3 X 3 + 1 X 1 - 62/c = 0, and y, - ft. (2) 

Thus we have located the center of gravity C, which is ^ ft. from 
the Y axis, and ^ ft. from the X axis. 
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If many mass-particles are to be considered, as in a thin sheet of 
metal or lamina, then C is not only the center of gravity but the 
center of area of the surface. Its position is located symbolically 


as follows: Enuation ('I'i above 



If the mass-particles extend into three-dimensional space, a third 
equation is needed, namely 




( 6 ) 


This locates C with reference to the A'F plane. 

Since the gravitational forces acting on a body are proportional to 
the masses of its various particles, the preceding equations may be 
written in the fonn Xc = and so forth. When expressed 

in this way Xc, and Zc locate what is known as the center of mass 
of a body. It has the same position as the center of gravity, but is 
defined without reference to any force acting on the mass-particles, 
and has a meaning similar to the center of population of a state. 
When the mass-particles are continuous, as in solids, the location of C 
can be calculated only for relatively simple and homogeneous bodies. 
Otherwise it can be located only by experiment. 

33. Equilibrium of nonparallel forces. When only three forces 
acting on a body are in equilibrium, their lines of action must either 
be parallel or meet at a common point. This is because one of them 
must be the resultant of the other two. But if there are more than 
three nonparallel forces, they need not meet at a common point. In 
the case of four, for instance, the resultant of two of them meeting 
at a point a might be equal and opposite to the resultant of the other 
two meeting at 6. Then if both resultants lie in the line ab, they 
would be in equilibrium. 

Problems involving any number of coplanar nonparallel forces are 
solved exactly as those concerning parallel forces, but in this case 
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each force must be resolved into X and Y components. Then there 
are two systems of parallel forces at right angles to each other, and 
the general vector equation 2F = 0 is split up into two parts = 0 
and '^Fy = 0, whore the subscripts indicate forces parallel to th(i X 
and Y axes respectively. There are then three equations which must 
be satisfied for equilibrium, namely: 



m = 0, 

( 1 ) 


II 

O 

( 2 ) 

and 

ZL = 0. 

( 3 ) 


As an illustration, consider a horizontal bar pivoted at 0 as shown 
in Fig. 35 (a), with its own weight w acting at its center, and a 
W(‘ight W hung at the end 
at a distance I from 0. A 
cord supporting it makes an 
angle 6 with the bar. If 
w alone is taken into ac- 
count, the lines of action of 
the forces T (tension in the 
cord), R (reaction on the 
pivot), and w must inter- 
sect at the common point 
P as shown in Fig. 35(6). (a) 

Therefore if the force w is pro- 
duced to intersect the cord, a 
line from 0 to this point gives 
the direction of R, Its magni- 
tude, in this case equal to T, is 
found from R sin 6 = ie/2, since 
the force triangle is isosceles. 

But when W is taken into ac- 
count, the case is more compli- 
cated. It is best solved as fol- 
lows: The reaction R and the 
tension T may be resolved into Fig. 35 . 

horizontal and vertical com- 
ponents as shown in Fig. 35 (a). Then from equation (1), 6 — d = 0, 
and from (2), a + c — w — W = 0f where the negative signs in- 
dicate forces acting toward the left or downward. Equation (3) 
taken around 0 as the center of moments gives cl — Wl -- wl/2 = 0. 
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Then if w, W, I, and 6 are known, the other quantities are found 
from 


R = Va 2 ^ f ^ + d^, and a = tan-*^ a/b. 

The computation of the preceding problem is easy. Suppose the bar 
weighs 20 lb. and is 12 ft. long. Let a weight of 30 lb. be hung at the 
end, and let 6 be 30°. Then a = Rsin a^b = R cos c = T sin 30°, 
and d — T cos 30°. From equation (1), R cos a = T cos 30°. From 
(2) i? sin a + T sin 30° — 20 ~ 30 = 0; therefore, since sin 30° = J, 
/Jsina - 50 - T X h From (3), T X | X 12 30 X 12 - 20 X 6 

= 0. Therefore T = 480 6 = 80 lb. Substituting this value in (2) 

gives R sin a = a = 10 lb., an d from ( 1), jB cos a = 6 = 80 X 0.866 = 
69.28 lb. Therefore R = V = 70 lb. very nearly. The 
angle a = tan“^ a/6 = tan~‘ “ 8^2. This shows that the 
weight W shifts the direction of R toward the horizontal. The 
angle a is equal to 6 in Fig. 35 (6), where only w is considered, and it 
is 0° with only W acting, as was shown in Fig. 24. Therefore with 
both weights allowed for, the direction of R lies between these limit- 
ing values. 
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PROBLEMS* 

1. A boy weighing 40 lb. sits in a swing and is pulled sideways with a 
horizontal force of 25 lb. What is the tension in each supporting rope? 
What is the angle they make with the vertical? Ans, 23.6 lb,; 32°. 

2. If the ropes in Problem 1 are 10 ft. long, how much force is needed to 
pull the boy a horizontal distance of 6 ft.? Am, 30 lb. 

3 . A derrick arranged like the bracket diagram of Fig. 21 lifts a weight 
of 3000 lb. If the angle the boom makes with the vertical mast is 40°, calcu- 
late the tension B in the horizontal supporting rope and the reaction A of 
the boom, neglecting its own weight. Ans. 2517 lb.; 3916 lb. 

4 . A rope 12 ft. long is fastened to hooks 10 ft. apart at the same level. 
A weight of 50 lb. is hung from its center. What is the force acting on each 
hook? Am, 45.2 lb. 

6. A 40 ft. boom is supported horizontally at its outer end by a rope from 
the top of a 50 ft. mast. Calculate the tension on the rope when a weight of 
800 lb. is hung from the same end, neglecting the weight of the boom. What 
is the thrust of the boom? Am, 1025 lb. tension; 640 lb. compression, 

* Problems marked with an asterisk are more difficult or more laborious than the 
average problem in this book. 
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6. In Problem 5 the boom weighs 400 lb., and if it is of uniform diameter, 
its weight may be regarded as acting at its center. What is the turning mo- 
ment of the boom? What is the upward force at the further end of the 
unloaded boom? What is the total tension on the rope due to the boom's 
weight and the load at its end? Am. 8000 ft. lb.; 200 lb.; 1281 lb. 

7. A crane holds a weight of 100 lb. at the end of a horizontal boom 
10 ft. long which is supported by a rope making an angle of 30° with the boom. 
Calculate the tension in the rope due to the weight, and the longitudinal 
thrust of the boom. Wliat is the tension if the boom's weight is 50 lb.? 
Am. 200 lb.; 173 lb.; 250 lb. 

8. If the boom of Problem 5 is raised to make an angle of 30° with the 
horizontal, calculate the turning moment due to its own weight and the 800 lb. 
load. Am. 34,000 ft. lb. 

9. In Problem 8 calculate, by equating turning moments, the tension on 
the rope which supports the boom. Am. 916 lb. 

10. A roof truss supports a w^eight of 500 lb. as shown in Fig. 23. The 
pitch of the roof is 37°. Calculate the compression in the beams, and the 
tension in the tie rod. Am. 415 lb. and 332 lb., nearly. 

11. Let five parallel forces as in Fig. 30 have the following values: 
F, - +2 lb., Fi = -6 lb., Fz = +7 lb., F* - +4 lb., and F, - -3 lb. 
Their distances from Fi are 3, 5, 6, and 10 ft. respectively. Calculate the 
resultant and the distance of its line of action from Fi. Am. 4 lb.; 2.75 ft. 
to the right of Fi. 

12. Two men A and B support at its ends a bar 8 ft. long which carries a 
weight of 50 lb. hung 3 ft. from A . If the bar's weight is neglected, how much 
does each man carry? Where should the weight be hung so that A may sup- 
port twice as much as 5? Ans. A supports 31 1 lb.; B 185 lb.; 2f ft. from A, 

13. If the bar in Problem 12 is uniform and weighs 12 lb., and if it supports 
60 lb. 2 ft. from A, what weight does B carry? Am. 21 lb. 

14. Where must a seesaw 12 ft. long be supported if the boys on its two 
ends weigh 45 lb. and 60 lb. respectively, and if the weight of the board is 
neglected? If the board is of uniform section and weighs 40 lb., what is the 
proper point of support? Am. 5^ ft. from the heavier boy; 5.38 ft. from the 
same. 

15. A uniform horizontal bar 10 ft. long and weigliing 20 lb. is loaded at 
each end with 6 and 12 lb. weights, and is pulled upward with a force of 8 lb. 
at a point 3 ft, from the heavier end. Where must it be supported for 
equilibrium? Am. 5 ft. 5^ in. from the lighter end. 

16. A horizontal boom 8 ft. long and weighing 30 lb. is pivoted at one end, 
and a weight of 120 lb. is hung at the other end. How much force must be 
exerted to support the boom at a point 3 ft. from the fulcrum by a rope mak- 
ing an angle of 30° with the mast? Am. 415.7 lb. 

17. In Problem 16 calculate the vertical and horizontal components of 
the tension in the rope by taking moments about the fulcrum. Calculate 
the net vertical force at the fulcrum. Calculate the resultant reaction of 
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the mast at the fulcrum and its direction. Ans. 360 and 208 lb.; 210 lb.; 
295.6 lb. inclined at 44?7 to vertical. 

18. The sides AB and BC of a very thin rectangular slab or “lamina” 
ABCD are 4 and 6 ft. long respectively. It is loaded at the four corners with 
weights as follows: 2 lb. at A, 8 lb. at By 6 lb. at (7, and 10 lb. at D. Disre- 
garding the weight of the lamina, find the center of gravity. Ans. 2.154 ft. 
from AD edge; 2.308 ft. from CD edge. 

19. A triangular slab ABC has the following dimensions: AB — 5 ft., 
7?(7 == 4 ft., and CA = 3 ft. It is loaded at A with 4 Ib., at B with 8 lb., 
and at C with 12 lb. Neglecting the slab's weight, find the center of gravity. 
Ans. 6 in. from BC edge; 1 ft. 4 in. from AC edge. 

20. An equilateral triangular lamina of uniform thickness is 6 ft. on each 
side and weighs 12 lb. It is loaded at the corners with weights of 3, 4, and 
5 1b. Locate the center of gravity. (Noi’e: If unloaded , the centroid lies on 
the intersection of the median lines.) Ans. 1.52 ft. from the 5, 4 edge, and 
1.95 ft. from the 3, 4 edge. 

21. An equilateral triangular lamina of uniform thickness and 6 ft. on a 
side is placed above the side of a square lamina in the same plane, having the 
same length of edge and the same uniform thickness, thus making a figure like 
the front of a house. Calculate the position of the center of mass. Ans. On 
the median line 4.43 ft. from the base. 

22 . The bar shown in Fig. 35 weighs 50 lb., is 16 ft. long, and has a weight 
of 40 lb. hung at the end. The angle between the supporting cord and the 
bar is 60®. Calculate the tension on the cord, the reaction at 0, and the angle 
it makes with the bar. Ans. T — 75.06 lb., R = 45.1 lb., and a = 33?7. 

* 23. A uniform bar AB is 12 ft. long and weighs 10 lb. It is supported 
horizontally by cords fastened to its ends. The'*‘ cord at B makes an angle 
of 30® with the vertical. A weight of 20 ll>. hangs from a point on the bar 
4 ft. from end A. Calculate the tension in the cord supporting that end, and 
the angle it makes with the vertical. Ans. 19.53 lb.; 20°11'. 

* 24. A bar AB is 6 ft. long and w^eighs 18 lb. It is supported at its ends 
by cords attached to hooks 10 ft. apart in the ceiling. The cord supporting 
the end A is 3 ft. long, and the cord supporting is 4 ft. long. What weight 
hung from the end A will make the bar hang horizontally? Ans. 14 lb. 

* 26. A tapered bar AB k 10 ft. long and hangs horizontally from two 
cords fastened to its ends. The cord supporting end A makes an angle of 
30® outward from the vertical. The cord supporting B makes an angle 
of 45® outward from the vertical. Locate the bar's center of gravity. 
Ans. 3.66 ft. from A. 



CHAPTER 3 


Kinetics 

34. Force and motion. Suppose that with no knowledge of physics 
you w(ire asked to observe the effect of a push or a pull on a body 
free to mo\'(\ You would of course notice that in general things 
remain at rest until you push them, and then that they tend to move 
in the direction of your push. But you would also notice that once 
moving th(»y often keep going, for a time at least. You might also 
find out that it tak('s a harder push to start a heavy body than to 
start a light one, and that once started it is harder to stop it. Then 
if you experimented with, let us say, a lawn roller, you would dis- 
cover not only that a uniform pull starts it going, but that it steadily 
gains in speed for a while and that it gains si)eed faster the harder 
you pull. Finally, if you were very observing, you might wonder 
why you were unabre to producje motion when you pushed against 
a stone wall, and you might be clev(‘r enough to argu(^ that if the 
wall were another man he would have to push just as hard as you 
were pushing in order to keep his position. Then you might say 
that the wall must be doing the same thing in spite of being devoid 
of life. In the Dark Ages this amazing doctrine would probably 
have got you hanged as a sorcerer, but your idea w^ould have been 
true nevertheless. 

The conclusions just arrived at are that bodies at rest need a force 
to start them, and moving bodies need a forces to stop them; that 
heavy bodies and rapid increases in speed call for stronger forces, 
and that even inert bodies push back as if they were alive and re- 
sented coercion. 

36. Newton^s laws. All the observations just enumerated were 
probably made in a vague sort of w^ay thousands of years ago, but 
it was not until modern times that anyone realized that they could 
be stated in perfectly general and simple language which applies 
to any kind of force and to all bodies alike. Such generalizations 
are usually called “laws.” But nature really does not “obey” laws 
imposed upon her from outside. A law in science is only a man-made 
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generalization which describes the conditions under which nature has 
her being, or it expresses a very high probability of what will happen 
in certain circumstances. It takes a genius to formulate great 
generalizations, and when Sir Isaac Newton in 1687 first published 
his three ^‘laws of motion, he was rightly hailed as the greatest of 
all men of science. These laws, translated from the original Latin, 
are: 

(1) Every body continues in its state of rest or uniform motion in a 
straight line^ unless it is compelled to change its state by {the action of) 
impressed forces. 

(2) Change of motion is proportional to the impressed motive force ^ 
and takes place in the direction of the straight line in which that force 
is impressed. 

(3) To every action there is always an equal and contrary reaction; 
or, the mutual actions of two bodies are always equal ami oppositely 
directed. 

36. Discussion of the first and second laws. These two laws are 
closely related. In fact the first is really a special case of the second. 
Taken together they express a profound truth derived from experi- 
ence, that we may measure forces by the change of motion which they 
produce. In his treatise Newton explained that by motion he meant 
what is now called momentum, or total quantity of motion. A large 
mass moving with a certain velocity has a greater quantity of motion 
than a small mass moving with the same velocity, while with equal 
masses moving at different velocities, the faster one has the greater 
^^motion.’^ Therefore momentum depends both upon mass and velocity 
and is measured by their product, mv. 

The substitution of momentum for motion in Newton^s second law 
does not go far enough in explaining its meaning. Evidently the 
change of momentum produced by a given force depends upon how 
long the force acts. This fact is one of everyday experience. A 
locomotive takes time to get a train going fast. If it exerts a certain 
definite pull for say five seconds, the train might attain a velocity of 
eight miles an hour, but in ten seconds (ignoring friction) it would be 
going twice as fast. This means that a force F acting for a time t 
produces an effect which depends upon both F and t, or their prod- 
uct Ft. This product is known as the impulse of the force. 

We may now restate the second law in the words of Maxwell. 
The change of momentum of a body is proportional to the impulse which 
jfyrodvees it, and is in the same direction. Then, if a force F acts upon 
a mass m, increasing its velocity from vi to the change in momen- 
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turn, if m is constant, is mv 2 — and it follows from the second law 
that mv 2 cc Ft. This may be written 


mi v2 - vi) 
t 


= kF, 


( 1 ) 


where A; is a constant of proportionality. The second law thus stated 
reads: The time rate of the change of momentum varies as the impressed 
force. 

37. Definition of the force unit. The second law does not tell us 
what unit is to be used in measuring force. In fact it leaves us free 
to choose a unit of any size, because it states only the fact that the 
time rate of change of momentum varies as the impressed force. It 
does not say that it (equals the impressed force. If we wish to measure 
force in terms of the force-pounds used in the last chapter, and at the 
same time express m in pounds and v in feet per second, we are quite 
at liberty to do so. It is necessary to find only the corresponding 
value of k. As w'ill be explained in the next chapter, this value is 
32.174 or approximately 32.2. But if we prefer to adopt the force- 
kilogram (that is, weight of one kilogram) as our unit, and to measure 
m in kilograms and v in meters per s(^cond, then the corresponding 
value of k is 9.8 approximately. 

A force unit more convenient than either of those just discussed 
is one which reduces k to unity. This unit is defined as that force 
which is just able to cause unit change of momentum in a second. Then 
if we assume that the mass remains constant at different velocities, 
m{v 2 — Vi)/t = 1, 7^ = 1, and k must thcjii be unity also. The force 


equation now reads 


^ p 


( 1 ) 


where F is expressed in terms of this new unit. In the British system 
of pounds and feet, it is called the poundal. In the e.g.s. system, in 
which m is measured in grams and v in centimeters per second, the 
force which causes unit change of momentum per second is called 
the dyne, from the Greek word dynamis meaning force. This is a 
very small quantity. It takes 13,825 dynes to equal a poundal, and 
4.45 X 10*^ to equal a force pound; therefore a megad3/iie, or one 
million dynes, is frequently used to measure large forces. 

38. Force and acceleration. Equation (1) in Article 36 may be 
simplified by setting a for (v2 — Vi)/t, which is the acceleration of 
the moving body. Then 

„ ma 

F^-y. 


( 1 ) 
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This is an extremely useful form of Newton^s second law, and 
expresses the fact that when a body's velocity changes under an 
impressed force, this force is measured by the product of the mass 
of the body and the resulting acceleration. The force unit defined 
on this basis is that force which is able to produce unit acceleration 
of a unit mass. Such a definition makes k equal to unity as before. 
But this definition of force is not valid unless m is constant while 
the body speeds up under the action of F. At speeds ordinarily met 
with, this assumption may be taken as true, but it is now known that 
the mass of very rapidly moving bodies, like the electrons in cathode 
rays, increases with the velocity, and a constant force applied to 
such a body does not result in a constant acceleration. The accelera- 
tion diminishes as the mass increases. Therefore the definition based 
on momentum is decidedly preferable, because the time rate of change 
of momentum does vary directly mth the force at all spe(?ds, and is 
not altered by changes in the mass. 

Momentum, being the product of mass and velocity, has the 
dimensions [MLT"^]. Force, which is measured by the time rate of 
change of momentum, has the dimcaisions [MLT'~'^\/[T] = [MLT~*^]^ 
which are those of mass times acceleration. 

39. Impulse. The fact that the impulse Ft of a forces is equal to 
the acquired momentum m(v 2 — vi), is an aspect of Newton's second 
law which is very useful in solving certain kinds of problems. Al- 
though the word impulse is ordinarily used only for short applications 
of a force like the blow of a hammer, the equation is of course true 
for any length of time during which a constant force is applied to a 
mass m. It is especially useful in answering the question, how long 
must a given force be applied to produce a given change in velocity 
of a moving mass? 


40. Problems involving Newton’s second law. As has been ex- 
plained, this law may be expressed either in terms of change of 
momentum, by 


m{v2 - 

- Vi) = kFtj 

( 1 ) 

or in terms of acceleration by 

ma = kF. 

( 2 ) 


The constant k becomes unity when the force is measured in the so- 
called absolute force units, the dyne and poundal, but it equals 9.8 
or 32.2 when the force is measured in kilograms or pounds, and the 
other units correspond, as specified in Article 37. We are then able 
to calculate one of the four variables in equation (1) when the three 
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others are given, or one of the three variables in (2) when the two 
others are given. 

As an illustration, suppose it is required to find how long it will 
take a force of 80 lb. to stop a mass of 500 lb. moving with a speed 
of 15 miles an hour. This speed equals 22 ft. /sec., which is the total 
change of velocity The constant k is 32.2 since F is given 

in force pounds; therefore solving (1) for t and substituting the values, 
we obtain t = (500 X 22)/(80 X 32.2) = 4.27 sec., very nearly. If 
the force had becm 80 poiaidals instead of pounds, then A: = 1, and 
the time would be 137.5 sec. 

41. Conservation of momentum. Newton^s first law is really a 
special case of the second, for if the time rate of change of momentum 
is proportional to the impressed force, then when no force acts, there 
is no change in momentum. 

This constancy of momentum in the absence of an impressed force 
is a most important property of matter. But one must not infer that 
the reverse is also true, and that when the momentum of a system 
does not change there is then^fore no impressed force, for there might 
be several balanced forces acting on it. Therefore if the momentum 
is constant, (uther there is no impressed force, or several balanced 
forces hold the system in (equilibrium. 

42. Inertia. The remarkable property of matter just explained, is 
what is known as its inertia. Anything having mass has inertia. 
In fact, the two terms njally mean the same thing, and are inherent 
in what we know as matter, regardless of where it may be found. 
Thus the inertia, or mass, of a pound of matter on the moon is 
exactly the same as on the earth, though it would weigh very much 
less there. 

This resistance in matter to change of motion, which we call 
inertia, may bo regarded as its most fundamental and significant 
characteristic. It is inertia which makes it difficult to get a loaded 
freught car moving, and again it is inertia which makes it hard to 
stop it. Therefore inertia is just as much a property of bodies at 
rest as of bodies in motion. 

43. The third law — static systems. The word “action” used by 
Newton in stating his third law may mean either force or the impulse 
Ft of that force. When no motion results from an action, the time 
is of no especial significance, so that we then consider only pure 
balanced forces. There must be at least two forces wherever there 
is any force at all, which means there can be no force without an 
opposing force. If you wish to test your strength you must push or 
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pull against something which resists. The resisting force is exactly 
equal to the force you exert, and is measured in the same units. 
Suppose two men wish to break a string by pulling at opposite ends, 
each exerting a force of one hundred pounds. The tension in the 
string is one hundred pounds just as it would be if tied to a tree and 
one man exerted the same force as before. But if both men join 
forces against the tree, the total tension becomes two hundred pounds, 
for the tree's reaction is double what it was before. 

Action and reaction involve the mutual action between two bodies^ so 
that balanced forces acting on a single body are not examples of 
Newton's third law. Thus the men, referred to above, who were 
pulling on the two ends of a rope illustrate balanced forces but not 
action and reaction, because they exert equal forces on one body, the 
rope. But the forces between either man and the rope represent 
mutual action between two bodies. They are action and reaction, 
and illustrate the third law. 

44. The third law — amoving systems. When a locomotive starts a 
heavy train from rest, one realizes that it is exerting its utmost pull. 
The noisy exhaust means that steam at full pressure is being admitted 
to the cylinder throughout the stroke. Then as normal speed is 
approached the steam is '^cut off" earlier in the stroke and the average 
force it exerts is much less than before. Wliy should the train's 
reaction decrease in this remarkable way? The answer calls for an 
extension of the meaning of the word reaction. Until the train is 
actually moving, the pull exerted by the locomotive is opposed by 
an equal and opposite pull caused by friction. If there were no 
friction whatever, the slightest force would cause motion, but since 
friction exists, a certain definite puli is needed to overcome it. Then 
the train starts and gains speed. During this process, a reaction 
due to the train's inertia develops, and according to Newton's second 
law it takes a force equal to the product of mass and acceleration to 
overcome it. This is called the kinetic reaction. As the train 
approaches full speed, the acceleration decreases and with it the 
kinetic reaction, until it is miming at a steady rate when the accelera- 
tion is zero and the only forces opposing motion are those of rolling 
friction and the pull of gravity if there is an upgrade. 

Newton's third law, extended to include the effect of acceleration, 
means that the kinetic reaction must be added to other forces which 
oppose motion. Thus, the force exerted by a locomotive equals the 
sum of the forces opposing it, whether it is at rest, gaining speed, 
or moving at a constant rate. If / represents the force of friction 
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when the train is moving on a level track, and m is its mass, the total 
force needed tf) give it an acceleration a is found from 

F = ma + /. (1) 

The reality of kinetic reaction ma may be shown by the following 
simple experiment: L(»t a mass m hang from a spring balance B which 
registers a force w. This must be equal and opposite to the down- 
ward pull of the weight. There are then two balanced forces in 
equilibrium and no motion takes place if P supports the system. Now 
let an increased upward pull F cause both balance and weight to 
move so as to attain a steady velocity. If the balance is carefully 
observed during this procc^ss, it will be found that it 
records an increased tension while the motion is ac- 
(iclerated. This inc^rease is the kinetic n^action ma. 

Afterward, with a steady upward motion, the tension 
comes back to its original value w. 

Thus the equation representing all the actions and re- B 
actions within the system of balance and weight when 
acjcelerated upward, rc'ads 

F = ma + w, (2) 

As soon as the motion is steady, a vanishes, and we re- Fig. 36. 
cover the original force w. Tliis shows us that the tension 
on the ropes supporting an elevator is the sanu^ whether it is hanging 
at rest, or ascending rapidly betw(?en floors with a constant velocity. 
It is, however, much greater during the time it is being accelerated 
upward, and correspondingly less when it starts to drop, for then ma 
has a negative sign, as we shall see in the next chapter, where the effect 
of acceleration on a passenger is fully discussed. 

Equations (1) and (2) may be written in the form F — ma — / 
(or w) = 0, and as each of these terms is an ‘^action^^ in the broad 
sense of the word, we may make the general statement 

XA = 0, (3) 

which represents symbolically the fact that the vector sum of all 
actions to which a body is subjected is always zero. This is true 
whether it is at rest, gaining or losing speed, or moving at a constant 
rate, and it is a fundamental principle of mechanics. 

As an illustration of this principle, suppose a man is raising a pail 
of mortar by means of a rope running over a pulley. The pail weighs 
80 lb. and the man exerts a pull of 100 lb. What is the upward 
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accoleratioii of the pail? Here are three actions: the man\s down- 
ward pull F, the force of gravity w which opposes it, and th(‘ 
kinetic reaction ma of the pail acting in opposition to its motion. 
Then F — te — ma = 0. Expressing all forces in poundals with 
k taken as 32 approximately, we have F = 100 X 32 poundals, 
ie = 80 X 32 poundals, and the kinetic reaction is 80a poundals. 
This gives 80a = 3200 — 2560, and a = 8 ft./sec^. 

46. Equilibrium of momenta. In his statement of the third law, 
Newton used the words action and reaction to include not only forces, 
but also impulse and momentum. Thus in equation (2) of Article 44, 
we may multiply through by the time during which an elevator is 
being accelerated. Then 

Ft = mat + wt, 

or (F — \v)t = mat. 

But the rate of gain of velocity multiplied by the time during which 
it increases gives the total gain. Therefore at = v, and mv repre- 
sents the gained momentum, or 

(F ~ w)t = mv. (1) 

This indicate^s that the impulse of the excess upward force, F — ic, 
results in an increased momentum. Equation (1) may be generalized 
for a system of bodies to read 

t^F - Zmv, ( 2 ) 

when* t is the time during which all the forces act. 

If none of the forces indicated by ZF is applied from outside of the 
system, it is said to be isolated. This would be true of a football game 
played on a very large raft. As has been explained, 2IF is always 
equal to zero; therefore llmv is zero also. This means that the raft 
and players have neither gained nor lost momentum during the 
game. Stated in general terms, it is impossible to alter the momentum 
of a system from within. This principle is known as the equilibrium 
of momenta and is a consequence of both the second and third laws 
of motion. It is really an extension of the conservation of momen- 
tum, mentioned in Article 41, to cover cases where forces act within 
a system to produce motion of its parts, but without altering the 
momentum of the whole. 

To illustrate problems involving changes in momentum caused by 
an impulse, let us suppose that the man pulling up the pail of mortar 
(Article 44) exerts his hundred pound pull for half a second. Re- 
quired, the final velocity of the pail. Here two opposing forces, the 
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pull of 3200 poundaLs and the opposing force of gravity, 2560 poundals, 
act on the pail for half a second. The net impulse, tZF, is = 320 
poundal seconds. This equals the gained momentum mv] therefore 
as m is 80 lb., v = = 4 ft./sec. This is a rather obvious result, 

since we found that the acceleration is 8 ft./sec^.; therefore the 
velocity gained in half a second must be 4 ft./sec. 

46. Illustrations of the equilibrium of momenta. You cannot make 
a sailboat go faster by j3ushing against its sail ! This is because your 
forward push is just balanced by the backward push of your feet on 
the deck. However, if a man runs from bow to stern of a boat 
b('calmed, he may actually (;ause it to move forward a short distance. 
While he is gaining monu'iitum backward, the boat gains an equal 
momentum forward. These remain constant as long as the man runs 
at (;f)nstant si)ced. Then when he stops, the two momenta become 
Z('ro on(!(' more. The boat is a little ahead of where it was, but the 
runm^r is nearly the boat’s length behind his original position. f 

When an automobile starts forward from rest, the earth gains an 
equal momentum backward. If it did not the wheels would simply 
spin around as on ice. If countless cars started to travel along the 
c(iuator from west to east, they could actually slow down the earth’s 
rotation on its axis, and make the day longer while they continued 
moving. 

Anoth( r illustration of equilibrium of momenta is that of a gun firing 
a shell. Let m be the mass of the shell and M. that of the gun. Let 
V be the shell’s velocity and — V the gun’s unresisted velocity of recoil. 
Then, since we may regard the systcan as isolated, mv — MV = 0, 
both before, during, and after firing. If the gun weighs one thousand 
times as much as the sh(4I, obviously the velocity of recoil is one 
thousandth part of that of the projectile. 

A shell bursting in mid-air has a certain momentum just before it 
explodes. Then the fragments fly in all dirc'ctions, each with a 
momentum of its own. But their vector sum just after the explosion 
is the same as that of the shell just before. This means the mathe- 
matical center of mass of the flying fragments continues on its 
original course as if nothing had happened. 

Other illustrations of this principle are the rocket and rotary lawn 
sprinkler. Both depend upon recoil momentum equal and opposite 

t In this discussion the effect of friction between water and the boat is ignored. 
Actually it Ib possible to get a rowboat moving slowly forward by shifting the 
rower^s weight toward the bow so gradually as not to cause motion of the boat; 
then a quick movement toward the stem sends the boat ahead. 
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to the momentum of the ejected fluid. In spite of a common notion, 
neither device needs air ^‘to push against*' and might operate even 
better in a vacuum. 

SUPPLEMENTARY READING 

H. A. Erickson, Elements of Mechanics (Chap. 7), McGraw-Hill, 1927. 

PROBLEMSt 

1. A garden roller whose mass i.s 1(X) kg is started from rest and reaches 
a speed of 1 .G m/sec. in 8 sec. What is the acceleration? What force was 
applied? Ans. 20 cm/sec’-^.; 2 million dynes (or 2 megadynes). 

2. An automobile whose mass is 3000 lb. speeds up from 14 ft./sec. to 
50 ft./'sec. in 6 sec. What force in poundals was applied? In pounds? 
Ans, 18,000 poundals; 559 lb. 

3. A force of 32 X 10® dynes is applied to a mass of 40 kg. What speed 
does it attain in 2 minutes? Ans, 960 m/sec. 

4. A force of 5 kg is applied to a mass of 12 kg moving against it with a 
speed of 8 m/sec. How long will it take to stop it? Ans, 1.96 sec. 

6. A force of 80 lb. stops a handcar going at 12 miles per hour in 15 sec. 
What is its mass? Ans, 2195.4 lb, 

6. How great a force in pounds is needed to produce an acceleration of 
8 ft./sec'*^. in a mass of 20 lb? How many poundals? Ans, 4.97 lb.; 160 
poundals. 

7. How much force is require<l to i)roduce an acceleration of 200 cm/sec'*^. 
in a mass of 4 kg against a force of 980 dynes on each gram? Ans, 4.72 
megadynes, 

8 . What acceleration is produced on a mass of 100 lb. when pulled upward 
with a force of 600 lb.? Ans, 161 ft./sec^. 

9. A rifle weighing 6 kg fires a bullet weighing 30 g. Its muzzle velocity 
is 700 m/sec. What would be the velocity of the gun^s recoil if it were per- 
fectly free? Ans. 350 cm/'sec. 

10. In Problem 9, if the acceleration were uniform through the barrel, and 
the time taken in reaching the muzzle is 0.003 sec., what is the force of the 
recoil? Ans. 700 megadynes. 

11. Calculate the horizontal recoil velocity of a 400 lb. gun mounted on 
wheels, which shoots a projectile weighing 20 lb. with a velocity of 
2000 ft./sec. at an angle of 30® with the horizon. Ans, 86.6 ft./sec. 

12. A man weighing 200 lb. runs forward along the deck of a 3000 lb. boat 
lying becalmed in still water. The runner's speed is 16 ft./sec. measured 
along the deck. What is the backward velocity of the boat through the 
water? Ans, 1 ft./sec. 

t In these and all similar problems in this book, the acceleration is assumed to 
be constant. Friction is for the present neglected. 
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13 . If the boat in Problem 12 is 28 ft. long, how far does it move backward, 
assuming that the man reaches full speed instantaneously at the stem and 
stops instantaneously at the bow? Ans, 1 ft. 9 in. 

14 . Show that the above result follows from the law of the conservation of 
momentum of a self-contained system. The center of mass of boat and 
runner remains fixed in space regardless of how he reaches the bow', and the 
distance the boat moves is always the same. 



CHAPTER 4 


Gravitation and Falling Bodies 

47. Gravitation. In addition to his laws of motion, Newton, in 
1672, formulated the law of ‘‘universal gravitation/' This was 
derived from a study of the moon's orbit and showed for the first time 
what was the underlying principle of the solar system. Newton 
proved that the known behavior of the planets and moon in their 
orbits could be explained by assuming a force which urges them 
together, and he made the startling statement that the moon is held 
in her orbit by the same kind of force which makes the apple fall from 
the tree. Both are illustrations of the universal attraction which 
Newton called gravitation, and wliich exists between any two masses 
wherever situated. Both are mutual attractions, for the moon and 
the apple pull the earth just as strongly as the earth pulls them. 

According to Newton's law, tlie gravitational attraction between 
two mass particles is directly proportional to the product of their 
masses and inversely proportional to the square of the distance b(‘- 
tween them. In algebraic language, this reads 

F oc or F = — f 

where G is the constant of pror)ortionality to be determined. 

If we have many particles forming two homogeneous spheres, r is 
the distance between their centers, because it can be proved that 
either a solid sphere or hollow spherical shell acts as though all its 
mass were concentrated at its center. 

In stating his formula, Newton did not know the value of G because 
his observations were limited to the gravitational pull of the earth 
and other bodies of the solar system, none of whose masses was 
known. He knew the force F with 'which the earth attracts a mass 
m 2 , and in addition the distance r to the earth's center, but G re- 
mained unknown to him because the mass of the earth (mi) had not 
yet been determined. 

In 1797 and 1798, Henry Cavendish, an English chemist and 
mathematician, succeeded in measuring the attraction between two 
pairs of metal spheres in his laboratory. As F, r, and the masses 

44 
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of the spheres were known, G could be calculated. Then it was 
comparatively easy to determine the masses of the earth, sun, moon, 
and planets. 

Recent and much more accurate observations by Dr. Paul R. Heyl of 
the United States Bureau of Standards give 6.664 X 10“” cm^/g-sec^. 
as the value of G. Thus gravity is seen to be an extremely small force 
except when one of the attracting bodies is large, like the earth. 

48. Acceleration of falling bodies. As the force which makes the 
apple fall varies with the applets mass, it might seem at first sight as 
if large apples would fall faster than small ones. In fact, this was 
formerly supposed to be the case. The anciemts affirmed that heavy 
bodies fell faster than light ones. They considered this mere common 
sense and no one took the trouble to see whether it were tru(^ or not. 
Then Galileo in 1590 performed his famous experiments of dropping 
objects of different masses from the Leaning Towcir of Pisa, and 
showed that all reached the ground at practically the same time. 
This demonstration that the ancient philosophers were wrong was 
considered impious at that time, and contrary to reason. But 
Newton^s second law clears up the difficulty. The force on the 
hciavier mass is greater, but it takes more force to accelerate it, so 
the result is unaltered by the increased mass. If one body has 
twice the mass of another, the force pulling it downward is twice as 
gn^at, but it takes twice as much force to produce the same accelera- 
tion. Thertifore, if dropped together from a tower, they would 
reach the ground at exactly the same time provided air resistance 
could be eliminated. Actually, objects of very low density like cork 
or feathers fall much more slowly in air than dense bodies like lead. 
This is because air resistance counts more in relation to weight with 
a falling body of low density like cork, than with a dense body like 
lead, although each may have the same shape and volume. But in 
a vacuum a feather falls as fast as a bullet, and then both are called 
freely falling bodies. 

The value of the acceleration of freely falling bodies may be cal- 
culated from Newton's gravitational equation. Let mi be tlie mass 
of the earth, and nh that of the falling body. The force acting on 
nh to produce acceleration is nhfi; therefore 


Gmimz 


= m2a, 


or 



Here r is the earth's radius, so with G and mi known, a can be deter- 
mined. But the earth is not a perfect sphere, and its density is not 
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uniform, so that the result obtained in this way is not very accurate. 
If we desire precision, the acceleration due to gravity, designated 
by fif, must be obtained by direct experiment. Its value is found to 
vary from point to point, and exceedingly delicate measurements 
are continually being made all over the world to determine this impor- 
tant physical quantity. Its value at the Bureau of Standards, 
Washington, D. C., is 980.097 cm/sec^. and in general it varies 
between the limits of about 978 cm/sec^. at the equator to 983 cm/sec^ 
at the poles. In problems where high precision is not needed, g is 
ordinarily taken as 980 crn/sec^., or 32.2 ft./sec^. 

49. The weight of bodies. Weight and mass are not the same 
thing. Mass is a measure of a body^s inertia, and would not be altered 
if the force of gravitation were to change or even vanish. Weight, 
on the other hand, is a measure of gravitational attraction. It is 
generally used to designate the attraction between the earth and a 
given mass, though the same mass would have weight of a different 
value on the moon or on any other heavenly body. 

Since weight, like other forces, may be measured in accordance 
with the equation F = rna, we may obtain the terrestrial weight of 
a mass m by substituting for a the particular acceleration g which is 
due to the earth's gravitational field. Then 

w = mg, (1) 

where the force of gravitation w is measured in absolute units and k 
is unity. Thus the weight, or gravitational attraction, of a pound 
mass is 32.2 poundals, wherever g = 32.2 ft./sec^., and the weight 
of a gram mass is 980 dynes wherever g = 980 cm/sec^. 

60. The gravitational units of force. When a force of one pound 
as defined above acts upon a mass of one pound, the acceleration 
is 32.2 ft./sec^., very nearly. But a force of a poundal by definition 
accelerates a pound mass at the rate of only one foot per second per 
second. Therefore, since the force varies as the acceleration, a 
force-pound is 32.2 times as large as a poundal. We have seen that 
in the equation stating Newton s second law, F == ma/k, the constant 
k becomes unity when F is expressed in poundals. But if F is 
to be given in terms of the larger unit, its numerical value must 
be 32.2 times smaller, just as a distance measured in miles is numer- 
ically smaller than the same distance measured in feet. This means 
that A: is no longer unity but has the value 32.2. Thus F (in pounds) 
= wa/32.2, and in the c.g.s. system, F (in grams) = ma/980. 

It is incorrect to write F = ma/g^ because F and mg are both 
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forces so that their ratio, ma/F = A, is a pure niiraber without 
dimensions, and cannot equal wliic.li is an acceleration by definition. 

We have now shown that when absolute force units are used 
(poundals or dynes), the constant k is unity, and that when gravL 
tational units (force-pounds and grams) are used, it is 32.2 in the 
English system, and 980 in th(‘ c.g.s. system. It should also be 
noted that when the equation F = ma/k is used, m and a must 
be measured in corresponding units. When F is in dynes, m must be 
stated in grams and a in cm/sec^. When F is in force-pounds, m 
must be stab'd in pounds and a in ft./sec^. When F is in force- 
kilograms, m must be stated in kilograms and a in m/sec^.; in the 
latter case k is equal to 9.8. 

61. The slug. This is a unit of mass which is now much used in 
the United States, although it is called the “British Engineering 
Unit.^’ It was adopted in order to give k a unit value and at the 
same time permit the use of the gravitational unit, the force-pound. 
The slug is defined as that mass which when acted on hy a force-pound 
gains velocity at the rate of one foot per second per second. Thus in the 
force equation F = ma/fc, if we set m c^qual to one slug, a equal to 
one ft./sec^., and F equal to one force-pound, k must be unity also. 
But when a force of one pound acts upon a pound mass, the accelera- 
tion is 32.174 ft./sec-.; therefore, a slug must equal 32.174 pounds 
if it is to be accelerated at the rate of only one ft./soc^. by a force- 
pound. 

If m is expressed in slugs, the force equation becomes F = ma, 
and calculations are as simple as when absolute force units are used. 
However, reducing pounds to slugs involves dividing m by 32.174 (or 
32.2 approximately). This is equivalent to dividing ma by the same 
quantity when we use gravitational force units. So there is no 
saving in the numerical computation. f 

62. Calculation of accelerated motion. If an automobile starting 
from rest gains speed at the rate of say 11 ft./sec., it will bp going 
at the rate of 44 ft./sec., or 30 miles per hour, at the end of 4 sec. 
In general, the velocity gained in the time i is given by Vt = ai. But 
if an auto going at 44 ft./sec. is accelerated as above for the same time, 

t There is still another method for dealing with the gravitational measure of 
force. It consists in regarding /orcc, distance, and time as the basic units, in- 
stead of mnssy distance, and time. This is perfectly logical when using the 
British units, where “pound weight” is the legal standard. In such a system, 
mass becomes a derived unit given by m^w/g. Dividing weight in pounds by 
32.2 ft./sec*. gives mass measured by a new unit numerically equal to the slug, 
whether we call it that or not. 
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the final speed would be 88 ft./sec., or 60 miles per hour. This may 

be expressed by . ^ ... 

+ at, (1) 


where Vo means the original velocity, and a may be either positive 
or negative. A negative acceleration, such as occurs when a car 
slow^s down, tf^nds to decrease the original velocity and may be 
called a “deceleration.’^ 

Let us next suppose that w^e know the values of the initial and 
final speeds of the car and wish to know how far it has moved while 
speeding up or slowing down from one speed to the other. If we 
assume that the acceleration is uniform (not necessarily true), then 
the average velocity, Va, during the time the speed rose from 44 to 
88 ft./sec. is the average of these values, or 66 ft./sec., and in the 
4 sec. assumed above, it must have traveled 4 X 66 = 264 ft. This 
conclusion may be expressed in general terms by 


s == Vat == 


^0 4- Vt) , 
2 


( 2 ) 


A third important problem requires the distance when the initial 
velocity, acceleration, and time are given. In the case of the auto- 
mobile, if the initial velocity is 44 ft./sec., the acceleration 11 ft./sec^., 
and the time 4 sec., how far does it go? Here we know that without 
any gain in speed it would go 44 X 4 = 176 ft. But due to the 
acceleration, the speed gains 11 X 4 = 44 ft./sec. during 4 sec., or 
an average gaiti of 22 ft./s(‘c. The distance covered at this average 
rate is 22 X 4 = 88 ft. So the total distance covered is 176 + 88 == 
264 ft. Summing up these concluvsions in symbols, we obtain 

s = + (|)<, 

or s - vj + -y (3) 

Equation (3) is easily derived algebraically by substituting the value 
of Vt from (1) in (2), giving 

, ^ s = hiPo + Vo + ai)t == Vot + iat^, 

as before. 

A fourth equation gives the final velocity in terms of its initial 
value and the distance traveled. It is obtained most easily by 
eliminating t between (1) and (2). Thus from (1) 
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Substituting in (2) we ol)taiii 

c. _ + ^o) ^ {vi - Vo) __ vr - Vo^ 

' 2 ^ “■ 

Vr = Vo" + 2ns. (4) 

53. Motion of falling bodies. The equations derived above apply 
exactly to freely falling bodies, for then a is definitely constant. 
Therefore, in discussing them we shall substitute g for a in the four 
equations of Article 52. 

An examination of (‘quation (3) reveals some important- facts 
regarding freiely falling b()di(\s. If, for example, a body is dropped 
from rest, Vo is zero, and if we consider downnvard motion as positive 
in this case, s = The total distancje traveled, therefore, in- 

creases as the square of tlu^ tiiiK', and if g is taken as 32 ft./sec-., the 
distance fallen in 1 sec. is 16 X 1 — 16 ft., in 2 sec. it is 16 X 4 = 
64 ft., in 3 sec. it is 16 X 9 = 144 ft., and so forth. But the dis- 
tances fallen through during the successive seconds arc (1st sec.) 
16 ft.; (2nd sec.) 64 — 16 == 48 ft.; (3rd sec.) 144 — 64 = 80 ft., and 
so forth. 

If the initial velocity is not zero, then the fact that g (like a) may 
be either positive or nc^gative, is most significant. When a body 
is thrown! straight dowmw^xrd with a velocity Vo, it would cover the 
distance Vot in t seconds, regardless of gravity. But the acceleration 
increases the velocity precis(4y as it would have done if the body had 
starUid falling from rest, and the second term, ^gt"y gives the corre- 
sponding increment in s. 

If you throw a stone directly upward, the effect of gravity is pro- 
gressively to diminish its velocity with the negative acceleration 
so that instead of rising at a uniform rate, the body begins to fall, as 
it were, the moment it leaves the hand. This falling effect ultimately 
neutralizes the upward velocity, and when this occurs Vt — 0. Then 
equation (1) becomes Vg = gty and may be written t = Vo/g. This 
means that if we destroy Vg at the rate it takes Vo/g seconds to 
df^stroy it completely. But if the stone is dropped from rest, the 
velocity gained in the time t is obtained from Vt = gty which is the 
same as the velocity lost in the same time when it is thrown upward. 
This means that it WH)uld return to the hand with the same speed 
with which it left it after twice the time required to reach its liighest 
point, a total of 2vo/g seconds. 

54. Illustrative examples. Suppose a stone is thrown upward with 
a velocity of 256 ft./sec. from a point 2000 ft. above a plain. Re- 
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quired, the height to which it will rise and its velocity and posi- 
tion at the end of 20 seconds. The time it takes to come to rest is 
-W ~ 8 sec. It will then he s = = 1024 ft, above its point 

of departure. This point is again reached in 2 X 8 = 16 sec. from 
the start, and the stone then has a velocity of 256 ft./sec. downward. 
Four seconds later (at the end of 20 seconds) it will have fallen a 
distance s ~ Vot + == 256 X 4 + 16 X 4*^^ = 1280 ft. below the 

starting point, which is 720 ft. above th(‘ plain. The velocity will 
then be Vt — Vo + gt ^ 256 + 32 X 4 = 384 ft./sec. 

It might also be required to find the point at which the stone has 
reached some assigned velocity. Let this be 64 ft./sec. Then sub- 
stituting in (4) we have 

642 2562 — 646*, and 6* = 960 ft. 

This is 64 ft. below its highest point, and is also the distance it would 
fall in 2 sec., so that the stone while ascending reaches this level 6 sec. 
after it leaves the hand, and 4 sec. later, on its descent. If it is 
required to find the time it takes to reach a given height, we may 
use (3) which is a quadratic in the double solution referring to the 
time of passing the given level both on the way up and on the way 
down. But it is somewhat easier to calculate the time and henght 
of the ascent first, and either add or subtract from it the time it 

would take to fall the necessary distance. Thus if s is given as 

960 ft., we find that it takes 2 sec. to fall 1024 — 960 = 64 ft., so that 

the two answers are 6 and 10 sec. as seen above. 

65. Projectiles. When a rifle is fired horizontally, the bullet begins 
to fall the moment it leaves the muzzle, exactly as if it had been 
dropped from the same point. If the marksman is standing on a 
level plane, two bullets, one fired and the other dropped at the same 
instant from the muzzle, would strike the ground simultaneously. 
The reason we can aim ^'point blank^' at a nearby target is that in 
the small fraction of a second required for the bullet to reach the 
mark, the drop is too small to be observed. These two motions, 
horizontal and vertical, have no influence upon each other, as we 
saw was the case with vectors in general when perpendicular to each 
other. 

As a simple example in the theoiy of projectiles, suppose a rifle 
bullet fired horizontally from a height of 144 ft. above a plane as indi^ 
cated in Fig. 37. Applying « == ^gf^^ we find that it takes 3 sec. 
to reach the plane. If the initial velocity were 2000 ft./sec., it would 
travel horizontally 6000 ft. during that time. This is the range Z, 
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and its trajectory would be the curve OP. The equation of this 
curve is obtained by eliminating t from x = Vot and y = 
giving y = —gx^/2vo^. But gl2vo^ is a constant, so the equation 
may be written y = where y 

c = gf2vo^. This is the. equation .0 >, r ^ r , 

of a parabola passing through the U j ^ >14 

origin as shown in the diagram. • I i • 

The ordinates yi, 2/2, ys, and so forth, N. | j j 

are proportional to the squares of >1 i ; 

the corresponding abscissae, because j 

X is proportional to the time, while \ I 

y is proportional to the time squared. ^ - ^ 

In general, all projectiles would de- pjg 37 

scribe true parabolic curves if the 

effect of air resistance could be eliminated. As it is, their trajectories 
more or less approximate parabolas. 

When a projectile is thrown at some angle B with the horizontal, 
as indicated in Fig. 38, it is necessary to resolve the velocity Vo into 
horizontal and vertical components, and then study the motion of 
each independently. The vertical velocity Vy equals Vo sin B. This 
takes the place of Vo in the equations describing accelerated motion, 
so we may calculate the time it takes the body to reach its highest 
y point as if it had been thrown 

vertically upward. The total 

/ — "'T time T the projectile is in the air 

^ i /, is twice the time of rising, which 

f i I N. is calculated from t = Vo sin Bfg 

^ M * instead of t — Vg/g, Wlien T is 

^ / J multiplied by the horizontal com- 

pjg 3 g ponent of the velocity, = Vq 

cos B, we g(‘l the range i. The 
maximum height of the trajectory h is found from the general equa- 
tion s = \gi^j where the height is s, and t the time of ascent. 

As a numerical illustration of the preceding problem, let B be 30° 
and Vo be 960 ft./sec. Then the vertical component Vy = Vo sin B = 
= 480 ft./sec. The total time is given by T = 2vy/g = 2 
X ^ = 30 sec. The horizontal component cos ^ = 960 X 

0.866 = 831 ft./sec., and the range I == v^T is 831 X 30 = 24,930 ft. 


Fig. 38. 


The highest point h is gt^/2 = 32 X 15V2 == 3600 ft. 

66. Motion on an inclined plane. If a body slides down a per- 
fectly smooth inclined plane it behaves like a freely falling body, but 
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with its acceleration diluted, as it were, by the slope. The force of 
gravity mg may be resolved into two components parallel and normal 
to the slope. These are mg sin B and mg cos 6 as shown in Fig. 39, 

where the angles marked 6 are equal, as 
their sides are mutually perpendicular. 
The normal force has no effect on the 
motion, but the force mg sin B causes an 
acceleration g sin 0, and this quantity is 
used in place of a in the equations of 
accelerated motion. Thus we may com- 
pute the time of descent, distance cov- 
ered, velocities, and so forth, if the initial velocity up or down th(' 
plane and the angle B are known. 

67. The elevator problem. In the preceding paragraphs we werf^ 
concerned wholly with the force of gravity which varies with the 
body^s mass, and with accelerations which were independent of tlu* 
mass of the moving body. But other forces that may act upon a 
body have nothing to do with its mass. Then any acceleration is 
possible, and in any direction in which the body is free to mov(\ 
Thus an elevator is accelerated upward against gravity when it 
starts from rest, because a svcond force greater than that of gravity 
acts upon it. Applying XA = 0, we obtain for this particular case, 
F — mg — ma = 0, where mg is the weight and ma is the reaction 
caused by the upward acceleration a. This equation may be written 
F = m(g + a) which shows that the total downward pull of the 
elevator is as if the acceleration due to gravity had been increased by 
the amount a. All objects witliin it are similarly affected and have 
their weight apparently increased by ma. If a man ^‘weighing^^ 
160 lb. is standing on a spring balance in the elevator as it starts 
upward with an acceleration of 4 ft./sec^., his apparent weight would 
become 160(32 + 4) = 5760 poundals, or == 180 force-pounds, 
his mass of coursci remaining constant. But as soon as a steady 
upward velocity is attained, a = 0, and F = mg as before, so that no 
additional weight would be recorded by the balance. 

If the elevator starts downward, a is negative and the man’s 
apparent weight would be 160 X 4 poundals less than usual, so that 
the balance would record only 140 pounds. If the downward accel- 
eration were equal to g, then F == m(g — p) = 0, and objects within 
it would apparently weigh nothing, because both they and the 
elevator would be falling freely through space. If it could be accel- 
erated downward at a still greater rate, the passengers would “weigh” 
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less than nothing with res^pect to the floor of the elevator and would 
^^fall” on the ceiling. 

68. Forces acting on freely sliding bodies. The force required to 
pull a body up an inclined j)lane may be conveniently measured by a 
device represented in Fig. 40. A small mass m hangs at the end of a 
string which pass(?s over a light, nearly 
frictionless pulley P, and is attached 
to the large mass M. This latter mass 
rests on a smooth surface inclined at an 
angle B with the horizontal. To deter- 
mine the result of this arrangement, let 
us apply the action principle, i:,A ~ 0, 
to the syst(^m of two masses. First, the; 
weight m gives us a force, mg in absolute units, which tends to move 
M up the incline. Similarly, the forc(‘ Mg acting on M has a com- 
ponent Mg sin B urging it down the plane. Finally, unless these two 
forces are balanced, there is a kim'tic reaction caus(‘d by the accelera- 
tion of both masses. This equals (M + m)a^ and may be regarded 
as added to Mg sin B in o])posing motion up the plane. Then the 
action equation becomes 

ing — Mg sin B — {M + m)a = 0, 

from which a may be found, if the masses and angle are known. , If 
there is no motion, a is zero, and mg — Mg sin B, or sin B = m/ilf , by 
which the critical angle for two given weights may be calculated. If 
Mg sin B is greater than the mass M slides downi the plane and the 
kinetic reaction opposing this motion must have the same sign as mg,' 
which also opposes it. 

If the angle B in the preceding problem is 90°, the two masses 
must be equal in order to balance each other. If, how^ever, one has 
a small (?xc(jss mass added to it, a small acceleration 
results. This arrangement is shown in Fig. 41, w^here 
one of the two equal masses M has a rider m resting 
on it. The action equation then becomes 

(M + m)g — Mg — {2M + m)a = 0, 
whence mg = (2Af + m)a, 

“ = (2Ar^y 

As m is supposed small compared to 2M, a is much smaller than g, 
and the loaded mass gains speed downward so slowly that the accel- 
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eration may be measured with some precision. With certain acces- 
sories not shown, this device, known as Atwood^s machine, may be 
used to determine g approximately. 

If the angle 6 is 0°, the surface is horizontal, as shown in Fig. 42, 
and mg == (M + m)a. In this case, if there is no friction, the system 

is always unbalanced, and motion re- 
sults. The amount of acceleration de- 
pends only upon the applied force mg, 
and the total mass accelerated M + m. 
If the force applied to M does not 
act along the surface, but at an angle B 
as shown in Fig. 43, we must resolve F 
into its components normal and parallel 
to the plane. The parallel component 
F cos B is the effective one, and the action equation becomes 
F cos B — Ma = 0. From this we may obtain the acceleration pro- 
duced by a known force acting at a known angle 
on a given mass. 

In the preceding problems the speed acquired 
in a given time might be wanted, or the time it 
would take to attain a given speed. Then we 
must use the impulse of the applied force which equals the momentum 
gained by the system. Thus in the case shown in Fig. 42, the equation 
multiplied by t becomes 

mgt — (M + m)at, 
or mgt = (ilf + m)v, 

while for the case of Fig. 43, we use Ft cos B = Mv, Thus either t or v 
may be found if the other is given as well as the masses, or force 
and angle. 

This type of problem is of great practical importance when applied 
to a locomotive getting a train up to speed, either on a level track 
or upgrade. If the ^‘draw-bar pulF’ of the locomotive, the mass of 
the train, and the force of friction are known, we may calculate the 
time required to attain full speed on a given grade. But we cannot 
discuss such examples further until we have found put how to handle 
friction, which is far from negligible in actual practice. This will be 
considered in the next chapter. 
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PROBLEMSf 

1. How far does a stone fall in 5 sec. from rest? What is the acquired 
velocity? Ans. 400 ft.; 160 ft./sec. 

2. How long does it take a stone to fall 100 ft.? What is the final 
velocity? Ans. 2.5 sec.; 80 ft./sec. 

3. A body moving with a constant acceleration has a speed of 12 ft./sec. 
when passing a given point. Forty-two feet farther on its speed is 30 ft./sec. 
Calculate the acceleration and the time required to reach the second point. 
Ans. 9 ft./sec^. ; 2 sec. 

4. If the acceleration in Problem 3 were 6 ft./sec*., what must be the 
distance between the two points where the speeds are as given? Ans. 63 ft. 

6. A stone is thrown vertically upward with a velocity of 120 ft./sec. 
How high will it rise? How long will it be in the air? Ans. 225 ft.; 7.5 sec. 

6. The splash of a stone dropjMjd into a deep well is heard 6 sec. later. 
Estimate the time of falling with allowance for the speed of sound taken 
roughly at 1000 ft./sec., and calculate the depth of the well. Ans. 5.51 sec.; 
490 ft. 

7. A stone is thrown vertically upward with a velocity of 78 ft./sec. rela- 
tive to and from a balloon 400 ft. above the ground. The balloon is rising at 
the rate of 50 ft./sec. When will the stone strike the ground, and with what 
velocity? Ans. 10.4 sec. later; 204.8 ft./sec. 

*8. In Problem 7, when does the stone pass the balloon on the way down? 
Ans. 4.88 sec. later. 

9. A stone is thrown horizontally with a velocity of 60 ft./sec. from a cliff 
100 ft. high above a plane. How long is it in the air? How far from the base ' 
does it strike? What is the final resultant velocity? Ans. 2.5 sec. ; 150 ft. ; 
100 ft./sec. 

10. A projectile is thrown from a gun at an angle of 40° with a plane, and 
with a muzzle velocity of 2000 ft./sec. Calculate the time it is in the air, the 
height to which it rises, and its range. Ans. 80.4 sec. ; 4.9 miles; 23.32 miles. 

11. A shell fired from a rifle is 20 sec. in the air, and its range over a plane 
is 12 km. What was the elevation of the gun? Ans. 9?3. 

12. A body slides down a frictionless plane .at an angle of 30° with the 
horizontal. What is its velocity after sliding 6 m from rest? How long 
does it take? Ans. 766 cm/sec.; 1.564 sec. 

13. A body sliding down an inclined plane acquires a speed of 4 m per 
second in 3 sec. What is the slope? Ans. 7?8. 

14. A body is projected up ah incline of 20° with a speed of 20 m/sec. 
measured along the slope. When will it return to the starting point? How 
far along the plane doe^ it move? Ans. After 11.94 sec.; 59.7 m. 

t In this set of problems, use ^ * 32 ft./sec*., when distances are given in feet. 
Air friction is ignored. 
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16. How long will it take a force of two tons (4000 lb.) tc accelerate up- 
ward an elevator weighing 1.8 tons from rest to a velocity of 5 ft./sec.? 
Ans, 1.4 sec. 

16. Wliat is the tension in the rope if the elevator of Problem 15 moves 
downward with the same acceleration? Arts. 3201 lb. 

17. What downward acceleration must an elevator have if a man weighing 
75 kg is to “lose 15 kg in weight? If the upward acceleration is 150 cm/sec., 
how much weight does he “gain '7 Ans. 196 cm/sec=^.; 11.48 kg. 

18. In Atwood’s machine the weights are 500 g each. The rider weighs 
50 g. Calculate the resulting acceleration and the distance moved in 3 sec. 

463 cm/sec., 210 cm. 

19. In Fig. 40, the mass m is 6 lb. The mass M is 10 lb. and the slope is 30®. 
Calculate the acceleration, and the velocity when m has descended 16 ft. 
from rest. Ans, 2 ft./sec^; 8 ft./sec. 

20. What is the slope of the above plane, if it takes 10 sec. for m to descend 
16 ft.? Ans.35?7. 

21. In Fig. 42, m is 200 g. It descends 3 m from rest in 2 sec. What is 
the mass Ml Ans. 1106.7 g. 

22 . A force of 24 lb. is applied steadily at an angle of 45® to a 200 lb. mass 
as illustrated in Fig. 43. Calculate the velocity after it has moved 12 ft. 
from rest. Ans. 8.06 ft./sec. 

23. What is the backward push in pounds of a sprinter weighing 160 lb. 
who reaches his full speed of 10 yd./sec. in 8 ft.? Ans. 281.25 lb. 

24. A force of one million dynes acts on a mass of 50 g for 0.2 sec. What 
is the acquired velocity? What force in kg is needed to stop it in a distance 
of 5 cm? Ans. 40 m/sec.; 81,6 kg. 

26. A bullet weighing 25 g is sliot from below into a block of wood sus- 
})ended by a string. The block weighs 2 kg and rises 38 cm as a result of tlie 
impact. What is the velocity of the bullet? Ans. 221 m/sec. 

* 26. At what angle and what initial speed must a shell be fired to hit an 
observation balloon horizontally when it is 10,000 ft. above a point 34^642 ft. 
from the gun? Ans. 30®; 1600 ft./sec. 
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Work, Energy, Power, and Friction 

69. Work. Why is it harder work to climb a mountain than to 
walk the same distance on the level? The reason is that each step 
has a vertical component, so that we are raising our own weight 
directly against the opposing force of gravity. In general any motion 
against an opposing force calls for work, and the work done is the 
product of the force and the component of the distance in line with 
the force, or the product of the distance and the component of the 
force in line with the distance moved. In symbolic language this is 
Fs cos 6, where 6 is the angle between the two vectors F and s, the 
force and the distance. If the two are in line, cos 0=1, and the 
work is the product of the force and the distance through which it acts* 

It is very important to n^cognize the fact that work is done only 
when the force results in motion. Holding a heavy weight at arm^s 
length is very fatiguing, f and requires great muscular strength, but 
the muscles are doing no work against gravity, as is evident when we 
realize that a bronze statue could do this kind of ‘ Vork^' better than 
we could, 

60. Unit and dimensions of work. The unit of work is that ac- 
complished when a unit force acts through unit distance. In the e.g.s. 
system, where the force is a dyne, and the distance one centimeter, 
this unit of force-distanc(^ is called the erg, from the Greek word 
‘^ergon,’^ meaning work. But as the erg is extremely small, another 
unit 10^ times as large is commonly used. This is named the joule, 
after James P. Joule, whose investigations have greatly advanced 
our knowledge of thermal energy. 

In the English system the corresponding unit is a foot-poundal, but 
this absolute unit is little used, and instead the gravitational foot- 
pound is generally employed. This is the work done when one pound 
of force acts through one foot. The gram-centimeter and kilogram- 
meter are corresponding units in the metric system. 

t Our fatigue is caused by the myriads of twitching contractions of individual 
muscle fibers whose overall effect is the lifting force that is exerted. Thus, though 
no net work against gravity is accomplished, there is a great deal of motional ac- 
tivity in the muscle cells which consumes energy and results in fatigue. 
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The dimensions of work are obtained by taking the product of 
those of force and distance, so that 

m =[^] X [L] = [ML^T-n. 

61. Energy. We call a man energetic if he is able to accomplish 
a great deal of work. He possesses a quality known as energy. It 
means literally “in-work,^' and may be the source of either mental 
or physical activity. But in mechanics, work refers only to forces 
acting through distances, and energy means only the capacity for, 
or ability to do mechanical work. Energy, then, must be measured 
in terms of work. Therefore it has the same unit and same di- 
mensions. 

These two ideas, work and energy, are related in much the same 
way as action and reaction, or bu 3 dng and selling, where the same 
quantity, pounds or dollars, measures both aspects of the same 
transaction. 

62. Power. It takes a more powerful man to pull up a heavy 
anchor by a windlass in five minutes, than one who can just do it in 
ten. Everyone recognizes the obvious fact that a man can do as 
much work as a horse if he is given time enough. By means of a 
block and tackle he can move the heaviest vehicle. But to do so as 
quickly as a horse, demands the horse^s power. Therefore power 
involves the notion of time as well as work, and is defined as the time 
rate at which work is done. In s 3 anbol 8 , power is expressed by 
P = W /t, and as the dimensions of W are [MIJT~^]y the dimensions 
of P are 

[^^], or (P] = [ML^T-»]. 

63. Units of power. When work is done at the rate of an erg per 
second, the power is the absolute unit in the e.g.s. system. This unit 
has no especial name, because it is too small for common use. But 
10^ ergs per second, or a joule per second, is called a watt, after James 
Watt, the celebrated engineer. One thousand watts is known as a 
kilowatt, a unit much used by electrical engineers. 

In the English system, the absolute unit would be a foot-poundal 
per second. But the unit in common use is the horsepower, which is 
defined as 550 foot-pounds per second, and is therefore based on the 
gravitational system. It is not so large as a kilowatt, for it takes 
only 746 watts to make a horsepower. 
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Both the kilowatt and horsepower give rise to two more energy 
units, the kilowatt-hour and the horsepower-hour. Since power is 
work divided by time, power multiplied by time measures work or 
energy. A kilowatt-hour means the work a kilowatt of power does 
in an hour, and similarly for the horsepower. Therefore to reduce 
the former unit to joules, we must multiply a thousand watts by the 
number of seconds in an hour, or 1000 X 3600 = 36 X 10® joules. 
One horsepower hour = 550 X 3600 = 198 X 10^ foot-pounds. 

64. Potential energy. The ability to do work is always due to 
one of two different causes, or to both combined. The first of these 
is the arrangement, or state of the bodies concerned, and is called 
potential energy. The second is due to motion and is called kinetic 
energy. Potential energy is essentially energy of position or condi- 
tion stored up in the system in a latent form. A watch spring or 
the weights of a clock after winding, and a charge of gunpowder all 
possess potential energy. The wound-up watch and clock are clearly 
cases w^here the position of the bodies represents energy, the first 
being due to stresses set up in the bent steel, and the second to the 
tendency of the raised weights to fall again. But gunpowder is an 
illustration of energy of state. Its explosion represents chemical 
changes in the ingredients due to their previous unstable condition. 

65. Calculation of potential energy. The energy latent in explo- 
sives can be calculated only from chemical data regarding the heat 
of combination of their components. But when the energy is due to 
some arrangement like a coiled spring or the raised weights of a clock, 
we have only to measure the work that w^as expended in getting them 
in that condition. This is very easy when the force is constant, 
like gravity. Thus a ten-pound weight raised three fe('t represents 
thirty foot-pounds of energy or 32 X 30 foot-poundals. In the 
e.g.s. system, 5 kg raised a meter has potential energy given by 
mgh = 5000 X 980 X 100, or 49 X lO"^ ergs, or 49 joules. 

An important illustration of potential energy is furnished by laying 
n flat blocks of stone on top of each other so as to form a vertical 
column. The work done in putting the topmost block in place is 
the product of its weight mgf and the height H through which it is 
raised. So its potential energy is 

W = mgH. (1) 

If the blocks are many and thin, we may say that the height of the 
column is the distance H through which the topmost block is raised, 
though really it is less by the thickness of the block. Then the aver- 
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age height to which any block is raised is H/2j and the work done 
in building the column, or its entire potential energy, is given by 

W . (2) 

This is only approximately true for thin blocks, but in the case of a 
continuous medium like a standpipe filled with water, where nm is 
the total mass lifted, the calculation is exact and much used in 
hydrostatic problems. 

66. Potential. If a mass of one gram is raised against the force of 
gravity from a certain level to a height h centimeters above that 
level, the work done per gram is gh ergs. This is call(?d the gravita- 
tional potential of the point to which the gram was raised, with 
reference to the original level. This potential then is measured in 
terms of work per unit mass. Thus if a mass m is lifted to the higher 
level, the work done is mgh ergs, and the potential is obtained by 
dividing by m, giving gh ergs per gram as before. 

Potential depends upon position in space, and can be calculated for 
points in gravitating systems, without performing any experiment. 
Its unit is an erg per gram, and its dimensions are [FL/M] = [LVT'^] 
or [L^T"^], which is the square of a velocity. If the plane of reference 
is sea level, then the top of a rock ten meters above the surface of the 
sea is at a potential of 1000 X 980 == 98 X 10^ cmVsec^ 

In the gravitational system, work is measured by wh, where w is 
the weight, and the potential wh/m has the numerical value of h 
because weight is taken numerically equal to the mass. This height h 
is expressed as a ‘‘head'' of so many feet in problems in hydraulics 
using the British units. But head is really neither a height nor a 
pressure, but a potential, and is measured by the work done against 
gravity in raising a pound mass from one level to another through a 
vertical distance h. 

There is a great variety of potentials used in physics, and in general, 
this concept is valuable wherever the potential energy of a system 
depends upon some measurable kind of work. It is always calculated 
as the work concerned with getting some unit qua;ntity into the con- 
figuration or state considered. Work per unit quantity, then, is a 
broad definition of potential, provided the “quantity" is suitably 
chosen, and provided the work is measured in terms of the charac- 
teristic forces of the system. 

67. Kinetic energy. Energy due to motion is called kinetic energy, 
from the Greek word kinein, meaning “to move." When a rapidly 
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moving body such as an automobile strikes an obstacle, it is capable 
of doing great damage. This damage means work in the mechanical 
sense. Therefore the moving object possesses the capacity for doing 
work upon objects with which it may collide. In other words it 
possesses energy due to motion relative to something else. 

It is only through the force of impact with another bod}'' that 
kinetic energy manifests itself, and is able to perform work. There- 
fore, in a sense, the kinetic energy of a projectile is latent until it 
strikes the target. It is then able to perfonn work because of its 
relative motion. 

This procedure should be contrasted with potential energy similar 
to that of a clock weight. It is due to relative position and is latent 
until the weight begins moving. 

68. Calculation of kinetic energy. The most logical way of obtain- 
ing the amount of (;nergy due to the motion of a body is to calculate 
the work r(^quired to givc^ it that motion. This means measuring the 
work which is converted into the kinetic energy of a moving body 
and which is ready to do work when it is stopped. Or, what amounts 
to the same thing, we may calculate the work required to stop a 
moving body. If a constant force acts directly upon a free body 
through a distance s, the work done is W = Fs. But F = ma, and 
according to (equation (4) of accek^rated motion, the velocity acquired 
from rest is = 2as, or s == v^/2a. Substituting these values, we 
obtain 

W = max 

2a 

and W = imv% (1) 

which is the kiiu'tic energy in terms of the mass and velocity of the 
moving body with reference to other bodies regarded as at rest. Its 
unit and dimensions are obviously the same as those of potential 
energy, or 

[W] = [ML^T-^. 


In the gravitational system of units, F = majk] therefore the 
kinetic energy is given by 




mv^ 


( 2 ) 


Using the value of k suited to the units in which m and v are meas- 
ured, as explained in Article 50, we obtain from equation (2) the 
kinetic energy in the gravitational units: gram-centimeters, kilogram- 
meters, or foot-pounds. 
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If m is expressed in slugs, then mv^/2 gives the energy in foot- 
pounds directly, because expressing the mass in slugs amounts to 
setting k equal to unity. 

69. The conservation of energy. Let us suppose that we give 
kinetic energy to a body by dropping it from a definite height above a 
level surface. If the body is highly elastic like a new tennis ball, 
and the surface hard, it will rebound to a height only a little below 
where it started. If the experiment were performed in a vacuum it 
would rise higher still, but in no case would it quite regain its original 
position. However, we may infer that it would do so if it were per- 
fectly elastic, if the surface were perfectly hard, and if the air resist- 
ance were eliminated. 

In such an ideal case the potential energy of the ball at the moment 
it is dropped is progressively converted into kinetic energy as it gains 
velocity, and when it strikes the surface at zero potential, the energy 
is all kinetic. If we assume perfect elasticity, there is no lost energy 
during the impact, and the ball starts upward with the velocity that 
it has acquired during its fall. Then if there were no air resistance 
it would rise to the exact height from which it started, when its 
kinetic energy would be zero, but it would have recovered its original 
potential energy. 

The experiment just described is an illustration of a basic principle 
of our universe known as the conservation of energy. According to 
this principle, which has always been found true whenever tested by 
experiment, energy can be neither created nor destroyed, but only 
transformed from one kind to another. A wound watch spring trans- 
forms the work exerted in winding it into potential energy which 
reappears as the kinetic energy of the moving wheels and in work 
done against friction. The potential energy of gunpowder reappears 
mainly as the kinetic energy of the projectile. Even when some 
energy seems to be lost, it can always be accounted for as heat, light, 
sound, or some other less obvious manifestation. 

According to modern views introduced by relativity, mass itself may 
be regarded as a form of energy, and when it emits heat and light as 
the sun is doing, the mass itself decreases to supply this energy of 
radiation. If this view is accepted, the law of the conservation of 
energy must be extended to include mass, so that the conservation 
of the totality of the mass and energy of a system would replace the 
older statement. 

It is a remarkable fact that, in general, potential energy tends 
to become kinetic, as occurs when rocks roll down a mountain, 
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while kinetic energy is transformed into potential only under rather 
limited conditions; for example, when water is being pumped up into 
a tank. Generally speaking, both forms of energy tend toward 
motion of some sort; the most common is the motion of the molecules 
of a body known as heat. Heat is a kind of kinetic energy, and 
appears to be the ultimate form in which other forms of energy tend 
to appear. The energy of the stone rolling down the mountain is 
frittered away as heat along its route and when it hits the bottom. 
This tendency is called the “degradation” of energy, because as heat, 
it is not ordinarily available for useful work. 

70. Comparison of momentum and kinetic energy. As we have 
seen, the impulse of a force, or the force multiplied by the time during 
which it acts, measures the momentum mv which the body acted on 
acquires. But the product of the force and the distance through 
which it acts gives us the kinetic energy If the momenta of 

bodies having different masses are equal, as in the case of the gun 
and its projectile, then the kinetic energies are unequal. The lighter 
body has a corresponding higher velocity, and since this is squared, 
it more than compensates for its lesser mass in calculating ^mv^. 

The converse of the above is also true. If two bodies of different 
masses have the same kinetic energy, their momenta are not equal. 
The larger mass has the greater momentum in spite of its smaller 
velocity. 

In the case of a moving mass striking a stationary object without 
rebounding, as when the descending block of a pile driver strikes the 
pile, the resulting motion of the latter depends upon the momentum of 
the block. Therefore, if a fixed amount of kinetic energy is available, 
it is more effective to use a heavy mass moving at a relatively slow 
speed than a lighter mass moving at a high speed. The momentum 
of the slow-moving heavy mass after falling a short distance is 
greater than that of a small rapidly moving mass which has been 
lifted higher by the expenditure of the same amount of energy. 

If, however, a comparison is made between two masses having 
equal momenta, the light one with its higher velocity has more energy, 
and would, for instance, develop more heat in a target which com- 
pletely stops it, than would the heavy slow-moving projectile. 

Another important difference between kinetic energy and momen- 
tum is that, after a collision, the total momentum is unchanged as 
such, while the kinetic energy reappears in various forms. Thus if a 
rifle bullet is stopped by a wooden block suspended like a pendulum, 
the block (with the embedded bullet) acquires the entire momentum of 
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the bullet. If the velocity given, to the block is measured, the bullet’s 
velocity may be calculated from the equation {M + m)V ^ mv. But 
the kinetic energy acquired by the swinging block is always much 
less than the original because a great portion of it is transformed 
into heat. 

71. Calculations involving kinetic energy. If it is desired to find 
the distance through wtiich a force must act on a mass m to produce 
a velocity or what velocity is acquired when a force acts upon the 
mass through a distance s, then the equation to be used is Fs = 

just as Ft = mv answers the same sort of question when the time of 
action is involved. Suppose a man pulls horizontally on a sled Avhose 
mass is 10 kg and which rests upon smooth ice. If he uses a forc(ipf 
a million dynes for a distance of a meter, the velocity acquired 
is given by 10^' X 100 == X whence = 2 X 10^, and 
V == 100 cm/sec. Conversely he could have stopped th(^ same 
mass moving at this velocity of IOOV 2 cm/sec. in the distance of a 
meter by applying a force of a million dynes. In the gravitational 
system such problems require the introduction of k (unless the mass 
is expressed in slugs), as has already been pointed out. Then if the 
force is 40 lb. and acts on a mass of 64 lb. for a distance of 10 ft., the 
resulting velocity is given by 40 X 10 = |(64t;V32). Hence = 400, 
and e; == 20 ft. /sec. The distance a moving train travels after the 
brakes are applied to produce a retarding force, is a problem of prac- 
tical importance to be solved in this manner. We may also calculate 
the distance a train goes before a given pull by the locomotive has 
resulted in a required velocity. 

72. Equilibrium. The conditions under which a number of actions 
may be so balanced that no motion results have been explained. 

But we shall now examine, from 
N. the standpoint of energy, what 

' happens when an unbalanced action 

disturbs the existing equilibrium. 

There are three cases: when the 
body gains potential energy under 
the action of the disturbing force, 
when its potential energy remains 
Pig 744 . constant, and when it decreases. 

To illustrate the first case, suppose 
a force F acts on the block shown in Fig. 44 so as to produce a torque 
about the corner A which is hinged to the plane AB. As the force 
tilts the body up, the center of gravity C rises through a vertical 
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distance A, and the potential energy of the block rises in proportion. 
But the force w acting on the lever arm I produces a restoring torque 
tending to lower the potential energy and create kinetic energy. If 
now left to itself the block will fall back into its original posi- 
tion, where it is said to be in stable equilibrium. This eonditioji 
means that every possible motion 
which alters the level of the center 
of gravity must begin by raising it, 
and thus increasing the potential 
energy. 

If F continues to act, causing 
furtlier rotation about the situa- 
tion shown in Fig. 45 is n^ached. 

Here C' is at the highest point of 
the circular arc it is tracing and 
directly over the point of support. The force w has no restoring 
moment and the block just balances. In this condition any mo- 
tion in either direction will tend to lower C\ and the block will fall 
in that direction. This is known as unstable equilibrium. In a 
still broader aspect, the potential energy of a system, due either 
to position or state, is unstable when a very small action precipitates 
a change to kinetic energy. The spark which ignites a charge of 
gunpowder is an example of a small action producing a violent trans- 
formation from unstable potential energy into the kinetic energy of 
the explosion. 

In addition to stable and unstable equilibrium, there is a third type 
known as neutral equilibrium. This is represented by a ball free to 
roll on a horizontal plane. Unless raised bodily 
from the plane, no force tends to raise or lower 
its center of gravity, and it remains at rest in- 
diffcirently in all positions, because no motion on 
the plane alters its potential energy. 

The Leaning Tower of Pisa represented in 
Fig. 46 is an interesting illustration of stable 
equilibrium. The vector w representing the tower's 
weight falls inside the base. This creates a re- 
storing torque wl tending to lower the center of 
gravity if an overturning force should succeed in raising it slightly. 
The tower is therefore in stable equilibrium unless C siiould be 
brought directly above A, Then its equilibrium would be unstable 
and a slight excess push would wreck it. 






Fig. 45. 
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73. Friction. When two bodies are in contact and one moves or 
tends to move over the other, there is always a force known as friction 
which opposes the motion. There are two principal kinds to be 
considered: sliding friction, and rolling friction, and each may be 
divided into static and kinetic varieties. Sliding friction is repre- 
sented by countless phenomena. It makes walking possible, holds 
the nails in the walls of our houses, slows down our automobiles 
when the brakes are applied, and makes possible all manner of earth 
works, such as railroad embankments. In all such cases friction 
is absolutely essential. But very often, on the contrary, it is most 
undesirable and is eliminated as far as possible by the use of lubricants, 
as in the moving parts of machines. 

Since the force of friction opposes the motion of a sliding body, its 
value before motion begins is, of course, always equal and opposite 
to any force w'hich acts in the direction of the sliding motion. The 
force of friction then goes on increasing, as the applied force increases, 
from zero up to a maximum just before motion begins, and then falls 
off slightly when the body is actually moving. The maximum value 
thus obtained is the static form of sliding friction, while the smaller 
value after motion takes place is the kinetic form. Static sliding 
friction is greater than the kinetic form because the slight roughnesses 
of the two bodies seem to settle into more intimate contact when at 
rest. After motion begins, it is found that just as much force is 
needed to pull a body rapidly as slowly over a surface, unless the 
speed is very high. This means that within wide limits sliding 
friction is independent of the relative speed of the surfaces in con- 
tact. 

But speed is not the only factor to be considered. The question 
naturally arises as to how friction is affected by the normal force with 
which two bodies are pressed together. If a wooden slab sliding on 
a level board is loaded with increasing weights, it is found that the 
forces required to start it and then to keep it moving at an even pace 
vary directly as the total weight. 

Finally we may wish to know how friction is affected by varying 
the area of contact without changing the force. If the wooden slab is 
placed edgewise instead of flat, but loaded as before, it is found that 
the pull needed to overcome the opposing force of friction is unaltered. 
This seems rather surprising, but is easily explained by considering 
that decreasing the area where friction occurs is offset by the increased 
force per unit area over that surface. That is, the pressure increases 
as the area diminishes, if the total normal force remains constant. If 
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the pressure iastead of the force is kept constant, then the force of 
friction varies directly with the area. 

74. The coefficient of friction. The experimental facts just de- 
scribed may be formulated as the so-called “laws of friction.” Like 
other laws, these are only concise statements which summarize ob- 
served phenomena in a convenient form. The “laws” of friction 
are: (1) That ’vithin limits, the force of kinetic friction is independent 
of the velocity; (2) That both static and kinetic friction vary with 
the normal force pressing two surfaces together; (3) That the force 
of friction is independent of the areas in contact. An analytical 
expression of these facts is given by the simple relation 

/ = M^V, 



' i ii i ij m i jim| i w i)iti j iii i '[T mf J ^ f 


Fig. 47. 


where N is the normal force and fi is the constant of proportionality 
known as th(j coefficient of friction. This important quantity differs 
with different surfaces, depending upon their smoothness and material. 
We may then formulate a fourth 
law, that when the normal force 
between two bodies is constant, 
the force of friction depends only 
upon the nature of the surfaces 
in contact. 

To determine the value of the coefficient fi for a given pair of sur- 
faces, we may perform a simple experiment illustrated in Fig. 47. A 
block of mass m is dragged horizontally at constant velocity by 
a force F over a level surface, with a dynamometer D arranged to 
record the force of the pull. Then N — mg, and F == fimg. This is 
true only when there is no acceleration, so that kinetic friction is the 

only force opposing the motion. 

If there is a positive acceleration, the 
dynamometer will record a greater force, 
equal to nmg + ma. If the pull is less 
than sufficient to move the mass w, the 
force of friction is less than gmg, for it 
is always equal and opposite to the 
applied force when there is no accel- 
eration. 

A convenient way of measuring the coefficient of static friction 
is to tilt the plane up until m starts sliding. In this case the com- 
ponent of gravity acting along the plane is mg sin d, as in Fig. 48. It 
is equal and opposite to the force of friction. But the latter is due 


mg^n0 



Fig. 48. 



68 


MECHANICS 


(Chap. 5 


to N, the normal component of rng, and not to the total weight as 
above. Since N = mg cos 6y the equation of equilibrium becomes 

sin ^ = fxmg cos 9. 

Hence ju = tan <9 = 

0 

so that M is calculated from easily measured quantities. The angle 9, 
when the block just starts to move, is known as the ^^imiting angle of 
repose.’^ If a pile of stones or an earth embankment is to be stable, 
it must lie at an angle smaller than 9, The ^‘talus'^ of rocks at the 
foot of a mountain cliff automatically assumes the angle of repose, 
as it steadily grows owing to the cliff ^s disintegration. 

In order to find the coefficient of friction during motion, the device 
of the plane may again be used, provided that after the block starts, 
9 is slightly decreased to the value which is just sufficient to keep th(^ 
block moving at a steady speed. This gives the value of the coeffi- 
cient of kinetic friction. 

76. Rolling friction. When one body rolls upon another then^ is 
theoretically no slip between them. And if both are perfectly hard, 

there is no surface of contact, but only a 
point where a sphere would rest, or a line 
when a disc rolls upon a plane. If the 
supporting surface is not perfectly hard, 
the disc causes a slight depression at A 
which results in the formation of a ridge 
at P in front of it, as shown in Fig. 49. 
This shifts the line of contact forward 
and upward, so that the disc is being continually pulled up a minute 
hill. The force required to do this may be calculated by the principle 
of moments. 

In this case, as in sliding friction, static friction is greater than 
kinetic friction, so that quite apart from the force required to 
accelerate a train from rest, the locomotive has to exert a greater 
force to overcome static rolling friction than is needed when the train 
is in steady motion. In consequence of this the train may be unable 
to start, although when once in motion the locomotive will be equal 
to the task. 

76. Problems involving friction. The problems of bodies sliding 
on horizontal or inclined planes become somewhat more diflScult 
when the effect of friction is introduced, although the same formulae 
as previously derived are used, but with the addition of a new force. 
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The block resting upon a horizontal plane, shown in Fig. 50, requires 
a force equal to f + ma to start it moving, where f is the force of 
friction equal to nmg (when F is horizontal), and ma is the inertia reac- 
tion; therefore the acting force is F == 
nmg + ma. If F, however, acts at an 
angle 6, then both ti^ms are modified. The 
horizontal component of F, F cos 6j is its 
effective value, and the normal force N is Fig. 50 , 

no longer only mg, but + F sin 6, if F 

is a push; or mg — F sin 6, if it is a pull, since F has a vertical com- 
ponent which changes N and the force of friction at the same time. 
Therefore the equation of actions and reactions becomes 

F cos ^ — fji(mg zh F sin B) — ma 0. (1) 



This makes it possible to calculate a if the other quantities are known, 
and then we may use any of the equations of uniformly accelerated 
motion, as in the case of freely falling bodies. 

On an inclined plane, as in Fig. 51, if the angle 0 is greater than the 
angle of repose, the body slides downward with accelerated motion. 
The various actions are Fg (the component of mg acting along the 

plane), the opposing force of friction / = 
nN, and the inertia reaction ma. Then 


mg sm 1 


ma = 0, 


Fig. 51. 


mg sin B — fxmg cos B — ma = 0. (2) 


Then m ma.y be cancelled, and as g, n and B 
are constant, a is also, and may be calculated and used in the various 
equations of uniformly accelerated motion. 

77. Simple machines. The six devices known as simple machines 
are the lever, the inclined plane, the wheel and axle, the screw, the 
wedge, and the block and tackle. Of these the first two are radically 
different from each other, but the wheel and axle, and the block and 
tackle may be treated as levers, while the screw and wedge are derived 
from the inclined plane. 

In general, a machine increases the force applied with a loss in 
the amount of motion, but it is sometimes used to increase the motion 
with a corresponding decrease in the force overcome. This follows 
from the law of the conservation of energy, according to which the 
work done on the machine must be equal to the work done by it plus 
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the losses which appear as heat. We may express this principle 
symbolically by 

Wt ^ Wo + s. 

/. F,k = Folo + s, 


where Wt is the energy input, Wo is the useful output, S represents 
the losses, and F and I are the corresponding forces and the distances 
through which they act. 

78. The lever. A rigid bar free to move about an axis or fulcrum^ 
constitutes a lever. In Fig. 52 if the forces Fa, F^, and R, as well as 
their moments about the fulcrum 0, satisfy the requirements of 



equilibrium (SF = 0, XFl = 0), then there is no motion. If lever 
arm a is greater than 6, then > Fa according to the proportion 
Fa'- b:: F^: a. Therefore a small force, acting at A, balances a large 
force at B, But a machine is of no value unless it does work, and 
this implies motion. Suppose then that Fa acts through a vertical 
distance H, causing the bar to rotate through an angle B, thus raising 
B vertically through a distance A. Then the work Fa does is F^H, 
and that done against the opposing moment of the force F^ is F^A. 
If friction is neglected, these arc equal and 


But by simple geometry 
Hence 


FaH - F,A. 
a b 

Fa _Fo 

b a' 


just as before. That this relation holds for any angle may also be 
shown by moments without equating the work done, for Faa cos B = 
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FJ) cos d when the two torques at any angle S are equal. Therefore 
Fa:b::Fi,:a. 

If this is true in any chosen position, then it must be continually 
true as the bar rotates at a constant ratt^. It should however be 
noted that if the object is to raise R, this is best accomplished when 
^ = 0, for then the vertical motion is greatest. When $ ~ 90° 
there is no vertical motion at all. In case the forcfjs are normal to 
the bar in all positions instead of remaining vertical as just assumed, 
then the angle 6 has no significance. 

The ratio of the two forces Fb : Fa is known as the mechanical 
advantage of the machine. In the lever it equals the ratio of the 
arms, a: h. But in any machine 
it may be expressed as the ratio 
of the force exerted by the ma- 
chine to the force applied. 

There are three possible ar- 
rangements of the forces concerned 
in the action of the lever. The 
one just mentioned is a “lever of 
the first class'^ with the fulcrum 
betw^een the two forces. It is the 
most common kind, and is seen 

in the crowbar as it is ordinarily used in prying up weights, in a pair 
of pliers where the jaws are short and the grip long, and in many 
other familiar devices. 

“Levers of the second class'' have the fulcrum outside the two 
forces. A wheelbarrow acts on this principle. As seen in Fig. 53, 
Faa cos 0 = Fbb cos 6j and a relatively small force applied at A exerts 
a large force upon the load whose center of mass is at B, 

If A and B are reversed, so that the active force is at B and the 
load at A, the machine acts at a disadvantage. The force exerted 
is less than that applied, although the load 
is moved through a correspondingly greater 
distance. This is the “lever of the third class," 
and is well represented by the human forearm, 
as shown in Fig. 54. The elbow joint C is the 
fulcrum, and the load at B acting on a long lever 
arm is supported by the muscle at A acting 
upon a short lever arm. 

The wheel and axle is a modified lever of the first class and capable 
of continuous motion. Here the force mig acting upon a lever arm 
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Vi (the wheel^s radius, Fig. 55) may monj than counterbalance 
the opposing torque due to the larger mass m 2 which acts upon 
the shorter lever arm r 2 , the radius of the '*axle.^^ 
79. The inclined plane. This device, regarded as a 
machine, enables a relatively small force to raise a large 
mass through a vertical height which might be im- 
possible by a vertical push or pull. Thus, if friction is 
neglected, the component of gravity acting down the 
plane, or mg sin is balanced by the force F, as shown 
in Fig. 56. If 6 is small, mg may be vastly greater 
than Ff and we obtain the advantage expressed by 



ffii mg 

Fig. 55. 


mg 

F 


1 


^ I 

sin B h 


( 1 ) 


which may be made as large as desired by having h small compared 
to L 

If, however, the force acts horizontally, the effect! vt^ component 
F cos 6 replaces F in (1), and we obtain F cos B — mg sin 0. The 
mechanical advantage is therefore 


F tan B^ h 


( 2 ) 


For small angles, h equals I very nearly and there is no appreciable 
loss of advantage in using a horizontal force. But as B increases, 
I becomes steadily larger than 6, so that l/h becomes steadily larger 
than b/h. This means that a hori- 
zontal force, as compared to one 
along the plane, acts at an increas- 
ing disadvautage. At 45°, b = h, 
the advantage for a horizontal force 
is unity, and the plane is no longer 
of any value. Beyond 45° the plane 
is a disadvantage and when B = 90°, 
motion due to a horizontal force is 
impossible. 

The foregoing results, where no friction is involved, can also be 
obtained by the method of equating work input to output. When 
the load reaches the top of the incline, the work done is the weight 
multiplied by the vertical height through which it has been raised, 
or mgh. This is accomplished by the application of a force acting 
through a distance I in case (1) and b in case (2). Then equating 
input to output, we have FI (or Fb) == mgh, as shown above. 
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In the case of the wedge, the inclintid plane is forced between two 
objects instead of having one of the objects moved along it. If 
the angle of the wedge is small, an enormous force is exerted. In 
Fig. 57 the block A is fixed, and 
the wedge W is pushed under B 
by a force F. This is the same 
as the horizontal force required 
to push B up the plane with W 
stationary, or F — mg tan 0, in 
(‘q nation (2) above. 

80. The screw. This is another form of inclined plane, as used 
in the “jack’^ to lift h(‘avy objects. The thread is a helical plane wound 
around a cylinder at an angle which corresponds to the slope of the 
ordinary inclined plane. If there are, for instance, two threads to 

the c(4itimeter, it will take two turns of the 
screw jack to raise an object that distance. 
This is usually accomplished by some sort of 
crank, or leaver, or gear. Suppose the force is 
applied normally to the end of a crank of radius 
72, as suggested in Fig. 58; then if the screw has 
a pitch p, which is the vertical distance between 
threads, the work done on the crank in one turn 
is 27rRF, and this accomplishes wp units of work 
in lifting the load. These two amounts are equal 
if we ignore the very large item of friction in 
this particular machine. Then 2irRF — wp, and the mechanical 
advantage' becomt»s w/F = 2TrR/p. This ratio is seen to increase 
both with the length of the crank and the number of threads to the 
centimeter, or the smallness of the ‘'pitch. 

81. The block and tackle. A rope running 
through a system of “pulleys'' may produce 
very great forces from relatively small ones. 

Like the wheel and the axle, pulleys may be 
treated by equating moments, but they are 
more simply explained as follows: In the 
simplest case with a block of one sheave (the 
grooved wheel over which the rope passes), we 
obtain only a change of direction of the force, as shown in Fig. 59, 
and the weight moves upward as much as the hand moves in the di- 
rection of the arrow. If it is desired to increase the mechanical ad- 
vantage, there must be at least one movable block. This may be 
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vi^ 


(a) 



accomplished with a single turn, as shown in Fig. 60 (a), where the 
end of the rope is fixed at P, and the applied force acts upward. 
Here the weight w moves only half as fast as the free end of the 

rope, so that Fs = where $ is 
the distance through which F acts, 
and the advantage is 2 : 1. If the rope 
passes once more around the fixed 
block, as in Fig. 60 (b), the direction 
of F is r(?v(^rsed with no further gain 
in mechanical advantage, though the 
arrangement is more convenient. In 
Fig. 60 (c), the rope starts at the mov- 
able block and a force applied up- 
ward raises w one third of the dis- 
tance through which it acts. Thus 
ih(i mechanical advantage, if friction is always ignored, is 3 : 1. This 
could again be reversed as in (6), without gain in mechanical advan- 
tage, by another turn around A equipped with two wheels or 
“sheaves. A second turn around B would result in an advantage 
of 5 : 1 and so on indefinitely with every strand supporting the mov- 
able block adding a unit to the result. It is well to note that the 
mechanical advantages are always even numbers 
when the rope starts at the fixed pulley, otherwise odd. 

In the pulley systems just described there is only 
one cord, but there are other systems using two or more 
distinct cords. Thus the cord supporting the weight 
in Fig. 60 (a) might pass around a second movable 
block and then upward to a rigid support, as shown in 
Fig. 61. The first block would be pulled upward with 
a force 2F, The second block would be pulled up- 
ward by a force equal to 4F, or 2^F. Then a third 
cord might originate at the second block, and pass- 
ing around a third block, would lift it with a force of 
8F, or 2*F. Thus the mechanical advantage of such a 
system would vary as 2”, where n is the number of 
blocks. The tension on the cords shown in Fig. 60 is of 
course equal to F, but when several are used as de- 
scribed above, the succeeding cords experience tensions of 2F, 4F, 
SF, and so forth, so that they should be of correspondingly increasing 
strength. There are still other and more complicated systems, but 
these are not often used, 


13 


2F 


2F 

Q 




‘fF 

a 

SF 


Fig. 61 . 
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82. Efficiency of machines. In all machines, friction must be con- 
sidered as of more or less importance, in a lever acting on a very sharp 
and hard fulcrum, there is almost none. But in such machines as the 
screw , and the block and tackle, there is a groat deal of friction. Its effect 
is to lower the mechanical advantage from its ideal value, for the active 
force must do work against friction as well as furnish the energy re- 
quired by the load. Thus the useful energy output is less than that which 
we have calculated in the preceding ideal cases, because part of the input 
has been wasted in overcoming friction and frittered away as heat. 

In general the term efficiency is applied to the performance of any 
device which is used to transform energy. It is the ratio of the total 
work produced to that which was transformed in producing it. Or 
more briefly, it is work output divided by work input. If these are 
equal the efficiency is 
unity, or 100 per cent, 
and this is the case 
in the ideal machines 
we have been con- 
sidering. But no 
such device is devoid 
of friction or some 
other kind of loss, so 
that the efficiency is 
always less than the 
ideal 100 per cent. 

We have therefore 
no right to equate 
output to input, but 
should write = 

Wo + where is 
the energy input, Wq 
the useful output, 
and S the losses. 

The efficiency then 
is given by 
or Woi (Wo + S). It 
falls increasingly 
below 1 as the 
quantity S becomes more and more important. 

83. The balance. Although not a machine in the strict sense of 
the word, this very important device for comparing masses, or 
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^ Veighing'^ bodies, will be considered here, since it depends upon tlu^ 
same principles as the lever. If the arms shown in Fig. 62 are of 
equal length Z, then the moments due to the two equal masses m 
in the pans are equal, mgl = mglj and the beam remains horizontal. 
But if an additional small mass p is placed in one of the pans, a new 
moment, pgl, disturbs the equilibrium and must be counteracted by 
an equal and opposite torque if equilibrium is to be restored. This 
occurs after the beam has assumed a new position at an angle B with 
the horizontal. Let M be the mass of the beam, supposed concen- 
trated at C. Let C be Zi centimeters below the fulcrum on a line 
normal to the beam. Then there is a restoring torque equal to 
Mgh sin B. But the torque due to p is now no longer pgl, but pgl cos B. 
PJquating these values, we obtain pgl cos B = Mgh sin Bj 

tan B I 
~p Mh' 

For small angles, tan B ^ B, nearly, and the ratio B : p (with p usu- 
ally given in milligrams) is a measure of the sensitivity of the balance'. 
This may be defined as the angle (or number of scale divisions) swe'pl 
over by the pointer per milligram. The sensitivity is ch^arly 
increased by using long arms, a small mass M (light construction), 
and by bringing the center of mass near the fulcrum {h small). 
Each of these conditions has serious drawbacks when carried too 
far, and the design of a delicate balance consists in a judicious 
adjustment between advantages and disadvantages. 

SUPPLEMENTARY READING 

H. A. Erickson, Elements of Mechanics (Chap. 9), McGraw-Hill, 1927. 

J. S. Ames, Tfw Constitution of Matter (Chap. 1), Houghton Mifflin, 1913. 

PROBLEMS 

1 . How much work is required to build a column 12 ft. high of 6 granite 
blocks each 2 ft. thick and weighing 500 lb.? Ans, 15,000 ft.-lb. 

2 . How much power is required to pump water at the rate of 90 1 a minute 
to a height of 20 m? Ans. 294 watts. 

3. How fast can a derrick lift a block of marble weighing 1100 lb. if 4 hp. 
is applied to the tackle? Ans. 2 ft. /sec. 

4 . What is the potential energy of the water which fills a cubical tank 
whose edge is 10 ft. and whose base is 20 ft. above the ground? (A cubic 
foot of water weighs 62.4 lb. approximately.) Ans. 1.56 X 10* ft.-lb. 
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6 . A piston sliding with negligible friction in a vertical cylinder 1 ft. in 
diameter is loaded to weigh 150 lb. Water is forced under it so as to raise it 
4 ft. What is the potential energy of the system? Ans. 992 ft.-lb. 

6 . Calculate the gravitational potential with respect to sea level at an 
altitude of 50 m. Ans, 4.9 X 10® ergs/g. 

7. What is the kinetic energy of a mass of 50 g moving with a speed of 
800 cm/sec.? Ans. 1.6 joules. 

8. What is the kinetic energy in ft.-lb. of a bullet weighing 8 oz. and travel- 
ing at a speed of 1800 ft./sec.? Ans. 25,155 ft.-lb. 

9. Calculate the kinetic energy acquired by a mass of 10 kg after falling 
for 2 sec. from rest. Ans. 1921 joules. 

10. What are the momenta and kinetic energies of a gun, free to move 
backward, and its projectile, if the gun weighs 10 kg, the projectile 80 g, and 
its muzzle velocity is 400 m/sec.? Ans. Momentum of each is 3.2 X 10® 
g-crn/sec.; k.e. of the projectile is 6400 joules, of the gun 51.2 joules. 

11 . How" far must a man pull a garden roller weighing 200 kg in order to 
get it going at 3 m per second, if he exerts a uniform pull of 60 kg? Ans. 
1.53 m. 

12. An automobile weighing 3000 lb. and going at 40 miles per hour is 
stopped by the brakes in 50 ft. What is the retarding force in pounds? 
Ans. 3207 ‘lb. 

13. A locomotive exerts a ^‘draw-bar puir^ of 20 tons on a stationary train 
weighing 800 tons. What is its velocity at the end of a quarter of a mile? 
Ans. 46.1 ft./sec. 

14. What force is required to pull a block weighing 3 kg along a horizontal 
surface at constant speed, if the coefficient of friction is 0.27? Ans. 0.81 kg. 

16. What constant force must be applied to the block in Problem 14 in 
order to get it going at 2 m per second from rest in 5 sec.? Ans. 932 g. 

16. A steady force of 10 lb. applied as in Fig. 50 at an angle of 30® to the 
horizontal acts on a block weighing 15 lb. which rests on a horiz(»ntal surface. 
In 2 sec. the block is moving with a speed of 18 ft./sec. What is the value 
of Ans. 0.223. 

17. What is the acceleration of a block sliding down a 30° slope, when the 
coefficient of friction is 0.25? Ans. 9.14 ft./sec^ 

18. What force acting along the plane is needed just to prevent the motion 
of a 4 lb. block as in Problem 17? What force is needed to cause the block 
just to move up the plane? Ans. 36.56 poundals; 92.3 ix)undals. 

19. What horsepower is exerted in pulling a 200 lb. log up a 30° sloixj at 
the rate of 12 ft./sec., when the coefficient of friction is 0,3? Ans, 3.3 hp. 

20. Find the time required for a block to slide to the bottom of a plane 
640 cm long if the incline is 30°, and the coefficient of friction is 0.2. 
Ans. 2 sec. 
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21. If the block weighs 50 g, calculate the initial potential and the final 
kinetic energies. Account for the difference. Ans. 1.57 joules; 1.02 joules; 
lost energy due to friction appears at heat. 

22. A body starting from rest slides down an inclined plane whose slope 
is 30®. The coefficient of friction is 0.2. What is its speed after sliding 
76.5 ft.? (In this problem and the next take g as 32 ft./sec^) Ans. 40 ft./sec. 

23. An object of any weight rests upon a 30° sloi)e. It is given a shove 
downgrade so that its initial speed is 12.8 ft./sec. The coefficient of friction 
is 0,6. How long will it slide before it is stopped by friction? Ans. 20 sec. 

24. What is the mechanical advantage of a 6 ft. crowbar when the fulcrum 
is 4 in. from the weight? What is the advantage of the wheelbarrow in 
Fig. 53, when a = 6 ft. and 6 = 2 ft.? Ans. 17; 3. 

25. What is the mechanical advantage of an inclined plane used as a 
machine, when 6 = 30°, and the force acts horizontally? When it acts 
along the plane? Ans. V 3 ; 2. 

26. A screw jack has a pitch” of 0.5 inch. What weight will it lift 
(neglecting friction) when a force of 20 lb. is applied at a ix>int on the arm 
18 in. from the axis? Ans. 4521.6 lb. 

27. In Fig. 55 the axle has a radius of 2 in. and the wheel has a radius of 
18 in. What is the mass of mi which just balances 36 lb. represented by m^? 
Ans. 4 lb. 

28. What is the efficiency of an engine which delivers 30 lip. for 8 hr. 
with a consumption of 19.8 X 10* ft.-lb. of energy? Ans. 24 per cent. 

* 29. If the diameter of the screw in Problem 26 is 2 in., and the coefficient 
of friction when it is greased is 0.08, what force must be applied at the end 
of the arm to overcome friction due to a two-ton weight supported by the 
screw? How much work is done in raising this weight 1 ft.? What is the 
efficiency? Ans. 17.8 lb,, 4 ft.-tons, 50 per cent. 

* 30. A ‘‘stone boat” is drawn up a 20° hill by a rope parallel to the slope. 
A force of 861.5 lb. is needed to keep it moving at a steady rate, while it 
takes only 40.7 lb. to pull it down. What are the coefficient of friction and 
the efficiency of the “machine”? Ans. 0.4; 47.6 per cent. 



CHAPTER 6 

Motion in a Circle 


84. Angular velocity and acceleration. Whon a wheel rotates 
about its axis we usually describe its velocity as so many revolutions 
per minute or per second. But a revolution may be measured in 
angles, and as the unit angle is the radian, we may use? radians per 
second as a measure of angular velocity. As the whetd turns through 
27r radians in a revolution, the angular velocity in radians per second, 
denoted by co (Greek omega), is given by 

0) = 27rn, (1) 

where n is the angular velocity in revolutions per second. This 
measure n is also called the frequency of rotation, and the time of 
one revolution is called the period, denoted by T. Then the relation 
n = l/T states the obvious fact that if on(^ revolution takes T sec- 
onds, the wheel will execute l /T revolution per second, and (1) may 
be wTitten as co = 2Tr/T, 

Angular velocity is the time rate of angular motion, and when it 
is constant may be described by w = d/t, just as constant linear veloc- 
ity is defined by t; = s/t. In circular measure the angle is the ratio 
of the arc « to the radius r, or ^ s/r\ therefore 


s 


(a =: — » 

rt 


( 2 ) 


But s/t == V, the linear velocity of a point distant r from the axis; 
hence 


V 

0 , = -, or t; = wr. 
r 


(3) 


Equations (3) are very useful in connecting the linear velocity of a 
point in a rotating body with the angular velocity of the body as a 
whole. 

Angular acceleration, denoted by a (Greek alpha), is the time rate 
of change of angular velocity, and if the rate is constant, may be 
calculated from 

W2 — «i 

a - - 

79 


(4) 
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In order to connect angular with linear acceleration, we may substitute 
v/r for w in (4) which becomes a — — Vi)/rL But {v^ — Vi)/t is 

the linear acceleration of a point distant r from tin? axis; therefore 


ot 


a 

or a == ar. 
r 


( 6 ) 


If velocity and acceleration are not constant, they are defined by 
o) = dB/di and a = do}/dt respectively. 

The dimensions of angular velocity are those of linear velocity 
divided by a length ; henc(' 



and since a = a/r, its dimensions are given by 

W = X^] = [T-^]. 


86. Radial acceleration in circular motion. Constant velocity 
means constant speed in a straight line:. The velocity may then 
(change in two ways. Either the speed or the direction may change, 

and the time rate of either kind is 
its acc(4(jration. A particle moving 
with const/ant speed in a circular 
path is an illustration of this second 
kind of acceleration, which in this 
case is always directed toward the 
center. In Fig. 63 the velocity of 
the particle at P is vi, but as it 
rotates counterclockwise about 0 
to P', Vi changes to ^ 2 , and its radius 
vector r has described the angle 6, 
Now Vi and vz are both tangent to 
the circle and normal to r and r' 
respectively, and P^B is drawn parallel and equal to Vi. Therefore, 
since their sides are mutually perpendicular, the angles A P'5 and 
POP' are equal. The vector BA is the change in the velocity ^2 ~ t^i, 
which added vectorially to Vi gives us So if the angle B is van- 
ishingly small, or dB^ the corresponding change in velocity AB becomes 
dv and may be regarded as the arc of a circle drawn with P' as its 
center and having a radius v. But dB is measured by the ratio of the 
arc dv to the radius v; therefore dv = vdB, 


O 



Fig. 63. 
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The acceleration is the time rate of change of r, which for infinitesi- 
mal changes is written Or = dv/dL If vd6 is substituted for dvy the 
radial acceleration is given by 



But de/di is the angular velocity co, and = wr; hence 


cir = co^r. (1) 

This equation is so important that it will be well to show the various 
forms in which can be expressed. Thus since a? = v/r, we may 
substitute for w in (1) and obtain 


( 2 ) 


Also, since the linear velocity ecpials tlu^ (iirciimfenaiccj divided by 
the period T, y = 27rr/T, and 


= 


47rV 

^'1 


(3) 


Furtlier, substituting n for 1/T, we obtain 


To recapitulate, 


Ur = 4ir-n-r. 



47rV 

-yT 


4iT^n^r, 


(4) 

( 6 ) 


86. Central forces. If you whirl a stone around at the end of a 
string, it pulls your hand about in the constantly changing direction 
of the string. If this device is an old-fashioned sling, when you let 
the stone fly, it goes in a direction at right angles to the string. This 
may seem strange at first, for its pull was along the string. But 
there is a simple explanation. All the time you are whirling the 
stone, it wants to travel in a straight line tangent at any instant to 
its circular path. But you are forcing it to move in a circle and 
exerting a centripetal (center-seeking) force upon it. The stone reacts 
with an equal and opposite force commonly called centrifugal (center- 
fleeing). This is really a misnomer because the stone does not tend 
to flee from the center at all, but to go straight on in the direction it 
is moving in at any instant, that is, tangentially. So it is beiter to 
call the force it seems to exert the centrifugal reaction. This reaction 
is called into being by the force you exert in compelling it to revolve 
around your hand as a center. 
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We can understand why the force needed to hold a body in a circular 
orbit is radial, because we have shown that the body is being con- 
stantly accelerated toward the center, and the force causing this 
change of motion must act in the direction of that change, as was 
stated by Newton. The reaction to this force is the same as the 
other reactions we have considered. That is, it is equal and opposite 
to the action and so is directed away from the center. 

87. Calculation of centrifugal reaction. As in linear motion, where 
F = ma, so in rotations, Fr = mor^ The radial acceleration may 
be calculated from any of the four expressions derived in Article 85. 
Thus we obtain 

Fr —rrua-rf ( 1 ) 


and Fr = irVmr. (3) 

Solving (3) for n we obtain a useful expnjssion for the frequency 

" - sVS- 

Equation (3) tells us that the centrifugal reaction of a mass m revolv- 
ing in a circular orbit varies directly as the square of the frequency, 
as the mass, and as the radius of the orbit. These facts are most 
important in the design of flywheels, dynamo armatures, and other 
devices which rotate at a high speed. If the spokes of a wheel are 
too light, they may be unable to supply the force needed to hold the 
rim to its circular path and the wheel ‘binrsts,'' often with disastrous 
results. 

88. Centripetal forces. These are forces acting toward the center 
which make the centrifugal reaction possible. They may be due to 
a variety of causes, the simplest being the cohesive forces between 
the molecules of the spokes of a wheel or the string used in whirling 
a stone. This force can meet any value required of it up to the 
breaking point, and it is quite independent of the radius. A helical 
spring, however, exerts a force which varies with its ej^tension and 
it is easy to show that within reasonable limits only one velocity is 
possible when a stone is whirled about at the end of an ideal spring. 

A very important case occurs when the centripetal force F^ varies 
inversely as the square of the radius. This is true of gravity and 
both electrostatic and magnetic attractions. We may then write 
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Fc = C/r2, where (7 is a constant. As is equal and opposite to 
Frj we have 

^ = 4tTr^n^mr, 

y.2 




( 1 ) 



This shows us that in the case of the planets revolving around the 
sun, the period (length of a year) varies directly as the square root 
of the radius cubed. A shorter radius means a higher frequency, 
so that the planets nearest the sun 
have the shortest years. 

89. Illustrations of central 
forces. The ^ 'banking^ ^ of a curved 
race track or railroad is a familiar 
illustration of the case where any 
centripetal force is possible with 
a given radius. When an auto- 
mobile turns a curve, the wheels are 
held in the road by friction, but 
the inertia of the mass as a whole tends to keep it traveling in a 
straight line. The reaction to the force which holds the car in a 
circular path acts through its center of mass, and, combined with 
the force of friction Fc acting on the tread of the wheels, produces a 



f'c 

Fig. 64. 



Fig. 65. 


couple tending to overturn it. This is 
shown in Fig. 64, where the car is sup- 
posed to be turning to the left, and the 
couple tends to overturn it to the right. 
That is, it tends to tip over outside the 
circle it is moving in. This effect can 
be completely neutralized by banking 
the road so that its outer edge is higher 
than the inner. 

In Fig. 65, the force of gravity mg 
acts through the center of gravity C of 
the car. The road is banked so that 
the car is tilted at an angle B, Then we 


may resolve mg into two components acting parallel and normal to 


the tilted profile of the road. These components are A and B re- 
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spectively. The centrifugal reaction mv^jr may likewise be resolved 
into the components D and G, also parallel and perpendicular to the 
road's surface. The component D tends to overturn the car out- 
ward, while A tends to overturn it inward. If these are equal, there 
is no overturning tendency and the car bears equally on both right 
and left wheels. Thus we have made the car’s weight take the plac(j 
of Fc (Fig. 64) in holding it to the curved path. There is now no 
tendency to skid and as both D and A act through the center of gravity 
there is no overturning couple. 

The equation by which we may find the proper banking angle for 
any assumed velocity and radius of curvature of the road is obtained 
by equating A and Z), whence 

m{i sin 6 = cos 6. 

T 

6 = tan~^ — • 
gr 

The normal force the car exerts on the road is B -f G, which is equal 
to mg/coa d, and is therefore greater than the weight of the car, as is 
evident from the diagram. The normal reaction N of the road, 
shown by the broken arrow, is equal and opposite to B + G. This 

vector and the two others represented by 
thick arrows would form a closed triangle, 
so they maintain the car in dynamic equi- 
librium. 

The fiyhall.»gQyernor, or conical pendu- 
lum, is a familiar mechanism used to “gov- 
ern” the speed of steam engines, and is 
shown in Fig. 66. The balls rotate on radii 
r, r, around the axis A and are so pivoted 
at P that they can move in an arc of a 
Fig. 66. circle of radius I, thus varying the radius 

, of the circle in which they are revolving. 

The condition of equilibrium is the same as in the preceding illustra- 
tion, although it is here more convenient to express the centrifugal 
reaction as mwV. Therefore, as seen in Fig. 67, when A D, mg sin, 
$ = cos 6, or tan 6 = cah/g. But tan 6 = r/h, so r/h = wh/g. 

.nd r . 2.^. 

This expression for the period will be seen later to be identical with 
the equation of the simple pendulum whose length is h. The governor 
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Fig. 67. 


operates as follows: When the engine speeds up and T becon^^^ too 
short, h decreases as the balls rise to rotate on a larger radius ^is 
motion, acting through the links BE, is * ‘ 

communicated to the valve which controls 
steam admission, and by partly closing it, 
causes the engine to slow down. Whcni T 
is too long, h lengthens, and the reverse 
process takes place. 

Let a liquid be rotated in a cylindrical ves- 
sel about its own vc'rtical axis. The 
surface of the liquid is no longer horizontal 
but becomes automatically ^‘banked'' as in 
the case of the curved road, thus balancing 
the central forces, and preventing radial 
motion. In Fig. 68 let P be a particle of 
mass m at the surface of the liquid which is revolving at that point 
about a radius r with an angular vdbcity oj. If the tangent to the sur- 
face at that point is Z^inclined at an angle 6 with the horizontal, 
then the force of grav^^mg has a component A tending to move F 
down the slope, while has a component 7) in the opposite direc- 
tion. When A ani} D are equal, no motion results, and the surface 
is in kinetic equilibrium. We may then equate their values as before, 
obtaining, f^ot^ Z> = A , 

mcoV cos 6 = m{i sin $. 

.\ tan ^ 

Q 

Therefore the tangent of 6 
varies directly as the radius 
for a given angular veloc- 
ity. As this is the property 
of a parabola, the curve 
shown is the section of a 
paraboloid of revolution and 
the surface of the liquid 
maintains the shape of a 
perfect parabolic reflector. 

In the case of the centrifugal separator as used to take the cream 
out of milk, the situation is similar, but here the particles are of 
different densities and a selective process takes place. The heavier 
milk particles call for a greater centripetal force to hold them in a 





Axis 

Fig. 68. 
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given orbit than does the lighter cream, and as this is not availaldt' 
they tend to concentrate near the circumference of the vessel, forcing 
the cream to collect around its axis, whence it is readily drawn off 
while the vessel is spinning. 

Simple Harmonic Motion 

90. Definition. When a particle revolves in a circular path with 
constant speed, its projection on any diamettT moves back and forth 
along that diameter with a motion which is called simple harmonic. 
This is illustrated by the up-and-down motion of the crankpin of an 
engine^s flywheel when seen edgewise, or the motion of the shadow 
it would cast on the floor if the sun were shining directly overhead. 
The vertical motion of a weight hanging at the end of an ideal helical 
spring and set oscillating up and down is also simple harmonic. 

This motion is most conveniently studied through an analysis of 
the circular motion of a particle whosci projection on a straight line 
performs simple hannonic vibrations. The particle and its circular 
path may then be called the particle of reference and the circle of 
reference, while its projection will be called the vibrating particle. 

91. ‘‘Displacement” in simple harmonic motion. There are three 
important quantities involved in simple harmonic motion, to be ex- 
pressed in terms of the time elapsed 
after the motion is supposed to have 
started. These are the displacement, 
the velocity, and the acceleration of the 
vibrating particle. By displacement is 
meant the distance of the vibrating par- 
ticle Px \Fig* 69) from its mean position 
which is taken as the origin. Suppose 
this particle is performing simple har- 
monic motion between A and B about 0 
as the mean position. Thep a circle 

drawn with AB as a. diameter and radius r is the circle of reference, 
and the particle P' revolving counterclockwise at constant speed is 
the particle of reference, with always directly below it. The angle 0 
is the angle described by the radius vector OP' during the time t 
elapsed since P' last passed through A, But the angular velocity 
multiplied by the elapsed time gives the angle in radians, or 
0 (Jit Therefore the displacement of Px from the origin Ls given 
by 

j = r cos ^ = r cos (j)t ( 1 ) 



D 


Fig. 69. 
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If P had been traveling along the Y diameter instead, then assuming 
time to have started with P' at A as before, the displacement y is 
given by / tt \ 

y = r cos / 


where 7r/2 is 1)0° (^xpressc^d in radians. Therefon* 

y = r sin 0 = r sin oit. ( 2 ) 

Equations (1) and (2) describe; the displacement in simple harmonic 
motion for two important cas(;s. In the first the vibrating particle 
began its motion at A, the extreme end of its path. Then ^ = 0, 
cos ^ = 1, and x is a maximum. This largest value, r, of the dis- 
placement is called the amplitude. The angle 6 is known as the time 
angle and is the same in both the cases we are considering. The time 
of a complete vibration from A back to A again is called the period, 
and is denoted by T. The number of complete vibrations per second 
is the frequency, denoted by n, the reciprocal of T. 

In the second case, when y = r sin wf, the particle starts at the 
origin and moving along th(; Y axis reaches C, its maximum displace- 
ment, when B = 7r/2, sin 7r/2 = 1, and y = r. At the end of a period, 
Py will be back at the oHgin again after an excursion to the extreme 
negative; displacement at Z>, and will be about to start on its second 
complete vibration. 

92. Graphic representation. The two harmonic motions along axes 
perpendicular to eae;h other, but with the same particle of reference 
and the same angle, may be shown graphically by laying off the suc- 
cessive values of the or Y displacements as ordinates against the 


Y 



time angles, or fractions of the period, as abscissae. The solid line 
in Fig. 70 is the graph of y = r sin and represents the instantaneous 
displacements of a particle moving harmonically on the Y axis. The 
method of construction is indicated. The magnitude of measured 
by any convenient scale, is laid off on the X axis from A as an origin. 
The ordinates of the curve are equal to the Y displacements, and are 
given by j/ = r sin B. 

The dotted curve represents the first case, a; = r cos and is sim- 
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ilarly constructed, though the X displacements of P are here turned 
through 90° and laid off as ordinates for more convenient representa- 
tion. The form of the curves is known 
as sinusoidal, and the curves are called 
sinusoids. They are much used in physics 
and engineering. 

93. Acceleration and velocity in simple 
harmonic motion. In addition to displace- 
ment, it is important to determine both 
the velocity and acceleration of P at any 
time or position. Since P' in Fig. 71 is 
supposed to be moving with uniform angu- 
lar velocity, its acceleration along the ra- 
dius is giveni, as usual, liy a = But the acceleration of P can be 

equal only to the proj(K^tion of this value on the axes; therefore 
Qx = — CoV cos 6 = — CoV cos 0)^, 
and Qy = — CO V sin ^ — coV sin co<, 

which is the acceleration of P in terms of the time elapsed since th(* 
particle was at A or 0, and the negative sign indicat(‘S that it is 
directed toward the origin, or opposite to the displacement. Also, 



since cos B^x/r^ and sin B = y/r, both 
terms of the displacement, or 


and (ly may be found in 


and 


a. 


a 


= — coVr/r = — co^j:, 
= -03^-ry/r^ 


( 1 ) 


which are very usc^ful expressions. 

As CO is constant, they show' that 
in simple harmonic motion the ac- 
celeration is always directed to- 
ward the middle of the path, and 
is proportional to the displace- 
ment. This is the essential cri- 
terion of this kind of motion, that 
is, the motion is always s.h.m. 

(simple harmonic motion) when- 
ever a varies as x or y, and is 
directed toward the origin. 

The velocity of P at any time 
angle B is obtained by resolving 
the linear velocity of P' into vertical and horizontal components as in 
Fig. 72. The former is the Y velocity of P, the latter its X value, 
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and they are equal to v cos 6 and v sin d respectively. But linear veloc- 
ity in a circle is equal to cor; then'fore 

= — cor sin 6 ~ —cor sin cot, (2) 

find Vy == +cor COS 6 = +cor cos cot, 

from which and Vy may be found at a given time. 

From a consideration of equations (2), as well as from actual obser- 
vation, the velocity is seen to be a maximum when the vibrating par- 
ticle is passing through the origin. It is then that sin co< = 1 for 
horizontal, and (ios co^ = 1 for vertical vibrations, giving cor as the 
maximum value in both cases. When P is at the end of its swing, 
the velocity is 0, for then ^ = 0 in the former case, and 8 = 90® in the 
latter. 

These extreme values, it should be noticed, are contrary to those 
of the acceleration, for a is zero at the origin, and is maximum at 
maximum displac('m('nt. This seems paradoxical at first sight, for 
it might seem as if, when a particle stops as it does at the end of its 
swing, its acceleration must be zero. But the reversal of direction 
at A or C involves a change in th(^ v(‘locity, even if its instantaneous 
value passes through zero during that change'. 

94. Period of simple harmonic motion. From the equation giving 
the acc(^l(^ration at any point, distant x or y from the origin, it is 
possible to calculate the period of vibration in terms of the displace- 
ment and acceleration. P\)r 



a = —cjtx = —co'^y: 

(1) 


a 

II 

1 

; 

II 

1 

(2) 

and 

T = 2 ^ = 2 

Ha I a 

(3) 


The negative sign under the radical does not yield an imaginary 
value of the period, because when xor y have positive values leaving 
the numerator negative, the acceleration is negative. And when x 
and y are negative, the numerator becomes positive and a is positive 
also. 

96. The simple pendulum. A nearly perfect illustration of simple 
harmonic motion is obtained by swinging a small dense mass, or 
^'bob,” at the end of a light string. Such an arrangement when the 
dimensions of the bob and mass of the string are negligible is known 
as a simple pendulum. If the arc through which it vibrates is small, 
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the motion is a very close approximation to harmonic, along a circular 
instead of a straight path as in the preceding cases. When the 
pendulum whose length is I is in the position shown in Fig. 73, the 
force of gi‘avity may b(^ resolved into two components. One of these, 
matf is equal to mg cos $ acting along th(‘ string 
and produces tension, while the other, the tan- 
gential component tends to restore the 
pendulum to its position of rest, and is equal 
to --mg sin 6. The negative sign means that 
the force tends to diminish the distance from 
the point of rest. Then, taking ma^ = — mg sin 0, 
and dividing by m, we obtain = —g sin 6. 
If 6 is very small, say less than 8°, its value, 
.v/7, in radians is approximately equal to its sine, 
or sin 6 = s/l, whencci g sin 0 = gs/l = —a,. 
Th(j acceleration is therefore proportional to 
th(i displacement s, is directed toward the 
position of rest, and the motion is simple 
harmonic. But it has just bc^en proved 
(equation 1, Article 93) that in this cas(^ 
a = where x is the displacement. Therefore, substituting s 

for Xf and for we obtain 

gs _ 

I - 



Thus it appears that for small anglers, the period of such a pendulum 
is independent both of the amplitude of \ ibration and of the mass of 
the bob. The period of the conical pendulum or flyball governor, 
already described, was found to be given by an equation similar to 
the above, but with h in place of 1. In this case no approximation 
was necessary, and the value of T was rigorous for all angles. 

96. Energy of a swinging pendulum. Before leaving the simple 
pendulum, it is well to note the remarkable illustration of the con- 
servation of energy which it affords. At the beginning of the swing, 
with the string vertical, the bob has a horizontal velocity, which as 
we have seen is a maximum at that point. The potential energy of 
the system with respect to the position of rest is zero. As the bob 
moves outward, it loses velocity and therefore kinetic energy also, 
but gains potential energy as it rises above its original level. At the 


0 
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extreme end of its swing, the energy is all potential, and equal to 
mgQ — A). This may be equated to the original kinetic energy 
where v is the maximum velocity when the pendulum passes 
through the position of rest. At intermediates positions the energy 
is partly of one kind and partly of the other, but their sum is always 
constant, as may be proved by calculation, provided there is no loss 
and consequent slowing down due to friction and the viscosity of 
the air. 


SUPPLEMENTARY READING 

H. A. Erickson, Elements of Mechanics (Chap. 5), McGraw-Hill, 1927. 

J. B. Reynolds, Elementary Mechanics (Chap. 7), Prentice-Hall, 1928. 

PROBLEMS 

1. C-alculate the angular velocity in radians per sec. of a particle which 
makes 300 revolutions per min. What is the linear velocity if the radius is 
4 ft.? 31.4 ra/sec.; 125.6 ft./sec, 

2. Wliat is the imihjrm angular acceleration of a particle moving in a 
circle if, starting from rest, it reaches 240 r.p.m. in 30 sec.? What is its linear 
acceleration if the radius is 2 ft.? Ans. 0.84 ra/sec'-^.; 1.68 ft./sec^. 

3. Calculate the centripetal acceleration of the particle in Problem 1. 
Ans. 3944 ft./sec^. 

4 . The centripetal acceleration of a particle moving in a circle of 80 cm 
radius is 400 cm/sec-^. What is its period? Ans. 2.8 sec. 

6. A stone weighing 2(X) g is whirled around in a horizontal circle at the 
end of a string 60 cm long with an angular velocity of 150 r.p.m. Calculate 
the tension in the string. Ans. 2.96 megad:rnes. 

6. A string which can just support a tension of 10 lb. breaks when a stone 
weighing 8 oz. is attached to it and whirled around in a horizontal circle whose 
radius is 18 in. What was the period of revolution? Ans. 0.30 sec. 

7. What would be the length of the year if the earth were half its present 
distance from the sun? Ans. 129 days. 

8. What is the proper angle for banking a road around a curve of 200 ft. 
radius to allow for speeds of 40 miles per hour? Ans. 28? 1. 

9 . What is the proper speed for an automobile rounding a curve of 135.3 ft. 
radius and banked at 30° with the horizontal? (Take gr = 32 ft./sec*.) 
An». 50 ft./sec. 

10 , A particle starting at the end of its swing performs simple harmonic 
vibrations. It has an amplitude of 12 cm and a frequency of 40 
vibrations per minute. What is the displacement at the end of 2 sec.? 
Ans. —6 cm. 

11 . If the particle in Problem 10 starts from the middle of its swing, what 
will be the displacement at the end of 2 sec.? Ans. +10.38 cm. 
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12. What is the acceleration of the particle in Problems 10 and 11? 
Am, 105.2 cm/sec^; — 182cm/sec^ 

13. Calculate the velocities of the particle in Problems 10 and 11. What 
is the maximum velocity? Ans. -43.5 cm/sec. ; —25.1 cm/sec. ; 50.2 cm/sec. 

14. A vibrating particle has an acceleration of 9 cm/sec^. when its displace- 
ment is 12 cm. Calculate the period. Am, 7.26 sec. 

16. A simple pendulum whose length is 36 cm makes 49.8 complete vi- 
brations per minute. Calculate g. Am, 978 cm/sec'-*. 

16. What is the length of a simple ^^seconds pendulum” whose half period 
is 1 sec., where g = 980 cm/sec^? Am, 99.3 cm. 

*17. If a clock intended to be regulated by a seconds pendulum has a 
pendulum only 90 cm long, how much will it gain in a day? Am, 1 hr., 
12 min., 30 sec. 

18. A stone weighing 10 lb. is whirled in a vertical circle of 2 ft. radius. 
What is the least possible angular velocity in r.p.m.? What is the pull on the 
string when the stone is at the bottom of its path? (use g - 32 ft./sec’*.). 
Am. 38.22 r.p.m.; 20 lb. 



CHAPTER 7 


Rotation ot a Body 

97. Moment of inertia. Suppose you had a set of wheels of differ- 
(^nt weights and sizes, soiikj lik(^ solid discs, and oth(»rs with light 
spokes like bicycle whec^ls, but all mounted on ball bearings so as to 
rotate with little friction. Then suppose you experimented with 
them in an att(*mpt to find out how Newton^s laws apply to rotation. 
You would at once observe that rotating bodies have inertia and tend 
to ke('p on spinning after having been started, and that a large torque 
accelerates or stops them faster than a small one. You would also 
notice that heavy whecds have more of this inertia than light ones, 
and that a wh(xd with most of its mass in the rim is harder to start 
than one with tin? mass evenly distributcid. Finally, if you were very 
inquisitive and held the axis at its two ends, you would notice that 
when spinning, the wheel resists any tilt of its axis in a most extraordi- 
nary way. This is equivalent to changing the direction of a mass 
moving in a straight line and is called the gyroscopic effect whi(?h 
we shall consider further on. 

The inertia of a massive wheel is illustrated by the flywheel of a 
steam engine which carries the engine owj its “dead center^' and 
smooths out irregularities of effort on the crankpin. If the effort 
increases, this rotational inertia tends to prevent speeding up, and 
if it decreases, the inertia prevents slowing down. 

As rotations are produced by the moment of a force, the kinetic 
reaction against this force must be in the nature of a moment also. 
Therefore the property of a body to which this reaction is due is 
known as its moment of inertia, usually represented by the letter /. 

We noted in our supposed experiments that the moment of inertia 
is greatest when the mass is farthest from the axis. This is because 
w’^hen the radius is greater the mass has a higher linear velocity with 
the same angular velocity. From this we conclude that the moment 
of inertia must involve both the rotating mass and its distance from 
the axis. The exact way in which these quantities arc related is 
found as follows: Referring to Fig. 74, suppose several differei^ par- 
ticles of masses mi, m 2 , . . . m« rotate about a common axis 0, 
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on radii ri, r 2 , . . . and with a common angular velocity. Then 
their linear velocities at any instant are a>ri, a>r 2 , oin, . . . and 
their kinetic energies are giving as 

the total energy of the system 

TT = §a;2(miri2 + m2r22 + mars* + . . . mnr„*) 

= §a)*2mr*. (1) 

If this is compared with the usual -^v^m for linear kinetic energy it 
is obvious that v* has been replaced by w*, and m by 2mr* which is 

thusse(‘ntobethe rotational analogue 
of mass, and is therefore the moment 
of inertia I of the system. It is for 
rotation what m is for translation, 
and its dimensions are [ML*]. 

The kinetic energy of a rotating 
body is then given in the absolute 
system of units by 

W = |/w*. (2) 



But in the gravitational system where the constant k is not unity, 
the linear kinetic energy is \mv^lk as we have seen; therefore equa- 
tion ( 1 ) becomes 


. _ 1 ci)*(2mr*) 

" ” 2 k 
2 k ' 


(3) 

(4) 


Equation (1) gives kinetic energy in ergs if m and r are expressed 
in grams and centimeters, and in foot-poundals if they are expressed 
in pounds and feet. Equation (3) gives kinetic energy in gram- 
centimeters or foot-pounds with the same choice of units, and with 
k equal approximately to 980 in one case and 32.2 in the other. 

In computing /, if masses are measured in slugs, this amounts to 
dividing by A; = 32.2, and the resulting value gives the kinetic energy 
in gravitational units, using equation (2) with I g substituted for /. 

98. Calculation of moments of inertia. In the ideal system just 
used it is extremely easy to calculate the numerical value of I pro- 
vided each mass and its distance from the axis are given; but when 
a real body made up of innumerable mass particles rotates about an 
axis, it is necessary to consider all these infinitesimal masses, each 
revolving in its own special orbit. Generally the problem is insoluble, 
and I can be determined only by experiment. But in a few cases of 
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a homogeneous body of some simple regular shape, the moment of 
inertia with reference to a limited choice of axes may be found by 
the methods of the calculus. 

In the following special forms, / has been obtained in this manner 
and its values an^ here given for reference: 


A solid cylinder of radius r about 
its own axis. 

A cylindrical ring of rectangular 
.section, whose outer radius is n and 
the inner radius is ro, about its own 
axis. 

A solid cylinder of length I about 
an axis normal to its own, through 
the center. 



A sphere about any diameter. 



/ = 


2 

5 




A rectangular parallelopiped of 
edges a, 6, c, about an axis normal to 
the ab face, at its center. 



I = 


m 


(7“ -f' 6“ 
“ 12 “' 


) 


The secjond and last of theses have ideal easels, which are sometimes 
useful. The cylindrical ring may have such a small thickness that 
the two radii may be regarded as equal, an approximation nearly 
realized in the flat iron tire of a cart wIkk'I. Then + r 2 ^ == 2r^ and 
I = rnr^y which indeed follows directly from the definition I = 
because all the masses are practically equidistant from the center. 

Also, if the parallelopiped is in the form of a long slender strip, 
whose depth c may have any value, but with its width a small com- 
pared to its length 6, then the moment of inertia reduces to 


, rnP 

as it is usually written. 

99. Shifting the axis. In all the preceding formulae the axis of 
rotation passes through the center of mass of the body, but it is pos- 
sible to obtain I about any other axis parallel to it at a distance h 
by the following equation, known as Steiner's theorem: 

7 = Jc + mh\ 
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where Ic is the moment of inertia about an axis through the center 
of mass, h is the perpendicular distance between the axes, I is the 
moment of inertia required and m is the total mass. 

As an illustration of Steiner^s theorem, suppose we wish to find th(‘ 
moment of inertia of a grindstone mounted eccentrically on a shaft 
20 cm from its center, when its mass is 20 kg and its radius 40 cm. 
Then h = = 10,000 X 1600 = 16 X lO^g-cm^ and / = 16 X 

106 + 20,000 X 202 = 24 X 10^ g-cm^. 

100. Rotational actions and reactions. The rotational analogue of 
a force, as has been stated, is the moment of that forc('. The moment 
varies with its le\^er arm as well as with the force itself, and is there- 
fore measured by their product Fr. 

In the case of pure translation the nwtion to an action is eith(*r 
an equal and opposite' force of the same kind, or it is the kinetic re- 
action measured by ma when change of motion is taking place. In 
either case SA = 0. 

In the case of rotation there is a similar relation. But now mo- 
ments or torques due? to couples take the' place? e)f force's and we must 
write inste'ad 2L == 0. If there is no motion or only uniform motion 
when a body is subje'cted to a mome'ut or torque L, there must be an 
equal and opposite reactive' me)menl or torque U which oppose>s L; 
therefore L — L' = 0. If change of motion results, then there is a 
rotational kinetic reaction exactly anale)gous to the linear Idnetic 
reaction of pure translation. This is calculated by taking the product 
of the moment of inertia and angular acceleration, or /«, instead 
of the product of mass and linear accek'ratiou, ma, so that we have 
L 7a = 0 instead of F — ma — 0. 

The fact that the reactive torque equals la may be roughly tested 
by trying to turn over a heavy flywdieel an*! get it going fast. A push 
of say one hundred pounds applied tangentially to its rim is about the 
best a man can do, and if its rim is heavy, he finds it harder to speed 
it up than if its mass were small and (?venly distributed, as in a wooden 
disc. The heavy rim means that I is large and the reactive torque 
is large also. Similarly it takes a greater force to speed up the wheel 
rapidly than it would to do so slowiy. A massive flywheel rotating 
without friction might be got going at sixty revolutions per minute 
by a weak but long continued torque, but it takes a great torque to 
speed it up rapidly. 

This very important principle that U = la may be proved 
rigorously as follows: The linear kinetic reaction of a mass m at a 
distance of r cm from the axis is ma, and the moment of this reaction 



Chap. 7] ROTATION OF A BODY 97 


is mra = L\ But tlio lin(»ar accolcration equals ar; therefore, 
substituting or for a, we obtain 

// = 

or in the gravitational system, 

j , rnr’^a 


which is the reaction against the torque causing the angular accelera- 
tion a. Then we may sum up all the reactions of all the infinitesimal 
masses of the rotating body, remembering that a is the same for all, 

so that ^ „ 

L = a^mr^ = aly 


and in the gravitational system, 

Jj g OtJ Q 


al 

k 


101. Moment of momentum. The momentum of a rotating body, 
like torque and the kiiu'tic energy of rotation, is angular rather 
than linear, and may be obtained from the linear momentum of an 
individual particle of mass m, moving in a circle. This is mv. The 
moment of this quantity is mvry and since v = cor, mvr = comr^. But 
CO is constant for all the particles of which a rigid body is composed. 
Therefore, summing them up as before, we find that the moment of 
momentum or angular momentum of the body is 

— /co, 


and in the gravitational system, 


m/ 



The dimensions of this quantity are found from those of 
[co] = [T~^]y and [/] = [ML% 

Hence [/co] = [ML^T^^], 

A comparison with the dimensions of energy shows that the above are 
those of energy multiplied by time, and the unit of angular momentum 
is thenifore an erg-second. It is much used in the quantum theory 
of the energy of radiation. 

Like linear momentum, angular momentum remains constant 
unless some external action (torque in this case) changes it. Thus a 
revolving system having a configuration which can be altered inter- 
nally so as to vary J, experiences an increased angular velocity if I 



MECHANICS 


98 


[Chap. 7 


decreases, or a decrease in w if / increases, but the product /w remains 
constant. 

A well-known experiment strikingly illustrates thc^ conservation 
of angular momentum as follows: Let the student stand on a small 
platform that can be made to rotate about a vertical axis, and let 
him hold out two fairly heavy weights at arm’s length while the plat- 
form is set slowly spinning. Then if he lowers his arms, his moment 
of inertia decreases, so that the angular velocity must increase in 
order to keep lu) constant. The result is very convincing, as a? in- 
creases far too much for comfort, so that the experimenter hastens 
to raise his arms again in order to slow down to a less giddy rate of 
rotation. 

102. Comparison of rotation with translation. Before proceeding 
to certain practical applications of the theory of rotation, it will be 
well to compare the quantities it makes us(i of with the corresponding 
quantities in translation. The following table gives these anal- 
ogous quantities in parallel columns, with a third column in which 
will be found their relation to each other. 


Translation 

^ Rotation 

J Rtdat ion 

distance « 

0 

0 ~ arc/radius = «/r 
>4^1 
/ 2 mr* 

■<*> = i>/r 
a - a/r 
^ - Ft 

LO = Fs 

For mass-particles: 

I<a = mvr 

time t 

mass m 

velocity v 

acceleration a 

force F 

work W - Fs 

kinetic energy W — 1 niv^ 

momentum inv 

tiij^e / ' 

hifcment of im^riia f 

arig^lar velocity a> f 

a^ular acceleration ... a 

riJoqlent, torque L 

wOtk W ^ LB 

kinetic energy W == 

m^ent of momentum Iw 


Equations relating to translation become true for rotation provided 
the corresponding quantities are substituted. Thus in accelerated 
motion: 

V at b(Jcomes a? = 

s = 0 ^ 

= 2a8 ci ?2 = 2ad 

F = mo L = /a 

It should however be noted that only time and work or energy, 
are the same sort of quantity in both kinds of motion, and so can be 


t Also nearly true when the mass of a wheel is concentrated mainly in the rim. 
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added together or equated. The others are only correspojiding 
quantities, and cannot be added or equated. 

103. Radius of gyration. If we were to concentrate the entire 
mass of a rotating body at a single point, the kinetic energy of rota- 
tion for the same angular velocity would in general be altered. But 
it is possible to find a point, or series of points in a circle around the 
axis, where the mass could be concentrated without altering the 
kinetic energy of rotation. Thus a thin hoop of radius K, or a par- 
ticle at a distance K from the axis could be made to have the same 
kinetic energy as a solid disc of the same weight rotating at the 
same speed. The kiiu^tic energy of such a hoop is given by 

and setting this equal to the kinetic energy of the disc or other body 
rotating about the same axis, w(‘ have 

whence K — 

This quantity K is known as the radius of g 3 rration, and when it is 
known, we may us(i the product MK-y instead of I in all problems 
concerning rotation. 

104. Problems involving rotation. Suppose a solid disc, like a 

grindstone, rotates about a horizontal axis, and it is required to find 
how long a tangential force applied to its rim by a brake will take to 
stop it. The equation for the corresponding case in translation is 
Ft == mv. Therefore we may write for rotation, Lt = /w, and if the 
radius, moment of inertia, and revolutions per second are known, the 
problem is readily solved. If, however, the angle (or number of 
revolutions) before it stops is called for, the equation corresponding 
to Fs = Ls Ld = or LgS = \Iur/k in the gravitational 

system when^ Lg is nu^asured in foot-pounds or gram-centimeters. In 
either case, Q is measured in radians, but this result divided by 2-k 
gives the number of revolutions required. 

When a disc rolls along a plane, the problem involves both trans- 
lation and rotation. The kinetic energy is equal to \mv^ + 
and if a steady force F acting horizontally through its center is applied 
to stop it, the distance through which it must act is given by 

F^ = \vfi\p- + ( 1 ) 

In this equation we may find the angular velocity from the linear 
velocity of the center by the usual relation w = v/r. This is be- 
cause the wheel rolls a distance 27rr in the time T of one revolution, 
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V = 2TrlTf and since it rotates through 27r radians in one revolu- 
tion, o) = 2ir/Tj and co = v/r. Tliis is the same relation* as that 
obtained when a wheel rotates about a fixed axis and v is the velocity 
of a point on its rim. Therefore in the imse of rolling, the velocity of 
the center takes the place of the peripheral velocity of a pure rotation. 

As an illustration of these principles applied to a rolling disc, let 
m = 10 kg, and v == 2 m per sec. Required, the distance the disc 
rolls while a force of a million dynes acting horizontally through its 
center opposes it. 

Since I for this solid disc is mr-/2^ and co = v/r^ we obtain from (1) 
Fs = \mv- + \mv'^ = Jwp’, 


and 


_ 3 X 10^ X 4 X 10^ 
4F - 4 X 10« 


300 cm. 


This calculation shows the value of solving a problem symbolically 
as far as possible before introducing numerical value's. If this had 
not been done the labor would have been much greater, and it wxjiild 
have been necessary to know r in order to find I. 

When a solid disc rolls down an inclined plane, as shown in Fig. 75, 
the original potential energy mgh at the top is converted into kint.'tic 

energy both of translation and rotatioti. 
At the bottom the total kineitic energy 
gained equals the potential energy 
lost, or 

ingh = (2) 

Since part of the potential energy goes 
into the kinetic energy of rotation, 
less of it is available for the energy of translation. Therefore the 
disc gathers speed more slowly than if it could slide without friction, 
and the greater its moment of inertia with a given mass, the smaller 
will be its velocity of translation v. Thus a hoop rolls more slowly 
down an incline than a solid disc of the same mass and radius, because 
its moment of inertia is twice as large. 

The time of d(iscent of a disc rolling down an incline, the acquired 
velocity, and the distance covered in a given time can be found as 
follows: In Fig. 75, it is required to find the velocity of the disc after 
rolling from the top to the bottom of the plane. In the preceding 
problem it was proved that the total kinetic energy of such a disc is 
given by f This must be equal to the potential energy it had at 
the top of the slope, which was mgh. Therefore, equating these two 
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kinds of energy, we find v == 2\/gh/Zj which is an expression inde- 
pendent both of the mass and the radius of the disc. 

As the body started from rest, the average velocity is om^ Jialf this 
value, and the time required is l/v„r>] hence t = iV^/gh. But 
for ally distance s, the corresr>onding height is « sin 6] hence 


and 



3 

_ — ^ 

ga sin B 


H = \gt- sin By 


which is the distances rolled in I seconds. This should be compared 
with s = ^gV^ sin 0, for freely sliding bodies. 

106. Harmonic motion of bodies (translation). If the motion is 
linear without rotation, the body may be treated as a particle. Thus 
a mass m hung at the end of an ideal helical spring performs simple 
harmonic vibrations after being pulh^d downward and then released. 
In the case of such a spring the force of restitution is directly propor- 
tional to the displacement y from rest, or F — —cy where c is the 
constant of proportionality. That is, double pull means double 
stretch, triple pull means triple) stretch, and so on. Then if pulled 
down from its position of rest through a distance y and released, the 
kinetic reaction ma is (^qual to the above force, so that ma = —cy 
or —yla = m/c, Theu’efore, since m and c are constants, a varies 
as y, is oppositely directed, and the motion is harmonic. Wc may 
then use the gc'neral equation for the period of any harmonic vibra- 
tion (equation 3, Article 94), which is, 

T = 


But 



( 1 ) 


where c, the elastic constant of the spring, may be called the coefficient 
of restitution. It is that quantity by which the displacement must 
be multiplied to obtain the restoring force. 

When the mass m is at rest, the displacement I is due to the pull 
of gravity alone ; therefore cl = mg. Thus a second value for T may 
be found by setting m/c = l/gy or 

T = 2t^-- 

^9 


( 2 ) 
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Equation (1) enables us to calculate the constant of the spring in 
terms of the period of vibration, and from equation (2) the accelera- 
tion due to gravity may be found. 

106. Harmonic motion of bodies (rotation), A body suspended by 
a wire, when given an initial twist about it as an axis, executes rotary 
vibrations which are simple harmonic. As the wire twists and 
untwists it obc^ys a law similar to = —cy of the helical spring. But 
now we arc dealing with torque and angular displacement, so that the 
torsional equivalent is L = —cOy where c is the torsional coefficient 
of restitution of the wire, and is constant for moderate angles. 

The rotational kinetic reaction to the torque is /a, instead of rna. 
Therefore la == —cdy and since the moment of inertia of the body 
about a given axis, as well as c, is a constant, the angular acc(^leration 
is seen to be proportional to the angle and oppositely directed. There- 
fore the motion is simple harmonic, and we may apply the equation 
for the period of such motion, in which 0 replaces 5, and a replaces a. 



Here c applies to rotation instead of to translation, and / replaces m 
in the corresponding formula for linear vibrations. We may therefore 
calculate the period of any harmonic vibration from one of these 
two analogous formulae, provided we can determine the coefficient c, 
which when multiplied by the displacement (distance or angle) gives 
the corresponding reaction (force or torque). The generalized for- 
mula may then be expressed by 




where J means either mass or moment of inertia, 
according to circumstances, and c is either th(^ 
^ linear or torsional coefficient of restitution. 

torsion pendulum. Any mass oscil- 

1— — ^ lating about a suspending wire as an axis main- 

Fig. 76. tains a constant period independent of 6, if the lat- 

ter is not large enough to exceed the limits within 
which c is constant. It is therefore known as a torsion pendulum. 
In the form shown in Fig. 76, it is used in some makes of clocks, 
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and its period can be calculated from the known moment of inertia 
of a solid disc about its own axis, provided c is known also. Then 


T = 2t‘ 


= Trr 


'2m 

c 


108. The simple pendulum. We may now calculate the period of 
this ideal arrangcmient from the point of view of rotation, using th(‘ 
general equation T = 2t\/I / c. By reh'rring to 
Fig. 77, it is seen that / = mP, The component 
of mg which acts as the restoring force is mg 
sin e, and its moment L is - mgl sin 6. For small 
angles sin ^ 0 nearly; therefore L = - mgW. But 

mgl is constant, and we may write L = where v 
is the coefficient of restitution, because when multi- 
plied by d it gives th(^ restoring moment. It is e(|ual 
to mgl in this particular case provided d is so small 
that we may regard the angle equal to its sine with- 
out sensible error. 

Then substituting nil'^ for I in the period (equation, and mgl for 
Cj we obtain, as before. 



T = 2irJ^j = 2ir^-- 
Inigl ^g 


109. The compound pendulum. Any bod}^ vibrating in a vertical 
plane about a horizontal axis, with gravity supplying the restoring 
moment, is called a <!ompound or physical pendulum. In Fig. 78, 
an irregular solid is shown deflected through an angle 0, against the 

restoring momemt of gravity which acts through 
the center of mass at C, and causes the body to 
oscillate about its axis at 0. The value of the 
moment is given by L = — mgh0 for small angles, 
where h is the distance between the center of 
mass and the axis measured in th(i plane of vibra- 
tion, and the coefficient of restitution c is there- 
fore mgh, so that 

- Wi- 

110. Center of percussion. A simple pendulum of length I which 
has the same period as a compound pendulum is called an equivalent 
simple pendulum. If a compound pendulum is hanging at rest, and 
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a vertical line is drawn down through its axis, then a point on this 
line at a distance I from the axis is known as the center of percussion, 
or center of oscillation of the body. If a blow is struck at the center 
of percussion in a direction perpendicular to the axis, it produces pure 
rotation with no tendency to knock the pendulum off its support. 

Such a point is the one at which the ball should come in contact 
with the bat in such games as bas(43all and (jrickot. If it does, then? 
is no sense of shock on the l^atter's hands, as is t he cas(i wIkui contact 
with the ball is made elsewhere. Sinc(‘ the distance* of the center of 
p(‘rcussion from the axis is equal to the length of a simple pendulum 
whose period is the same as that of the vibrating body, it is readily 
located by equating the periods of the simple and (jompound pen- 
dulums. Then 



Hence 



( 2 ) 


where I is the moment of inertia of the body, m is its mass, and h is 
the distance between its axis and centt‘r of gravity. 

There are then three important points to be found with regard to 
rigid bodies rotating about an axis. They are the center of gravity, 
the end of the radius of gyration, and the center of percussion. Two 
of these may coincide, but in general all three have different positions. 

111. Vectors of rotations. The most significant direction which 
concerns rotation is that of the axis. No other direction has any real 
meaning, since every possible direction of motion in a plane normal 
to the axis is represented by the different particles of a rotating body. 
To represent, then, such quantities as w, a, torque, and angular 
momentum as vectors, they are laid off along the axis of rotation. As 
usual, the vector^s magnitude measures the numerical value of such 
quantities, and the sense of the vector is chosen so that it points away 
from the observer when the rotating body is viewed in such a direction 
that its sense of rotation appears clockwise. Thus the vector repre- 
senting the rotation of a right-handed screw points in the direction 
in which it advances. 

112. Rotational reactions. In Article 97, we proposed that the 
reader try holding two ends of the axis of a rapidly spinning wheel 
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and then try tilting it. He will find that it resists any attempt to 
change the direction of its axis, or, what is the same thing, of the 
plane in which it is rotating. This reaction to a torque applied to 
the axis is increased by increasing the angular momentum of the 
rotating body. That is, the niaction dc^pends upon both angular 
velocity and moment of inertia, and is in the nature of a torque. 
This torque results in a shift of the axis in a plane normal to that in 
which we atbiinpt to turn it, as is (‘xplained below. Vibrating bodies 
also resist a change of the plane in which th(?y are vibrating in a 
manner similar to rotating bodies. 

113. The gyroscope. A heavy mass of large moment of inertia set 
rotating at a high speed about an axis is called a gyroscope, and the 
group of phenomena associated with it is 
called gyroscopic. 

Let tlK3 vector A in Fig. 79 represent 
the angular momentum hoji of the disc D 
of mass Mj whose axle is pivoted at P 
with a universal ball and socket joint. 

Obviously D tends to fall under the force 
of gravity. This force (combined with the 
reaction at P creates a torque equal to 
MgL But if D is spinning about its axis, 
this torque involves a change in its angular momentum due to a shift 
of the plane of rotation. If now the torque is applied for t seconds, a 
new angular momentum develops, given l)y I 2032 = as a result of 
rotation in the direction of the dottcid arrow about an axis through P 
normal to and outward from the plane of the diagram. Therefore, 
viewed from above', this vector B appears perpendicular to the vec- 
tor A, which is that of the angular momentum of the spinning disc. 
According to the right-handed screw convcnition, these vectors appear 
as in Fig. 80, where A is made longer than B to indicate a greater 

angular momentum of the rotating disc 
about its axis than that^ due to the 
torque exerted by gravity and the 
n'action of the support. The resultant 
momentum, at the instant considered, lies along a new axis P, and 
the axle tends to shift into this new position, causing the gyroscope 
to rotate about P in a clockwise direction when seen from above.f 
The next moment, A (owing to the torque caused by gravity), is no 

tThis discussion is very incomplete, and applies only to the instantaneous 
position given in Fig. 79, 



Fig. 80 . 
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longer horizontal, so that its downward motion, combined with the 
horizontal rotation just explained, causes it to sweep over a kind of 
conical surface of stciadily increasing pitch as the disc gradually 
descends. 

This shifting of the axis is called precession. It is applied to the 
slow change in the direction of the earth^s axis, called ^'precession of 
the equinoxes,’^ which is due to the same causes as in the case cited 
above. 

114. Foucault’s pendulum. Angular momentum, like linear, re- 
sists change (dther in direction or magnitude, but the direction is 
preciscjly that of the vector representing it, along its axis. Th(‘refore 
bodies, whether rotating or vibrating, resist a (ihange of the direction 
of the axis, or, what is th(i samci thing, the plane of rotation or vibra- 
tion. When such a change is forced upon them, it involves a rotatory 
kinetic niaction. 

A heavy mass of large inertia set swinging at the (^nd of a long wire 
may be iis(‘d to illustrate the tend(mcy of bodies to continue vibrating 
in one plane. This fact was discovered by Foucault in 1851, and 
used by him to demonstrate the rotation of the earth on its axis. 
Such a pendulum at the North Polc^ would continue swinging in a 
fixed plane while the earth turned under it, so that to an observ(‘r th(' 
path of the swinging bob would seem to t\irn through 360*’ in 24 hours, 
or 15° per hour. At the equator the plane of vibration and that of 
the meridian rotate together and there is no relative change. At 
intermediate latitudes the rate of relative shift lies between 15° per 
hour and zero. This can be easily shown to equal 15° per hour 
multiplied by the sine of the latitude. 
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PROBLEMS 

1. A light rectangular slab or lamina ABCD measures 8 ft. along the AB 
edge and 6 ft, along the BC edge. It is loaded at the corners, in alphabetical 
sequence, with 5, 7, 3, and 9 lb. masses. Neglecting the weight of the lamina, 
calculate the system ^s moment of inertia about an axis normal to the surface 
of the lamina and through its center. Ans. 600 Ib.-ft*. 
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2. Calculate the moment of inertia, about a transverse axis through its 
center, of a disc whose radius is 20 cm, its density 9 g/cm®, and its thickness 
12 cm. Ans. 27.13 X 10^ g-cm*. 

3 . The mass of the earth is about 6 X 10^* tons and its radius about 
4000 miles. C'alculate its moment of inertia about its axis of rotation. 
Ans. 21.41 X 10^8 

4 . A rectangular parallelepiped rotates about an axis normal to the center 
of its ab surface. Its length a is 18 cm, its width 6 is 9 cm and its thickness is 
4 cm. Its moment of inertia is found to be 1.35 X 10® g-cm^. What is its 
density? Ans. 6.17 g/cml 

6. What is the moment of inertia about a transverse axis through its 
center of a ring of rectangular section, if its mass is 2 kg and its inner and 
outer radii are 20 cm and 22 cm respectively? Ans. 8.84 X 10® g-cm^. 

6. If the ring described in Problem 5 is liung on a horizontal support as 
a hoop hangs on a nail in the wall, what is its moment of inertia about the 
support? Ans. 16.84 X 10® g-cm-. 

7 . ('alculate the moment of inertia of the disc in Problem 2 about an axis 
at its edge and normal to its face. Ans. 81.39 X 10® g-cm*-^. 

8 . A thin rectangular lamina of metal is 80 cm long and rotates about an 
axis in its own plane but normal to its length and equidistant from its ends. 
If it weighs 3.6 kg, what is the moment of inertia, disregarding the thickness? 
Ans. 1.92 X 10® g-cm^. 

9 . Show that the moment of inertia of the lamina described in Problem 8 
is four times as great if the axis is moved to one end and is still parallel to its 
first position. 

10 . An engine flywheel of 6 ft. radius and whose moment of inertia is 
144,000 Ib-ft^., has a steady tangential force of 1500 lb. applied to its rim. 
What is the resulting angular acceleration? (take g = 32). Ans. 2 ra/sec^. 

11 . In Problem 10, calculate the final angular velocity, the number of 
revolutions made in 12 sec. from rest, and the work done. Ans. 24 ra/sec.; 
22.9 revolutions; 13 X 10® ft.-lb. 

12. A solid disc of 20 cm radius rotates about an axis through its center and 
perpendicular to its plane faces. When it is revolving at 3 r.p.s. a tangential 
force of 2 kg is applied to its rim and stops it in 15 revolutions. Calculate 
the mass of the disc. Ans. 104 kg. 

13 . How long will it take the same force to stop the disc described in Prob- 
lem 12? How long would it take if the disc were making 80 r.p.s.? Ans. 10 
sec.; 267 sec., 

14 . A ball weighing 12 kg rolls in a bowling alley at a rate of 10 m per sec. 
What is the total kinetic energy? Ans. 840 joules. 

16. How far would the ball in Problem 14 roll, if a force of a million dynes 
acting horizontally through its center opposes it? Ans. 84 m. 

16 . A ring whose mass may be regarded as being all equidistant from its 
center rolls down an inclined plane in 12 sec. How long would it take a solid 
disc to do the same? Ans. 10.38 sec. 
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17 . A solid disc rolls down an inclined plane 200 cm long and 50 cm high. 
Calculate its final linear velocity and the time of descent. Ans. 256 cm/sec. ; 
1.57 sec. 

18. A mass of 200 g stretches a helical spring supporting it through a 
distance of 6.8 cm. It is then set vibrating up and down. Calculate the 
period of vibration and the elastic constant of the spring. .4ns. 0.52 sec.; 
28,823 dynes/cm. 

19. The torsion pendulum shown in Fig. 76 has a radius of 6 cm and a mass 
of 1.5 kg. A couple, consisting of two tangential forces of 40 g each, twists 
it through 60®. Calculate the coefficient of restitution and the ])eriod of 
vibration. Ans, 44.94 X 10^ dyne-cm/radian; 1.54 sec. 

* 20. A uniform bar 1 m long and 5 cm broad weighs 3.6 kg. Calculate 
its period when swinging about an axis 20 cm from one end. Ans, 1.52 sec. 

* 21. Locate the terminus of the radius of gyration and the center of per- 
cussion in Problem 20. Ans, 41.65 cm and 57.85 cm measured from the axis. 



CHAPTER 8 


{.■ 

Elasticity 

116. Meaning of elasticity. If the outlet of a tiro pump is closed 
and the plunger is pushed in, one has to push harder and harder as 
the air is increasingly compressed. Then if the plunger is released 
and if there is no leak, it tends to spring back to its original position. 
The catgut ^^strings^’ of a violin are stretched in tuning them, the 
stretching force increasing as they lengthen. But when let down 
again, they recover practically their original k'ligth. Similarly a long 
steel wire clamped at one end may be twisted at the other, with a 
torque which increases with the twist. But it untwists again when 
released. These are all examples of a property of matter known as 
elasticity. 

As long ago as 1676 the foundation of the theory of elasticity was 
laid in the publication of the famous law previously discovered by 
Hooke, which now bears his name. Hookers law, as he worded it 
in Latin, may be rendered: ^^As the distortion, so the force,^' or more 
freely: ^^the change of form is proportional to the deforming force.” 

This is true, however, only for deformations which do not exceed 
some definite limit. This limit is different with different materials, 
and if it is exceeded, the deformation proceeds at an increasing rate 
as the action increases, and there is no complete^ recovery thereafter. 
This limit is known as the elastic limit of the material, and will be 
considered in more detail farther on. 

116. Stress and strain. When a force acts upon a body, causing 
deformation, the internal reaction which tends to restore the original 
fonn is known as stress, and it is measured in terms of the intensity 
of the applied action. 

The simplest intensity of action is force per unit area, or pressure 
(or its opposite, tension). It is measured in such units as dynes per 
square centimeter, or pounds per square inch, and its dimensions are 

[p] = [MLT-^] X [L-2] - [ML-^r-2]. 

Strain is the deformation associated with stress, and it is measured 
in terms of the change in some measure of the body, such as its volume 
or length, divided by the total measure. It is thus a ratio of two 
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like quantities and is a pure number without dimensions; it may be 
called proportional deformation. 

As an illustration, suppose a force of a kilogram acts upon the 
upper surface of a cubical block whose edge is two centimeters. 
Then the area of a face is 4 cm^ and the pressure or stress set up 
within the block is 250 g/cm^ = 250 X 980 dynes/cm^. If this stress 
should reduce the height of the block by one millimeter without alter- 
ing its other dimensions, the change of volume is 0.1 X 4 = 0.4 cm®, 
and the strain is the ratio of this change to the total volume, or 
0.4 2® = 0.05. 

117. Modulus of elasticity. The ratio of stress to strain is known 
as the modulus, or coefficient of elasticity. Thus in the relation 
expressing Hooke’s law, 

stress = E X strain, 

where E is the elastic modulus used here as a general term applying 
to any kind of elasticity. Let us consider the special case of a body 
whose volume is being changed by a force F acting on its surface. 
Then the change of pressure or stress, denoted by Ap, is given by 
Ap = F/ A. If the total volume is V, and the change in V is denoted 
by AF, the strain is AF/F. Therefore the volume or ^‘bulk’’ modulus 
is given by 

P _ stress _ Ap _ FAp 
strain AF/F ““ AF"* 

118. Young’s modulus. This special coefficient relates only to 
wires, or other long cylinders of small radius, under tension. It 
recognizes only change in length, ignoring any change in section. If 
a force F is applied to one end of such a ^ dre, the other being fixed, 
the stress reaction is F/A as above, wliere A is the sectional area of 
the wire. The strain is Al/l, where Al is the increase in length and I 
the mean total length. Therefore Young^s modulus is found from 



If the tension is produced by a weight hung on the end of the wire, 
then 

y __ rngl 
^ ^ AAl 

119. Shear modulus. When a couple is applied to a body in a 
manner suggested by Fig. 81 , it sets up an internal stress known as 
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a shear. This name is derivcid from the (effect of a pair of shears 
whose edges tend to slide successive planes of the material over each 
other like a b(iveled pack of cards 
without altering the total volume. 

In computing the elastic modulus 
corresponding to this type of stress 
and strain, the intensity of the force, 
or the stress, is one of the forces of 
the couple divided by the an^a of the 
plane along which it acts, as shown in 
Fig. 82. The strain is the displace- 
mcint s p(^r unit length 1. This ratio may be set equal to the angle 
since s/l is usually very small. Consequently the shearing modulus, 
or modulus of rigidity, is given by n = FZ/As = F jAQ. It can be shown 
that Young^s modulus depends upon both wand the volume modulus 

so that we may calculate F from 
the equation F = -f- 4n/3. 

120. Torsion. Let a cylindrical 
rod or wire, as shown in Fig. 83, 
be subjected to a torque L, caused 
by the couple Fd acting at one end 
while the other is held rigid. This 
torque represents stress, and the resulting strain is the angular twist 
S of the free end per unit length, or d/L The ratio T of stress to 
strain is given by T = Ll/6. Thus T is the torque required to twist 
a rod of unit length through one radian, and has been appropriately 
(though not usually) called the torsion modulus 
of the rod. If we divide T by Z, we obtain 

c = T/l = L/e, 

where c is the torque required to rotate a rod 
of any length through one radian. It is known 
as the moment of torsion, and is the same 
quantity as the constant c used in connection 
with the torsion pendulum in Article 106. 

It can be proved that c = Trhi/2l, where n is Fig. 83. 

the modulus of rigidity. It depends upon w, 
because when the rod is twisted, a shear is set up between its 
successive sections. 

121. Elastic constants. The graph representing the relation be- 
tween the stress of tension and strain is a straight line, as long as the 




Fig. 82. 
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body being stretched ndaiiis the properties of a perfectly elastic 
material. This is because^ their ratio is constant. But at some? 
point A, as seen in Fig. 84, the elastic limit is reached, the strain begins 

to increase more rapidly than before, and 

recovery from beyond this point is no 
^ X longer complete. Finally at B, known as 

S / the yield pointy the stress which the body 

^ is able to support reaches a maximum and 

^ then^after it resists less and less, though 

STRj\lN 

pjg g 4 with rapidly increasing strain, until at C 

it yields complett'ly through fracture. 

122. Impact. If a mass m moving with a velocity v strikes another 
body at rest, the resulting motions may be calculated A\'itli ease 
provided the elasticity of the two bodies is perfect. In such cases 
the problem can be solved by the principle of the conservation of 
tmergy and of the conservation of momentum. 

First let us suppose that one of the bodkss is immovable, as is the 
case when a billiard ball strikes an ideal cushion which has perfect 
elasticity and therefore absorbs no energy. If th(^ original direction 
is normal to the cushion, the recoil will be normal also, and in accord- 
ance with the principle of the conser^ .ation of em'igy, mv\’^/2 = mv>^j2 
and Vi = or the velocities before and after impact are equal, 
though oppositely directed. 

Tlie average force of impact can be determined only if the time or 
distance it takes to stop the moving body is know n. If the time is 
known, Ft = mv gives the value of F. If the distance to which the 
moving body penetrates a stationary body is known, then the equa- 
tion Fs = makes the calculation possible. In general, however, 
the problem is insoluble. In a certain w idely quoted examination, 
the candidate was asked to calculate the force with which a certain 
object dropped from a given height wmuld strike the top of a table. 
This is unanswerable. If the table were of iron, the force w^ould be 
much greater than if it were made of w^ood, or some still softer 
material. A hard surface stops a moving object so quickly that the 
force of impact is often great enough to break it. A fragile object 
dropped upon a stone floor is more likely to break than if the floor 
were of wood. 


123. Collision. When both bodies are in motion, the resulting 
impact, or collision, is subject to precisely the same laws as when one 
is stationary, for it is the velocity with which the two bodies meet 
each other that is important, and not whether one or the other is at 
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rest, rest being a purely relative term.f Let and Vi be the velocities 
before and after collision of a body of mass mi with another body of 
mass m 2 , moving in the same straight line. Let and be the 
velocities of rrh before and after the collision. Equating initial and 
final momenta, we have 

miUi + = miVi + rrhv^- ( 1 ) 

Evidently there are now two unknown quantities (assuming the data 
before collision are given), and a second equation is necessary for thcur 
solution. This is suppli(‘d by a law discovered by Newton, according 
to which iho vc^locity of separation after collision is always propor- 
tional to the velocity of approach. The constant of proportionality 
depends upon the nature of the bodies, and is called the coefficient 
of restitution, being (expressed by 


If the bodies an^ perfectly (elastic, c is unity, and the velocities of 
approach (ui — u^) and separation {v^ — Vi) are the same. In gen- 
eral, however, c is less than unity, and {v 2 — Vi) < {ui ~ U 2 ). 

124. Problems concerning impact. In such problems involving 
motions in one straight line, great care must be observed to use the 
correct sign for each velocity, according to whether it moves in a posi- 
tive direction (to th(^ right), or in a negative direction (to the left). 

The velociti6\s after impact are usually the unknown quantities. 
Each is obtained by eliminating the other from equations (1) and (2) 
above, giving — m‘») + mo?i 2 (l + c) 

Vi = — * ^ 

JUi + my 


and 


U2{m2 — enii ) + 7 Ah<^i(l + c) 
mi + m 2 


For the special case wIutc the colliding bodies have the same mass 
and when c == 1, by setting m-i = rrh we have 


V \ 


2m^ih I 

= ihi and V 2 = 

2rrh 


2miUi 

2m.i 


= Uiy 


which shows that the bodies have only exchanged velocities. 

When one of the bodies is fixed and c = 1, th(‘n = t ^2 = 0, and 
from (equation (2) of Article 123, -Vi/ui = 1. Therefore the mov- 
ing body rebounds, with its original velocity exactly reversed. 

t In the following discussion, and in the problems based uixin it, we shall con- 
sider only “head-on" collisions and disregard the possibility of rotation, as this 
would reduce the momentum of translation and greatly complicate the problem. 
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In this last case, if e is less than unity, since Vi = —ewi, the velocity 
after impact is less than it was before. Thus if the moving mass 
falls from a height on a horizontal surface, its vel^ity of impact, 
according to the laws of falling bodies, is U\ = \^2gH, If h is the 
height to wliich it rebounds, then Vi = Therefore, substi- 

tuting in Vi = —eui, we obtain 



where the negative sign shows that h and H are measured in opposite 
directions. 

The fact that c can be (>xpress(‘d in terms of the ratio of the height 
of rebound to the distance fallen through is made use of in an instru- 
ment known as the scleroscope. It is designed to test the hardness 
of metallic surfaces. A very hard steel ball, or a plunger with a 
diamond end, is dropped from a known height, and the rebound 
carefully measured. This makes a basis of comparison of the values 
of e as existing between the same ball and the various surfaces tested, 
thus giving a measure of their relative ^^hardness.^^ 


Table of Elastic Constants f 


Substance 

Young's Modu- i 
lus, Y 

(dynes per cm^) 

Rigidity 
Modulus 
(Twisting 
Shear) n 
(dynes per 
cm*) 

Volume Modu- 
lus, B 

(dynes per cm*) 

Compressibility, 

l/B 

(cm* per dyne) 

Copper 

Iron 

12.4 to 12.9X10“ 

3.9 to 4X101^ 

14.3 X 10“ 

0.70 X lO-** 

(wrought) 

19 to 20 


7.7 to 8.3 “ 

14.6 

0.68 

Iron (cast) . . 

10 to 13 

« 

3.5 to 5.3 " 

9.6 " 

1.04 “ 

Steel 

19.5 to 20.6 

u 

7.9 to 8.9 " 

18.1 

0.55 

Brass 

9.7 to 10.2 

« 

3.5 " 

10.65 “ 

0.94 “ 

Glass (flint) . . 

5 to 6 

u 

2.0 to 2.5 “ 

3.6 to 3.8X10^1 

2.6to2.8XlO“*2 

Water 

— 


— 

0.205 X 10*1 

48.9 X 10-** 

Mercur>" 



— 

2.6 

3.82 

Ether 

— 


— 

0.07 

145.2 


t The very large numbers needed to express elastic moduli are partly due to 
the fact that stress is measured by a very small unit (dyne/cm*), and partly be- 
cause really great forces are needed to pr^uce appreciable strains in solid bodies. 
For instance a pressure of 1400 atmospheres (see Article 129) is needed to produce 
a volume diminution of one-tenth per cent in copper. 
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P^BLEMS 

1 . A copper wire 2 m long and 0.5 mm in diameter supi)orts a mass 
of 3 kg. It is stretched 2.38 mm. Calculate Young^s modulus. Ans. 
12.6 X 10" dynes/cml 

2 . A force of 100 kg is exerted on a piston sliding in a tube filled with water. 
The column of water compressed by the piston is 2 m long and 1 crn in diam- 
eter. How far does the piston move in compressing the water? Ans. 1 .22 cm. 

* 3 . Forces of 800 kg each are applied to a wrought-iron rod as in Fig. 83. 
The length of the rod is 6 m, its diameter 4 cm, and its modulus of rigidity 
8 X 10" dyne/cm'**. What is the displacement of a point b at the lower end? 
Ans. 1.87 mm. 

4 . A strip of silk cloth measuring 15 X 40 cm, wdien pulled lengthwise by 
a force of 4 kg, stretches 3 mm. Calculate its elastic modulus of surface 
deformation. (Note: The stress is measured in dynes per linear crn.) 
Ans. 3.48 X 10^ dynes/cm. 

6 . A metal ball dropped on a w^ooden table from a height of 9 ft. rebounds 
to a height of 4 ft. Calculate the coefficient of restitution. Ans. f. 

6 . Two bodies whose masses are 4 lb. and 12 lb. are moving in the same 
direction with velocities of 12 ft./sec. and 3 ft./sec. respectively. The 
lighter body overtakes the heavier one. What are the final velocities if the 
coefficient of restitution is ^? Ans. 3 ft./sec. and 6 ft./sec. in the same 
direction. 

7 . Two bodies whose masses are 30 and 80 g are moving in opposite 
directions with velocities of —6 and +4 m/sec. respectively. What are their 
velocities after collision if c = 0.4? Ans. 418.2 cm/sec., and 18.2 cm/sec. 

* 8 . How much energy is lost in the collision of Problem 7? (Note: 
Calculate the total kinetic energy before and after the collision.) Ans. 0.92 
joule. 

* 9 . A moving body strikes a free and stationary body of twice its mass, 
and continues in the same direction with a velocity of 80 cm/sec. If 
e = 0.4, what velocity is imparted to the body struck? /Ins. 560 cm/sec. 



CHAPTER 9 


Hydrostatics 

126. Fluids. Most people would say that a fluid is anything that 
flows. That is of course true, hut lead is not a fluid, and yet under 
sufficient pressun^ lead may he mad(‘ to flow through a small hole. 
The fact is that most things can be madt' to flow, so that to distinguish 
solids from fluids we must use some other characteristic. Suppose 
we try shape as a basis for definition. Fluids certainly have no shape, 
while solids have one, and they resist any attempt to dc^form them. 
We may then say that solids have rigidity of form, and fluids do not. 
But even this definition is not perf(*et, because' some viscous fluids 
approach the behavior of very soft solids, and can have temporary 
form apart from any container. However, in general, form is char- 
acteristic of solids and formlessness is charactf'ristic of liquids. 

The reason why fluids have little or no rigidity of form is that 
their molecules have great freedom of motion, while in solids the 
motion of the molecules is restricted to a very limited n^gion about a 
mean position of rest. 

126. Liquids and gases. A liquid is a fluid which possesses a 
(h'finite volume at a definite temperature, while a gas is a fluid which 
can occupy any volume by expanding or being compressed until it 
just fills it. This means that liquids resist a change in volume just 
like solids, and may have even greater bulk elasticity. Gases also 
resist compression, but they tend to expand indefinitely when the 
pressure is withdrawn. 

The inner structure which accounts for these differences is only 
partly understood, but at any rate the molecules of a liquid, though 
free to move among each other, are held together by intimate bonds 
which keep their average distances from each other constant at con- 
stant temperature. In gases these bonds are extremely weak, and a 
molecule moves with almost perfect freedom in a straight line between 
collisions with other molecules, or with the walls of the containing 
vessel. The average distance between collisions is called the mean 
free path, and it increases as the gas expands to occupy larger volumes 
under reduced pressure. 
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127. Compressibility. This is the reciprocal of the modulus of 
volume elasticity ; therefore' it is the ratio of the proportional change 
in volume to the pressurci. This change of volume in solids and 
liquids is extremely small. To produce measurable changes the 
pressure must be larger and is usually measured in atmospheres. 

Both volume (elasticity and compressibility are constant only within 
certain limits, and it is th(*r('for(' not unusual to express them in terms 
of infinit('simal changes of pressure and volume while the total remains 
substantially unaltered. Then E = dp/{dv/v) = v{dp/dv) and the 
compressibility is dv/vdp. These (expressions are also us(?d with gases, 
and play an important part in the theory of thermodynamics. 

128. Cohesion and viscosity. The bonds just mentioned between 
the molecules of a liquid are due to a force known as cohesion, but 
they must be very close together to experience this force, and it is 
therefore practically abs(mt from gases. Solids of course have vastly 
more cohesion than liquids, owing to the relative immobility of their 
molecules. The t('nsil(i stnmgth of a bar of iron is due to forces of 
cohesion between its molecules. 

Adhesion is the same type of force as cohesion, but the name is 
reserved for the attraction between molecules of different substances, 
as in the adherence of water to glass. 

Viscosity is fluid friction which opposes the sliding of one layer of 
a fluid over anoth(T, as if the layers were separate sheets of some rough 
material. If we set th(^ upper layers of a glass of water rotating 
around the axis of the glass, it will not be long before all the water 
will be rotating in the same manner. Gases also possess this prop- 
erty, as can be shown by spinning a disc about a vertical axis over 
another disc lightly pivoted and just below it. The second disc soon 
begins to turn also, showing that the air near the upper one has been 
set going due to collisions of its molecules with the rotating surface, 
and that this motion has been passed on downward to the second disc. 

This transfer of motion from a rapidly moving layer of a gas to one 
in slower motion is known as a transport phenomenon. It is brought 
about by the transfer of the forward momentum of the molecules in 
excess of that possessed by the adjacent and more slowly moving 
layer. This excess momentum is passed along from layer to layer by 
means of collisions between the molecules, and is-possible only because 
they have some freedom of motion and a finite diameter. 

129. Pressure on fluids. {A) Since fluids cannot support a stress 
due to forces which tend to change their shape, the only stress pos- 
sible when a fluid is at rest is one which resists change of volume. 
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This is the reaction against an applied pressure, or force per unit area. 
It acts everywhere normal to thefiuid^s surface, and since action is equal 
and opposite to reaction, pressure may be thought of either as applied 
to, or existing within, the fluid. 

Fluid pressure is usually measured in dynes per square centimeter 
(whose unit is known as a bar or barye), in pounds per square inch, 
or in atmospheres. This latter unit is the atmospheric pressure when 
the barometer stands at an arbitrarily assumed average height. In 
the c.g.s. system this is 76 cm and in the English system 30 inches, 
which is not quite the same. The former corresponds to a pressure 
of 1,013,300 bars, roughly a million. A million bars is called a mega- 
bar, but in European practice this is erroneously called a bar, so a 
kilobar in America is the same as a millibar in Europe. The baro- 
metric height of 30 in. corresponds to a pressure of 14.736 Ib./in^., 
although 76 cm indicates 14.697 Ib./in^. 

Still another way of denoting pressure is in millimeters or inches of 
mercury. This is the height of the barometric column under the 
pressure considered. Thus 38 cm of mercury is half an atmosphere, 
6 in. is one fifth, and their values in standard units can be found from 
the figures given above. But it should be remembered that unless a 
problem involves a ratio of two pressures (when any unit is allowable) 
we cannot use arbitrary units such as atmospheres or ^‘millimeters of 
mercury.’* If these are given they must be translated into tnie 
pressure units of force per unit area. 

130. Pressure within fluids. (S) Since true fluids are highly mobile 
bodies, any pressure communicated to the surface of a confined fluid is 
transmitted unchanged to every part of the interior. This is known as 
PascaVs principle, and was established by him after a series of experi- 
ments on liquids during the middle of the seventeenth century. 

(C) The internal pressure is equal in all directions at any point. 
This may be shown by direct experiment, or inferred from the fact 
that if a very small solid sphere of the same density as 
the fluid is wholly immersed, it must remain at rest. 
Then the vector sum, or resultant, of all the forces act- 
ing normal to the sphere must be zero, and they must 
therefore all be equal, as indicated in Fig. 85. The 
two principles (J5) and (C) stated above, as well as 
(A) (pressures are normal to bounding surfaces) are all 
applicable to both gases and liquids. But there are 
additional principles applicable to liquids alone which result from 
their nearly perfect incompressibility and from the possibility of a 
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free surface. Gases also have special laws, resulting from their 
tendency to indefinite expansion, which are inapplicable to liquids. 

131. Pressure within liquids. If the pressures at varying depths in 
a liquid are measured by any convenient pressure gauge, it appears 
that if the liquid is practically incompressible, 
and if gravity alone is acting on it., then the 
pressure varies directly as the depth and the 
density of the liquid. This is n^adily proved 
to be a necessary consequence of PascaPs prin- 
ciple, because the downward force on a horizon- 
tal area a at a dcq^th h may be regarded as due 
to the weight of the vertical cylinder of the 
liquid resting upon it as shown in Fig, 86. The 
volume is then ahj and if the density is rf, 
the mass is ahd. The force exerted by this 
]nass is ahdg. This force divided by the area gives the pressure, or 

p = hdg. 

According to PascaPs principle this pressure is equal in all direc- 
tions at the depth h. This important 
relation is the basis of all hydrostatic 
problems, w^hcn no other force than 
gravity is acting on the liquid. f 
One very important consequence is 
that the total force on the horizontal 
bottom of a vessel of any shape depends 
only uix)n the depth of the liquid and 
the area of the base. This was experimentally established by Pascal, 
who used vases like those in Fig. 87, all having the same sized base, 
and found that the forces required to support the cap which closed 
the bottom were all equal when the vases 
were filled to the same level. o 

132. Force on submerged surfaces. 

Let a submerged plane of area A, shown 
in Fig. 88 , be divided up into infinitesi- 
mal areas, ai, 02 , 03 , . . . a-ny being the 
bases of cylindrical columns of the liquid y 
at depths yi, 2 / 2 , ^ 3 , . . • Vn below^ the Fig. 88. 

t Obviously, hdg gives the pressure in absolute units. If p is to bo expressed 
in gravitational units, such as lb. /in*., we must divide hdg by k, as explained in 
Article 50. Then p ^ hd^ since k ^ g numerically. 





Fig. 86. 
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surface. The total force on A due to all the y columns is given by 

F == ^aydg, 

or F = dg^ay, (1) 

since dg is constant. But the center of area of a plane surface is 
obtained from the equations 


MIX , zay 

and • 


Therefore the depth Yc, or //, as indicatcHl in Fig. 88, is given by 


// = or H:^a = '^ay. 
2^a 


Then setting A ~ wU, th(^ total area, vve may substitute AH for ^ay 
in equation (1) and so obtain 

F = AHdg. (4) 

This important equation of hydrostatics gives the total force on a 
submerged inclined plane in terms of the depth H of the cenh^r of 
area, or center of pressure. The average pressure over the surface is 
obtained by dividing by the area, and is given by 

Pa, = Udg. (6) 

If the plane is rectangular or a parallelogram, the center of area 
is the intersection of the diagonals. If it is triangular, it is on the 
intersection of the median lines and therefore two thirds the distance 
from a vertex to the side opposite. Thus for such simple figures H 
can be found, if the exact position and slope of the surface are known. 

133. The hydrostatic paradox. In a liquid of given density, dg is 
constant, and F then dep(mds only on th(» product AH. It is there- 
fore possible to exert enormous forces with a very 
small amount of liquid acted on by gravity alone. 
Thus in Fig. 89, suppose a liter of water fills the 
vessel to a height of a meter, and that the area of 
the base A is 1000 cm^; then the force on the base 
is equal to AHdg = 1000 X 100 X 1 X 980 = 98 X 10« 
dynes, or F = 100 kilograms, produced by one kilo- 
gram of water. It is well to note that in problems 
where the total pressure, or total force at a given depth 
in a liquid is desired, the atmospheric pressure at the 
surface must be included. However, the outer surface of the con- 
taining vessel is subject to the same pressure; therefore the net force 
on the base in the preceding problem is due to the liquid alone. 





Chap. 9] 


HYDROSTATICS 


121 


Further, the upward forces on the container, indicated by b 6, tend 
to n(iutraliz(5 the downward force just calculated, so that if placed 
on a balance the total weight of the apparatus would b(i only that 
of water and vess(d combined. 

134. Communicating vessels. If two vessels of any shape, con- 
nected by any kind of tube, are filled with a liquid in such a way that 
the tube is compl(^t(^ly filled also, then 
the liquid stands at the same? level in 
(^ach. This may be' shown to follow 
from the principles already explained. 

At a point P in the tubei (Fig. 90), the 
opposing pressure's p and p', tending to 
cause the liquid to flow, are equal and 
opposite, and therei is therefe)re no 
motion. The pressure p is due entirely 
to //, because) the^ two e^olumiis of height 
h below P are equal and balance each othe^r. Similarly to the right of 
Pf the pre)ssure p' is due to //' only, because the two /i' ce>lumns are bal- 
anced. Therefore p = Hdg = p' = IPdg, and H = //'. This principle 
is often expressed by the familiar saying: ^^Water seeks its own level.^* 
136. The siphon. This useful device, which enables us to draw a 
liquid out of a container without tilting it, may be explained in a 

similar manner, though in this case 
P' there is no equilibrium. If the bent 
tube shown in Fig. 91 is completely 
filled with the liquid, the atmospheric 
pressure P acting on the free surface at 
P L is transmitted unchanged through the 
tube, and acts as a pressure tending to 
cause motion to the right at the point a. 
It is however diminished by the down- 
ward and unbalanced pressure due to 
the column of height h, or hdg. Simi- 
larly the atmospheric pressure acting at 
b is transmit t('d unchanged to a, where it tends to cause motion in the 
opposite direction, but this in turn is diminished by the pressure Hdg 
due to the liquid in the longer leg of the siphon. The net pressure 
which causes the flow is the algebraic suin of the four preceding items, 

p - p' == p - Mgf - (F - Hdg) == Hd^ - hdg. 

... ^ h)dg. 
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Evidently b must be lower than L if an outward flow is to occur, but 
\i H — hf there is equilibrium, and when H < h, the liquid in the 
tube flows back into the container. 

136. The barometer. If the vertical tube closed at the upper end, 
shown in Fig. 92, is filled with a liquid, and if the open end is immersed 
in a vessel containing the same liquid, the 
atmosphere acting on the free surface causes 
an equal pressure P to act within the tube at 
the same level. This upward pressure is op- 
posed by that due to the column of height 7/, 
or p = Hdgy so that if p is less than P, the 
tube remains filled. But if the tube is very 
long like the first tube in Fig. 93, the atmos- 
pheric pressure may be less than enough to 
support a column which fills it. In this case, 
since P = Hdg, the liquid is sustained at a height H = P/dgr, and 
above the level MM the space is filled only with the vapor of the 
liquid. Such a ^‘vacuum” above the barometric column was first in- 
vestigated by the Italian philosopher Torricelli, and is named after 
him, a Torricelli vacuum. The height of a column of mercury which 
is supported by standard atmospheric pressure is 76 cm, as has al- 
ready been stated. But if the column is of water, it stands much 
higher, because water is much less densfi than mercury. This height 
under standard conditions may be determined as follows: Since H == 
P/dg, it is clear that at constant pressure the barometric height varies 
inversely as the density of the liq- 
uid. We may then calculate the 
barometric height of a column 
of water from the proportion 
W/H = d/d'. The density of mer- 
cury d is 13.596 at 0°, and H = 

76 cm, while the density d' of 
water is almost unity. Therefore 
W = 13.596 X 76 == 1033 cm, or 
33.89 ft. at that temperature. 

The height of the mercurial column serves as a valuable means of 
measuring atmospheric pressure under varying conditions. At a given 
altitude a ‘^falF' indicates a low pressure area often associated with 
storms, while a gradual rise is generally associated with fair weather. 

As atmospheric pressure is caused by the weight of the air above 
us, just as hydrostatic pressure is due to the weight of a liquid, the 
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pressure diminishes as we rise in altitude, because there is then less 
air to produce it. The decrease of pressure with altitude is not 
uniform as we ascend, as it would be under water, because the density 
of the air diminishes rapidly under reduced pressure. There is 
therefore no wholly satisfactory way of calcu- 
lating altitude in terms of pressure as meas- 
ured by the barometer. 

137. The lift pump. The height of the liq- 
uid in a barometric tube has been shown to be 
caused by the atmospheric pressure acting on 
its free surface, with no counterpressure ex- 
cept that of the liquid’s vapor acting within. 

If the top of the tube is not closed, but fitted 
with a piston as shown in Fig. 94, the atmos- 
phere acting on the free surface will cause 
the liquid to follow the rising piston until it 
has reached the critical height H PI dg of 

the barometric column. The liquid will then remain at that level and 
any further rise of the piston creates only a Torricelli vacuum. 

The force F required to lift the piston when it is at height h is equal 
to the downward force PA exerted by the atmosphere on its upper 
surface, less the upward force F' = PA — Ahdg^ where A is the 
cross section area of the tube. Therefore 

F ^ PA - (PA - Ahdg) = Ahdg, 

which becomes equal to PA when h = H. Thus we have to exert 
a greater and greater force until the column reaches the barometric 
height. After that, F is constant and equal 
to PA. 

In actual water pumps of this type, owing 
to leakage around the piston, or ‘l^ucket,” as 
it is called, and to air mixed with the water, 
the ideal height of 33.9 ft. is never achieved, 
and 28 ft. is regarded as a fair performance. 
In order to deliver the water thus raised by 
the atmospheric pressure to a higher level, 
a valve known as the bucket valve is used, as 
shown in Fig. 95. It opens during the down- 
stroke of the piston and closes under the pressure of the water above 
it, on the upstroke. Thus it lifts the water trapped above it to any 
reasonable height. 
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138. The hydraulic press. This is a true machine in the sense that 
it transforms a small force into a large one at the expense of motion, 
the work input being equal to the work output, if friction is neglected. 
The object to be compressed is placed between the movable and 

stationary plates D and Z)', as shown 
in Fig. 96. The two pistons B and 
C slide in communicating cylinders 
filled with some liquid, usually oil. 
The valve V admits this liquid from a 
reservoir through the tube T, and the 
valve V\ by preventing its return from 
r the large cylinder, locks the lower plate 
at the end of each stroke. Let a 
force f be applied to the piston B; 
tlnni by PascaFs principle the pressure p thus created appears 
unchanged throughout tho liquid. Its value is f/a, and it (‘xerts a 
force F on the large piston C equal to pA, or fA/a, Thus / is 
multiplied by a factor equal to the ratio of the areas of the two 
pistons, and this factor is the mechanical advantage of the press. 

139. Archimedes’ principle. The cave men must have known that 
wood floats on water, and that even a stone seems to weigh less 
under water than in the air. But apparently no one generalized 
these facts into the form of a law until about 250 b.c. when the great 
Greek philosopher Archimedes dciriv ed from observation the following 
principle which bears his name: All bodies floating on or submerged 
in a fluid are buoyed up by a force exactly equal to the weight of the fluid 
they displace. No actual test is necessary to 
obtain this principle, which may be rigorously 
derived from a purely imaginary experinujilt. 

Suppose that a portion of some liquid becomes 
solidified, as indicated by t he irregular contour in 
Fig. 97. Suppose also that it retains its original 
density unchanged. Under these conditions all 
external forces acting on it, including gravity, are 
unchanged, and it must remain at rest as when it 
was still fluid. It is therefore supported by an 
upward force equal to its weight. Expressed in dynes or poundals 
this is given by where v is its volume and d is the density of 
both solid and liquid. Obviously any solid displaces its own volume of 
a fluid in which it is wholly submerged. We do not need Archimedes 
to tell us that! So vd is the mass of the displaced liquid and vdg 



Fig. 97. 
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is its weight. This proves the famous principle for complete sub- 
mersion. 

Of course the same upward force acts no matter how dense is the 
solid which fills the volume If it is more dense than the liquid, its 
weight vd'g is greater than the upward force vdg and it sinks. If it is 
less dense, the upward force is the greater, and it rises, until at th(^ 
surface it displaces only a sufficient volume of the liquid to balance^ 
its own weight. In this case the apparent loss of weight is equal 
to where v' is the volume of the liquid displaced, which is less 
than Vy the volume of the body. In both 
cases, then, the buoyant force depends 
only upon the volume displaced and the 
density of the displaced fluid. 

140. Weighing submerged bodies. 

If the body has a density d', greater 
than d, and is weighed both in air and in 
a liquid, as shown in Fig. 98, its weight 
when it is submerged is decreased by the 
buoyant force vdg. This apparent loss of weight may be expressed 



by the relation 


Wa — - vdg, 


( 1 ) 


where Wa is the weight of the body in air, and is its weight sub- 
merged. But ,, .o\ 

^ HJa = vd'g. ( 2 ) 


Therefore, dividing (1) by (2), we have 

W g — w, ^ 

Wg vd'g 
d 

. . Wg Wg 


( 3 ) 


which gives the apparent loss of weight in terms of the two densities 
and the weight of the body in air. 

141. Inverse of Archimedes’ principle. Since a liquid exerts an 
upward force on a submerged body, the body must react upon the 
liquid with an equal downward force, according to Newton’s third 
law. Thus if a stone is lowered by a string into a pail of water, the 
pail weighs as much more as the tension on the string is less, due to 
the buoyancy of the liquid. This is easily tested by putting a pail 
of water on a balance and observing the increased weight when the 
stone is lowered into it. The same is true if the stone is replaced by 
a rod or any other object held in the hand. 
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142. Specific gravity. The ratio of the density of any body to 
that of water is called its specific gravity, usually designated by the 
letter s. If the density of water were exactly unity, density and 
specific gravity would be numerically equal hi the c.g.s. system. 
But this is not quite the case, and water^s actual density must be 
taken into account if high precision is desired. In the English system 
the two quantities are very different, because the density of water 
is 62.4 lb. per cubic foot, while its specific gravity (compared to itself) 
is 1 in both systems. A further distinction between d and s is in 
their dimensions. Density is giv(*n by [r/] = [AfL~‘^], as has been 
stated, but specific gravity, being the ratio of two densities, is a pine 
number of no dimensions. 

A convenient method for measuring the specific gi*avity of solids 
depends upon Archimedes' principle. If a body is submerged in 
water, we may obtain 6‘ from the apparent loss of weight, using 
equation (3), Article 140. This may be written 


s = 


(I 

d 


Wa 


Wn — W, 


( 1 ) 


To determine s the body is first weighed in air to find Way and then it 
is submerged in water and weighed again. The difference of these 
quantities, Wa — w^y gives us the buoyant force exerted by the water, 
and the specific gravity equals Wa divided by this force. If density 
instead of specific gravity is required, we must know the density of 
the water exactly, and then from the same equation 


( 2 ) 

Wa - I.-, 

where d is the density of water, or of any o cher liquid in which the 
body is submerged. 

In these equations the weight has b^en expressed in absolute units 
given by mg. But it Ls unnecessary to introduce g into the final 
calculation, because Wa/{Wa — is a ratio, so we may use any 
force unit such as the gravitational force-pound or force-gram. 

143. Flotation. If a body is less dense than water when wholly 
submerged, it displaces a weight greater than its own, and if free to 
move, rises at once to the surface. Equilibrium is attained when just 
enough of the body remains under water to displace its own weight. 
This is expressed by boat builders as the displacement of a vessel, so 
that a vessel's displacement and actual tonnage are synonymous. 
Registered tonnage, as used in describing ocean steamers, is quite a 
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different measure, and refers more to their volume or capacity for 
cargo than to their actual weight. 

If a body has the same density as water, it will neither float nor 
sink, but remain wherever it happens to be, as if it were water itself. 
But if it is only very slightly denser than water it may sink to the 
bottom of the deepest ocean. Whether it does so or not depends upon 
whether it is more, or less compressible than the surrounding medium. 
If more so, its relative density increases and it sinks faster and faster. 
If less so, it may reach a level where the water becomes sufficiently 
dense to support it. 

144. Flotation problems. If it is desired to find what proportion 
of the volume of a floating body is submerged, the calculation is as 
follows: Let Vi and V2 be the volumes which are below and above the 
surface respectively, and kit d' and d be the densities of the body and 
supporting liquid. Then the weight of the body is (vi + v^d'gy and it 
displaces a weight of liquid equal to Vidg, But these are equal, and 

Vidg = (vi + V2)d'g. 

Vi _ fl?' 

" Vi V2 ' d^ 


which is the ratio sought. As an illustration, an iceberg has a density 
of 0.9167 g/cnr^, and if it floats in sea water of density 1.025 g/cm\ 
the proportion submcirged is 


d' 0.9167 
d "" 1.025 


0.894, 


so that nearly nine tenths of the iceberg is under water. 

146. Stability of flotation. As in the case of objects resting on a 
plane surface, the question of stability depends upon the moment of 


the force of gravity, which must 
supply a restoring torque when 
equilibrium is disturbed. In flota- 
tion, however, the center of mass 
is not the only essential point to be 
determined. We must also know 
where the resultant of the fluid 
pressure may be regarded as acting. 
This point is the center of buoy- 
ancy, and is actually the center of 
mass of the displaced liquid. The 



Fig. 99. 


upward thrust through the center of buoyancy of a vessel, shown at 
B in Fig. 99, combined with the force of gravity acting downward 
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through C, forms a couple FI which tends to rotate the vessel back to 
"'even keel.’' If the line of action of the upward force through B is 

produced to intersect the ship’s ver- 
tical axis of symmetry, the point M 
thus determined is known as the meta- 
center. As the ship heels over on her 
side, M shifts in position and I 
changes in length, but as long as M 
is above C, and I is greater than zero, 
there is a restoring couple, and the 
vessel rights herself. But if she has 
been overloaded with a deck cargo, or badly designed, so that C is too 
high, the situation in Fig. 100 arises. The metacenter is now below C, 
and the couple FI tends to capsize the ship, with I increasing as her 
^‘list” increases. 
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Table of Densities (g/cm^) 


Substance 

Density at 20®C. 

Substance 

Density at 20° C. 

Aluminum 

2.65 

White Pine Wood . . 

0.4 to 0.5 

Copper 

8.93 

Cork 

0.22 to 0.26 

Gold 

19.32 

Common Glass 

2.5 

Iridium 

22.41 

Paraffin Oil 

0.8 

Iron (pure) 

7.86 

Glycerine 

1.26 

Lead 

11.37 

Gasoline 

0.68 to 0.72 

Mercury 

13.546 

Alcohol (ethyl) 

0.79 

Platinum 

21.50 

Sulphuric Acid 




(concentrated) . . . 

1.84 

Spyer 

10.5 

All* ^0® nr^TiYicil 



1 iiuniicii 

atmosphere) 

1.293 X lO-* 

Zinc 

7.1 

Hydrogen “ 

0.0899 X 10-« 

Brass 

8.4 to 8.7 

Oxygen “ 

1.429 X 10-» 





PROBLEMS 

1. Calculate the pressure in dynes/cm* (or bars), in mm of mercury, 
atmospheres and in Ib./in^ at a depth of 15 m in a liquid whose density is 
2.4 g/cm®. Arts. 3,528,000 bars; 2646 mm; 3.48 atmospheres; 51.17 Ib./in®. 

2. What is the total force on a submerged rectangular area 12 X 16 cm 
when it is inclined at 30® to the horizontal and its upper edge of 12 cm is 
20 cm below the surface of a jar of water? Ans» 4.5 megadynes. 



Chap. 9] 


HYDROSTATICS 


129 


3. A dam blocks a V-shaiied trough filled with water. The water stands 
15 ft, above the bottom of the V, and the width of the trough at this height 
is 12 ft. What is the total force on the dam? (A cu. ft. of water weighs 
62.4 lb. nearly.) Aws. 28,080 lb. 

4. Calculate the total force on the sides and base of a rectangular box 
whose base measures 6X4 ft., and which contains water to a depth of 5 ft. 
Ans, 23,088 lb. 

6. Taking the density of mercury as 13.6 g/ciir^ calculate in feet the 
height of a column of water which is equivalent to a barometric height of 
30 in. of mercury. Ans. 34 ft. 

6. A vertical cylinder of 24 cm internal diameter is filled with water. A 
frictionless plunger whose diameter is 4 cm is pushed in through a bushing in 
the upper head with a force of 2 kg. This forces down a piston just fitting 
the cylinder at the lower end. The distance between j)lunger and piston is 
60 cm. What force is exerted on the piston? Ans. 99.13 kg. 

7. A stone weighs 140 g in air, and 81.66 g when submerged in water. 
What is its specific gravity? Ans. 2.4. 

8. A piece of copper wliose density is 8.93 g/cm® weighs 180 g in air and 
162 g when submerged in a certain liquid. What is the density of the liquid? 
Ans. 0.893 g/cm^ 

9. A piece of glass of unknown density loses 43.71 g when weighed in 
water and 80.36 g when weighed in concentrated sulphuric acid. What is the 
specific gravity of the acid? Ans. 1.84. 

10. A block of wood of rectangular section and 6 cm deep floats in water. 
If its density is 0.6 g/cm^, how far below the surface is its lower face? 
Ans. 3.6 cm. 

11. What weight placed on the upper surface of the block in Problem 10 
is needed to sink it to a depth of 5 cm, if its area is 120 cm^? Ans. 168 g. 

12. A cylindrical block of wood of 5 cm radius and 20 cm long is loaded at 
one end with a mass of iron weighing 800 g. How much does it project above 
the surface of the water? (The density of the wood is 0.4 g/cm®, and of the 
iron 7.8 g/cm®.) Ans. 3.12 cm. 

13. If the liquid in Problem 12 has a density of 1.4 g/cm®, how far does the 
cylinder project? Ans. 8.31 cm. 



CHAPTER 10 


Mechanics of Gases 

146. Boyle^s law. When an automobile tire is inflated, the pump 
compresses the air into a small(‘r volume and raistvs its pressure from 
about fifteen pounds p(^r square inch to thirty pounds or so. If the 
tire is punctured, the air rushes out, often with explosive violence, 
and its pressure again falls to that of the surrounding atmosphere. 
In this way, air and other gases behaves very differently from liquids, 
which have a nearly constant volume under all pressures. 

The relation between the pressure and volume of gases was first 
discovered by the English physicist, Robert Boyle, in 1662, and 
independently by Mariotte in France a few years lat(T. According 
to this law, the pressure of a gas varies inversely as its volume at constant 
temperature, or pv = 6, where h is a constant. This is rigorously 
true only for what may be called an ideal gas. Real gases deviate 
more or less from this law, according to how near they are to lique- 
faction, when they cease to ho gases at all. Carbon dioxide, which is 
more easily liquefied than most gases, deviates very considerably from 
Boyle^s law, while hydrogen and helium, under ordinary conditions, 
behave very nearly as ideal gases. 

In the algebraic expression of Boyl(‘^s law, pv = 6, the small v 
indicates the volume per unit mass, or specific volume, while the 
capital letter V is usually reserved to indicate the total volume. 
Since density is mass per unit volume, it is the reciprocal of ^, and 
Boyle's law could have been written p/d = 6, or p = bd, indicating 
that the pressure varies directly as the density, at constant tempera- 
ture. Boyle's law may also be expressed by piVi = p 2 V 2 f where the 
subscripts refer to the pressures and specific volumes before and after 
a change of pressure. 

Since at constant temperature the volume of an ideal gas decreases 
uniformly with uniformly increasing pressure, it acts like a perfectly 
elastic helical spring under compression. In fact, a cylinder and 
tightly fitting piston resting upon an air cushion, would act like the 
spring, if there were no leakage or friction. In the case of the gas 
however, the strain is due to a volume change, while the spring 
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changes shape only when it is compressed. The graph of the be- 
havior of such bodies is a curve known as a rectangular hyperbola 
which is asymptotic to the XY axes. Thus Boyle's law is shown in 
Fig. 101 by the solid line which is plotted from pv = hj on the pressure- 
volume diagram. The dotted line is like the straight portion of the 
curve in Fig. 84. It represents the stress- 
strain relations of an ideal gas, when dis- 
tances along the X axis measure strain, 

AV /Vf instead of specific volume. The fact 
that this line is straight means that ideal p 
gases have perfect bulk elasticity. 

147. Work of compression, expansion, 
and displacement. If the perfectly fitted 
piston assum('d in the last paragraph is 
forced in against the pressure p, it does 
work on the gas and stores up potential 
energy there similar to that in a compressed spring. When the 
temperature is constant the process is said to be isothermal, and the 
work done may be obtained by the use of the calculus, giving 
W = b loge (F 1 /F 2 ), wh(ire Vi and V 2 are the initial and final volumes, 
and logc means th(i Naperian or natural logarithm. As Naperian 
logarithms are ap])roximat(4y 2.3 times as large as ordinary (Briggs) 
logarithms, the expression for work done may be written 

W = 2.3pt^logio(Fi/F2), (1) 

where p and v are thi^ pr(\ssure and corr(*spoiiding specific volume at 
any point on the curve. If p is in dynes/cm^, and v is in cm'Vg, W is 
in ergs per gram. This work stores up potential energy in the gas 
and may be recovered by allowing it to expand back to the original 
volume at constant temperature. 

When th(*re is no expansion, and gas or other fluid is supplied at 
a constant pressure p as the piston moves outward through a dis- 
tance Z, the work done is 

FI = pAl - pAF, or IF - p(F 2 - Fi). 

If additional gas is not supplied as the piston moves outward, the 
pressure may still be kept constant by raising the temperature. Then 
the gas expands and docs work equal to pAV, as before. 

If a compressed gas expands slowly into a region of lower but con- 
stant pressure, as into the free atmosphere, the process is approxi- 
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mately isothermal. Then by Boyle’s law, piVi = Subtracting 
P 2 V 1 from each side, we have 

PlVl — P2V1 = P2V2 — PiViy 

whence Vi(pi - P 2 ) = p 2 (v 2 - vO, 

or ViAp = pi^v. (2) 

But since P 2 AV measures the work per unit mass done by the ex- 
panding gas under the assumed conditions, ViAp must measure this 
work also. In other words, when a gas expands isothermally into 
a region of constant pressure, the work per unit mass done in push- 
ing aside the surrounding medium is measun^d by the product of the 
original specific volume and the difference between the initial and 
final pressures 

or W = ViAp. (3) 

As liquids do not expand like gases, they can do work on a piston 
only when additional liquid is supplied as the piston moves outward. 
If it is supplied at constant pressure, the work done is pAF, as with 
gases. When unit volume of an incompressible liquid is introduced 
into the cylinder, AF = 1, and the work done Ls numerically equal to 
the pressure. Thus the pressure is a measure of the work done upon 
the liquid wherever it displaces a unit volume against a constant 
opposing resistance. 

A similar situation arises in filling a tank with a liquid by means 
of a pipe entering from below. Here the opposing resistance is caused 
by gravity, and the work required to introduce each new unit of 
volume is numerically equal to the pressure hdg, where h is the height 
of the liquid column. But as d is the mass ot unit volume, kdgf is the 
gravitational potential energy of unit volume of the liquid at the top 
of the column. Thus the work done in introducing a unit volume 
appears as increased potential energy. 

148. Manometers. In order to measure the pressure of gases, 
various types of gauges are in use, the simplest forms being called 
manometers. The open-tube manometer is shown in Fig. 102. It 
is a U-tube open at one end, and with the other connected by flexible 
tubing to the container of the gas whose pressure is to be measured. 
In (a) we see it when the gas pressure is the same as that of the 
atmosphere denoted by P. In (b), the gas pressure is less than P, 
and in (c) it is greater. If the liquid is of known density, the actual 
pressure is easily measured. Thus, in case (6), if the liquid Is 
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mercury, the recorded pressure in ''millimeters'' is the barometric 
height H at the time of reading, less the difference of level 2h, both 
expressed in millimeters. This may be reduced to atmospheres 



(a) ih) (c) 

Fig. 102. 


by p = (1 — 2/i///)(///760). If the gas has zero pressure (a per- 
fect vacuum), 2h = H, and the preceding expression reduces to zero. 
The calculation may be simplified by expressing thc^ pressure in bars. 
Then the observcid pressure is given by p = P — 2kdg. 

149. Diving bell and caisson. A diving bell resting on the bottom 
of a body of water of depth D is partly filled to a height h with water 
which rises against the increasing pressure of the air in the bell, as 
indicated in Fig. 103. The internal pressure is found by applying 
Boyle's law. Thus if the bell's height is //, its section A, and the 
original atmospheric pressure within it P, we have PAH = PF. 
This must equal the new pressimi P', times the new volume, or 



Fig. 103. 


PF = P'A{II ~ h). Equating these 
values and solving for P', we obtain 



Thi) pressure of the water at the depth D 
is given in bars by Ddgf, and at the level 
of the water in the bell it is {D — h)dg. 


Then t he total pressure acting on the gas is the sum of the atmospheric 
pressure and the pressure of the liquid at the depth D ^ h giving 


P' = P + (Z) -- h)dg. 


( 2 ) 


Equating this with the value of P' obtained above, we have 

prr 

P+iD- h)dg = 
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Solving for D and simplifying gives 




h,\ 


by which the dc^pth may be found from data available within the 
diving bell if P is known. 

This princii)le is used in a certain type of sounding lead consisting 
of a hollow tube coated internally with a soluble pigment. When 
drawn to the surface the distance h to which the water is seen to 
have entered gives the depth to which it descended, regardless of the 
inclination of the tube and line. 

Caissons used in the construction of bridge foundations are essen- 
tially diving bells, but the column of water which tends to enter them 
is kept out by an increased pressure continuously maintained by 
compression pumps operated on land. These pump air through 
pipes down to the caisson. The added pressure required is only that 
represented by the height h, so that the men working in the caisson 
breathe air at a pressure corresponding to the total depth D. This 
is one atmosphere at the surface, two at a depth of 33.9 ft., three 
at 67.8 ft., and so on at still greater depths. 

160. The air pump. There are many devices for exhausting gas 
from a container and producing a more or less ideal vacuum, though 
even the best pumps are incapable? of producing an absolute void. 
With a few exceptions like? aspirate>rs, mercury vapor pumps, and the 
molecular pump, all air pumps may be said to operate on the? princi- 
ple of creating a space into which rushes the gjis to be exhausted. 
It is then cut off from its source, and is loiter allowed to escape into 
the atmosphere. Toepler^s pump may be taken as typical of all of 
this kind and, though little used today, it is here described because 
its simplicity makes it easy to understand the basic principles in- 
volved. It is shown in its simplest form in Fig. 104. The glass 
tube B connects the container to be exhausted with the tube J and 
the bulb M, the latter being drawn out into the narrow-bore baro- 
metric tube C which dips into the mercury-filled cup D, A cup G 
filled with mercury is connected to / by a rubber tube T, so that with 
atmospheric pressure in ilf, the mercury in G and J stands at the 
same level. When G is raised, the mercury in J rises into M which 
it fills, thus forcing the air trapped there down through C, whence 


t When the pressure is measured in gravitational units, P must be multiplied 
by k to reduce it to dynes/cm* or poimdals/ft*. This results, numerically, in 
eliminating g from the denominator. (See footnote, Article 131 .) 
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it bubbles out through the mercury cup. A valve at V prevents 
the main supply of mercury from rising through B past that point 
into the gas container, but it allows free access of the gas into M, 
when the latter is empty. The cup G is now lowered, the mercury 
level falls in M creating a partial vacuum there, so that the column 
in C rises to a height h, and the levels of the mercury in the pump 
proper now differ by the same amount. But when the mercury in 
the central tube falls below the 
inlet of B, a rush of gas from 
the container lowers its pressure 
and raises somewhat the pressure 
in My though not of course back 
to its original value. This pro- 
cedure may be repeated as often 
as desired, until the pressure has 
fallen to the required value. 

The basic principle of an air 
pump is readily demonstrated 
as follows: Let us ignore the 
volumes of the tubes and consider 
only those of the bulb M and a 
container N (not illustrated) 
which is to be exhausted. Let V 
and V' be the respective volumes 
of M and N] then the total 
volume of gas to be exhausted 
is F + F'. After the first 
upstroke the total volume is only Fig. 104. 

that of the container (or F'), 

which is filled with gas still at atmospheric pressure. After the down- 
stroke, however, this gas expands to fill F + F' once more, and its 
pressure, from Boyle's law, falls to pi = poFV(F + F'), where po is 
the original atmospheric pressure. The next upstroke again reduces 
the total volume to F', but after the following downstroke, it expands 
to F + F' as before. Then the new pressure p 2 == piF7(F + F'). 
Substituting for pi its value obtained above, pz = Po(F')V(F + FO^ 
and after n strokes, 

r V' y 

Vn ~ Poyy ^ yr) 

As a numerical illustration, suppose the volume of the bulb M to 
be equal to that of the container N. Then F'/CF + F') == and 
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after six strokes pe = 3»o/64, or about 12 min of mercury, if po were 
normal atmosphere. This is a very poor vacuum, but after 20 strokes, 
for instance, the pressure should fall to less than a millionth of an 
atmosphere. The actual result, however, is far short of this ideal for 
many reasons, though the calculation gives at least som(? idea of the 
process of evacuation in the more usual types of air pump. 

161. Buoyancy of gases. Archimedes^ principle applies to bodies 
immersed in a gas just as much as to those in a licpiid, and all bodies 

in our atmosphere weigh a little less 
than they would in a vacuum. This 
may be demonstrated by balancing a 
hollow brass ball against an ordinary 
brass weight, and then placing the bal- 
ance under the receiver of an air pump 
(Fig. 105). As the air is exhausted, the 
pan containing the weight goes up, and 
the ball goes down, because the latter 
really weighed more when the balance 
was adjusted. But it displaces so much 
more air than the weight, that it is more buoyed up, and appears 
to weigh the same until the surrounding air Ls removed. 

The preceding experiment shows that objects when balanced 
against brass weights appear to weigh less or more than they should 
according to whether they are less or more dense than brass. This 
error may be allowed for by applying Archimedes^ principle. We 
obtain the true weight from w == w'd' l{d' — d), where is the rated 
value of the brass weights in air, and d' and d are the densities of the 
object and of air respectively. 

SUPPLEMENTARY READING 

C. W. C. Kaye, High Longmans, Green, 1927. 

PROBLEMS 

1. An ideal gas under atmospheric, pressure occupies 5 1. If the pressure 
is reduced to 20 cm of mercury without change of temperature, what is the 
volume of the gas? Ans. 19 1. 

2. A cylinder whose diameter is 8 in. contains an ideal gas at a pressure of 
18 Ib./in*. when the piston is 1 6 in. from the closed end. What is the pressure 
and how much work is done after it has been slowly pushed in 10 in., assuming 
constant temperature? Ana, 48 Ib./in*.; 1181 ft. -lb. 
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3. The air in a liter container is under a pressure of 6 atmospheres. If its 
normal density is 0.0012 g/cm’, what is the mass in the container? What is 
its potential energy above that of the outer air at the same temperature? 
Am. 7.2 g; 1088 joules. 

* 4 . If the pressure of the air in Problem 3, as the result of a slow leak, falls 
to two atmospheres, how much gas has escaped? How much energy has 
been lost? Am. 4.8 g; 948 joules. 

6 . In an open manometer as shown in Fig. 102 (b) the rlifference of level of 
the mercury columns is 24 cm. The barometer reads 75 cm. What fraction 
of a normal atmosphere is indicated? Am. 0.671. 

6 . An open manometer as in Fig. 102 (c) contains water. The difference of 
level when it is connected to a fuel gas main is 6 in. Calculate the total gas 
pressure in pounds per sq. in. if the barometer reads 30.56 in. of mercury. 
Am. 15.26 Ib./in*. 

7 . A diving bell whose inside height is 7 ft. rests on the bottom of a lake of 
such depth that the water rises to a height of 4 ft. from its lower rim when the 
barometer reads 29 in. What is the depth of the lake? Am. 47 ft. 8 in. 

8 . A block of cork whose density is 0.22 g/cm’ weighs 286 g in air as .shown 
by brass weights (correct in air) whose density is 8.4 g/cm*. Calculate the 
absolute weight in vacuo, taking air density as 0.0012 g/cm®. Am. 287.57 g. 

9 . The volume of a balloon is 500 m®. It is filled with hydrogen whose 
density is 0.089 g/1. The density of the surrounding air is 1.250 g/1. What 
is the total lifting power of the gas? Am. 580.5 kg. 



CHAPTER 11 


Fluids in Motion 

162. Rate of flow. The ^‘delivery’^ of a pipe, or rate of flow through 
any other chanrujl for fluids, is usually measured in terms of the 
volume which passes a certain fixed cross section of the channel 
during some unit of time, as gallons per minute, cubic centimeters 

or liters per second, and so forth. If the 
velocity of the fluid at the section s in Fig. 
" 106 is u, then the distance I through which 

the fluid stream moves in the time ty is nt. 
This may be regarded as the length of an 
imaginary cylinder which has passed the 
section s in the statc^d time. Taking a as the area of the cylinder sec- 
tion, then its volume al == auty and the volume rate of flow is given by 

R = aut/t = au. 

If the rate R' in units of mass per second is desired, then 

R' — audy 

where d is the density of the fluid at s. These values of volume or 
mass rate of flow, au and audy can always be used whenever u can be 
regarded as substantially uniform across the section s, but unfor- 
tunately, friction between conductor and fluid, and viscosity within 
the fluid, result in a variable velocity wliich is maximum along the 
axis and decreases toward the bounding surface. So the uniformity 
of u across s is only approximately realized for large sections, and in 
general an average velocity has to be used in such calculations. 

163. Flow of liquids. The familiar saying, ‘^still waters run deep,"' 
expresses an important tmth regarding flowing liquids. The deep 
channel means a greater section than a shallow channel of the same 
width. Consequently a given number of gallons or pounds per 
minute move at a slower rate where the stream is deeper. This 
follows from the incompressible nature of liquids. So in a stream 
which is flowing through a conductor of var3ring section, the volume 
or mass rate of flow must everywhere be the same. If ai and 02 are 
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two section areas, then as the volume rates are the same, aiUi = anht 
or the velocities vary inversely as the section areas. 

164. ‘‘Head” and pressure gradient. Liquids flow through con- 
ductors only because something pushes them. The difference of 
level between the free surface of water in a tank and a delivery outlet 
illustrates one possible source of the push required. It is called th(‘ 
‘‘head” and is measured in feet or 
met(irs. Obviously water under a 
head of many feet tends to move 
faster than w^hen its head is only a 
few inches. It is, however, mis- 
leading to express the; cause of 
liquid flow in units of length. 

A meter cannot move a column of Fig. 107. 

water. It is really the pressure, 

caused by head, which is acting, and head is merely a convenient 
measure of gravitational potential wdiich causes the pressure, as was 
shown in Article 66. 

If a liquid is moving through a horizontal pipe under a total head //, 
as in Fig. 107, the friction it encounters causers a steady loss of pres- 
sure which may be regarded as a loss of head. This results in a 
decreased rate of flow. The progressive decrease of pressure along 
the tube is called the pnjssure gradient, and is measured by the 
pressure difference between two sections as A and B divided by the 
distance I between them. It is the space rate of change of pressure. 

The total fall of pressure 
through the pipe, caused by 
friction or viscosity, is known 
as the “friction head.” The 
actual head must exceed the 
friction head to establish a 
steady flow, and this necessary 
excess which actually moves 
the liquid is known as the 
“velocity head.” These terms may be illustrated as in Fig. 108, where 
the height of the liquid in the manometers M indicates the pressures 
along the horizontal pipe. The total head H is made up of two parts : 
fhf which overcomes the viscosity of the flow and is therefore the 
friction head, and Ai, which is the excess required to keep the liquid 
in motion (or the velocity head), while the pressure gradient is ^ 2 /^, 
where I is the length of the pipe. 






140 


MECHANICS 


[Chap. II 


166. Bernoulli’s theorem. Let us consider a unit volume of an 
incompressible liquid, moving without viscosity, with velocity Ui as 
it passes the imaginary boundary D in the tube shown in Fig. 109. 
When it moves so as to displace its own volume, the work done upon 
it by the liquid pushing it from behind, as explained in Article 147, 
is numerically equal to pi, the pressure indicated by the manometer. 

We shall further assume that the 
flow' is horizontal, so that no work 
is done by or against gravity. 

Since the liquid in the tube is 
supposed incompressible, the dis- 
placement of unit volume at D in- 
volves a displacement of the same 
volume in the narrow, or constricted 
portion of the tube. Here we 
must consider the work done by the displaced liquid upon th(^ liquid 
in front of it, and as usual, this work is measured by the pressure p 2 
in the constriction. Thus the net amount of work done in displacing 
unit volume is the difference between the work done in the two 
regions we are considering, pi — p 2 . This work appears as a gain 
in the kinetic energy of the liquid, for it is obvious that it is moving 
with an increased velocity in the constricted portion of the tube. 
Using Ui and to indicate these two velocities, as shown in Fig. 109, 
we find that the kinetic energies of the unit volumes are du^l2 and 
dw 2®/2 respectively. Then equating the work done by the pressure 
difference to the gain in kinetic energy, we obtain 



Pi — P2 = dih^l2 — dui^f2, 


whence 

Pi + dui^l2 = p2 + dui‘12, 

(1) 

or in general. 

p + du^/2 — constant. 

(2) 


This is Bernoulli’s theorem for horizontal flow. It applies equally 
to the liquid after emerging from the constriction into the wider 
section at Z)'. But in this case, the second pressure is greater than 
the first, and more work is done in opposing unit volume at D' than 
is done upon it in the constriction by the liquid pushing from behind. 
This is because of decreasing velocity and lower instead of higher 
kinetic energy. 

If there is a difference of level h between the two portions of the 
tube, a third term, hdgt must be added to equation (2) to take account 
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of the change of gravitational potential energy. Then the general 
theorem becomes 

j) + Mg +du^/2 = coiLstant. (3) 

Bernoulli's theorem tells us that pressures are least where velocities 
are greatest, and vice versa. A familiar illustration is the congestion 
of a crowd before a narrow passage, where there is almost no motion. 
But this is followed by greatly increased separation of the individuals, 
with increased speed, as they go through the passage. 

In liquids the conclusion just arrived at might have been predicted 
from the fact that the higher speed which is inevitable in the constric- 
tion involves acceleration, and this can be produced only if the pres- 
sure behind is greabir than that in front. The reverses is true when 
the tube widens out again, for then the acceleration is negative, and 
the pressure in front must be great(*r than that behind. 

166, Aspirators. Perhaps the most valuable application of Ber- 
noulli’s principle is the steam injector, a type of condenser associated 
with steam engines. As shown in Fig. 110, a jet 
of steam issuing from the nozzle is at a reduced pres- 
sure, and the exhaust steam from the cylinder kinds 
to rush into this space through the side tube T, 

There it is entrained by the jet and ultimately 
ejected at K, The aspirators used in laboratories 
to produce a partial vacuum operate in much the 
same way; but the jet is of water, and it carries off 
air from the side tube instead of condensed steam. 

The general principle that fluids moving at high 
speeds experience reduced pressure has many other 
applications and can be demonstrated in a variety of 
ways. The atomizer used in spraying perfumes 
operates by causing a strong air jet to lower the 
pressure over a tube which dips into the perfume. 

The curved path of a spinning baseball may also be explained in a 
similar manner. We may imagine the ball to be at rest in a strong 
air current which streams past it. This represents a ball pitched 
without a spin where, if gravity is neglected, the only force acting is 
due to the relative motion of the ball and the air. If it is then set 
spinning, it drags a layer of air around with it because of viscosity. 
This is shown in Fig. Ill, where the arrows A A represent the relative 
velocity of the air streaming past the ball. The curved arrows oa' 
represent the velocity of a layer of air set whirling by the ball’s spin. 
The resultant of the velocities A and a is R, which is less than A be- 



Fig. 110. 
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cause on this side the air close to the ball is moving in opposition to 
the main stream. Similarly /?' is greater than A, because on this 
side A and a' help each other. The result is an increased pressure 
on the side where the resultant velocity is least and a decreased 
^ pressure where it is greatest, with a force act- 

ing from R toward R\ This gives the ball an 
acc(‘leration in the direction of the vector F, 
and causes it to move in a curved path as 
indicated by the arrow V, 

A light celluloid ball may be supported in 
an upward air blast from a small orifice, be- 
cause within the blast the pressure Ls reduced 
below that of the atmosphere outside, and any 
tendency to get outside the jet is counh'racted 
by 4hc higher pressure there which forces it 
back. In the same way a vertical jet of water retains a ball of suitable 
weight and size apparently balanced upon it. 

When two boats are anchored near each other in a swiftly flowing 
river they tend to swing together. This is caused by the ne^cessarily 
increased rate of flow in the narrow space between the boats, thus 
reducing the pressure there, so that tln^y are forced together by th(^ 
greater pressure outside. The same is true if the boats are steaming 
along side by side through still water, because it is only the relative 
motion which counts. 

An interesting experiment which illustrates these phenomena is 
easily performed by blowing upward through the lower end of a spool 
(held vertically) against a stiff card wliich rests upon the upper end. 
If the card is prevented from slipping sideways by a pin stuck through 
its center and going down into the hole in the spool, the harder one 
blows, the more the card hugs the surface. 

167. Torricelli’s theorem. If a vessel con- 
taining a liquid has an orifice below the sur- 
face, the liquid rushes through it with a cer- 
tain velocity and the Jet describes the arc 
of a parabola like any other projectile, as 
shown in Fig. 112. This velocity may be cal- 
culated by equating the kinetic energy ac- 
quired by unit volume of the liquid with the potential energy lost by 
the system. The mass of a unit volume is the density d; therefore the 
kinetic energy of this mass as it issues from the outlet is du^/2. The 
lost potential energy is equal to the work required to introduce the 
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unit volume at the level of the outlet, at a distance? hi below the sur- 
face. It therefore (?quals the pnsssure h\dg at that level, as explained 
in Article 147. Equating? these (MUTgies, we obtain 

dll' /2 = hid(j. 

n = V 2ghi, (1) 

which is seen to be the same as the vertic^al velocity that all bodi(\s 
acquire after falling fre^ely through the same distance, h^quation (1) 
may be transformed by multiplying and dividing by the d('nsity. 

2gJ4 __ 1^ 

-r - rr 

where p is the pressure. Thus the velocity of the jet at any level may 
be found from the pressure at that level. 

Torricelli^s theorem would seem to give a measure of the d(?livery 
of such a jet if the area A of the orifice were known, for then the rate 
of flow 72, in units of volume per second, would be Au. But this is 
not the case, because the lines of flow witliin the vessel result in a 
contraction of the jet (^Vena contracta^O off- 
side, so that the effective area of the orifice is a 
instead of A, as shown in Fig. 113. This diffi- 
culty, however, can be considerably obviated by 
using a specially shaped nozzle instead of a hole 
in the side of the container. 

The range s of the jet in Fig. 112, issuing hori- 
zontally at a height above the plane, is found 
by calculating the time it takes to fal l this distance. The time is ob- 
tained from As = \gt^, giving t = y^2h^lg. By Torricelli^s theorem, 
u = V2ghi. Then substituting these values in s = uty we obtain 

5 = y/ 2ghiV2h2/g = 2 VA 1 A 2 . (3) 

This range is easily shown to be a maximum when Jh = A 2 . 

168. Effusion of gases. The case for gases corresponding to Torri- 
celli’s theorem is demonstrated when a gas under a pressure p flows, 
or effuses, through a small orifice of section area A out of a container 
into the atmosphere. The kinetic energy of a mass m of the jet is 
mu^ 12. Let m represent the mass that issues from the orifice in the 
time t. Then its volume V is found by imagining a cylinder of the 
gas, whose length is ut, passing through the hole whose section area is 
A . The volume of this cylinder is Avt, and m = Autd. So the kinetic 
energy is given by ^ AuHd/2. (1) 



Fig. 113. 
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The potential energy lost in tlie same tinui by the emission of the 
volume V of the gas may be calculated if the effusion is slow enough 
to be essentially isothermal. Then in accordances with equation (3) 
of Article 147, 

= FAp, 


or Wp = AutAp. (2) 

But the gain of kinetic en(»rgy equals the loss of potential. Therefore^ 
equating (1) and (2), we have 

Au^tdf2 = AutAp, 



This (jquation serves as a valuable means for de^tt^rmining the density 
of a gas. The difference Ap between the pressures is readily measured, 
and the velocity u is found from the rate of effusion for under ideal 
conditions 

R = j = -j- = All. ( 4 ) 

Then if a correction term is used to allow for the effective area of the 
outlet, we may calculates u and so obtain the^ density. 

SUPPLEMENTARY READING 

King and Wisler, Hydrazdics (Chapters 0 and 7), Wiley, 1927. 

PROBLEMS 

1 . A vertical hollow cylinder whose diameter is 8 cm contains water whose 
level is maintained at 46 cm while it flows horizontally through an orifice at 
the bottom having an effective area of 1.48 cm 2 . Calculate the velocity of 
efflux and the average velocity in the tank. Arts. 3 m/sec. ; 8.84 cm/sec. 

2 . In Fig. 109, the level of waier indicating pi is 12 in., and the section at 
D is 3 in^ The section of the constriction is 0.5 in.'-*. The rate of flow is 
36 in.Vsec., and d = 0.0361 Ib./in®. Find p 2 . Am, 0.196 Ib./in^. 

3. The cross-section of a siphon is 0.4 cm*. It is desired to produce a flow^ 
of water from a tank at the rate of 8 1 per minute. What is the required 
distance between the water level in the tank and the lower end of the siphon? 
Am. 56.67 cm. 

4 . Gas under a constant pressure of 1.1 atmosphere is forced through a 
small orifice into the outer atmosphere at the rate of 16 cm® per sec. The 
effective area of the orifice is 0.002 cm*. What is the density of the gas? 
Am. 0.0032 g/cm®. 
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Surface Tension and Capillarity 

169. Molecular forces. The mutual attraction between molecules 
constitutes, as we have seen, the force of cohesion. The cause of this 
force and its laws are not clear, but it is safe to say that it varies 
invers(‘ly with some higher pow(T of the distance than ordinary 
gravitational forces and the inverse square law. Consequently it is 
very great when the molecules are close together, but falls off with 
extreme rapidity as they separate. This is especially noticeable in 
the case of solids, for the cohesive forces arc the source of their 
rigidity, and depemd upon unbroken continuity of molecules packed 
closely together. If a bar of iron is sawed in two it cannot be made 
to cohere again by pressing the ends together, since owing to the 
roughness of the surfaces in contact, only a very small number of 
molecules are close enough together to attract each other appreciably. 
However, these surfaces may be so accurately planed and polished 
that the deviations from a perfect plane do not exceed a few mil- 
liontlis of a centimeter. Then when pressed together they do cohere 
with consid(^rable force. Secondary standards of length made of 
“optically plane^^ slabs of steel cohere in this way with a force intensity 
sometimes as high as 30 kilograms per square centimeter, which is 
about thirty times atmospheric pressure. 

160. Molecular range. The greatest distance through which mole- 
cules exert a measurable attraction for each other is known as the 
molecular range. It was first measured by Quincke between glass and 
water (in this case adhesion rather than cohesion), and quite recently 
Chamberlain has determined it with considerable precision. Though 
molecular range varies with different substances and conditions, it 
may be taken as of the order of 1.5 X 10“^ cm. Consequently it is 
safe to say that no molecules attract each other with appreciable force 
if they are much farther apart than this distance. We may then think 
of a molecule, whether of a solid or liquid, as surrounded by a sphere 
whose radius is its molecular range. Within this sphere it attracts 
other molecules and is attracted by them, while molecules lying out- 
side the sphere have no appreciable influence upon it. In gases under 
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ordinary conditions the molecules are too far apart to attract each 
other enough to make their molecular range of any real significance. 

161. Surface films. The free surface of a liquid is subject to a cer- 
tain unbalanced stress which is not shared by the rest. The three 
circles in Fig. 114 represent the spheres of attraction of the three 
molecules at their centers. The sphere A lies wholly below the 
surface, and the molecule at its center is attracted with balanced 
radial forces in all directions. Tho sphere B around another molecule 
nearer the surface lies partly outside the liquid. The forces acting on 

its central molecule 
are also balanced 
within the central 
zone, being equal 

JZirSz — r~~~ and opposite in 

Fig. 114 . pairs, but the 

heavily shaded zone 

at the bottom has no corresponding portion to balance it, except for the 
very feeble attractions of the air molecules within the unshaded region 
lying outside the liquid. Finally, C is the range around a molecule on 
the surface, with all the molecules in its lower hemisphenj exerting an 
almost wholly unbalanced pull whose rc^sultant is directed vertically 
downward. Thus, if we construct a plane indicated by L whose 
distance below the surface is the mole(*ular range r, the mokiculcs 
above it, lying nearer and nearer the surface, experience an increasing 
downward pull. The space between these two levels constitutes what 
is known as a surface film. 

All the molecules within the film just defined arc under a vertical 
pull which begins at L and is a maximum on the surface, and they 
therefore possess potential energy du() to iheir favored position. 
Evidently work must be done on any molecule to move it from 

agaiiLst an ever-increasing force 
tending to pull it back, and this work measures the potential energy 
acquired. But the potential energy of any system tends to become 
as small as possible; thereof ore, since the thickness of the film is con- 
stant, the number of molecules under stress can diminish only by 
decreasing the area of the film. Thus the free surface of a liquid 
acts like a stretched membrane under a constant surface tension T 
which is measured in terms of force per unit length. In this respect, 
it is unlike a stretched drumhead, for there the tension increases 
with the amount of stretch, like any elastic body. In surface films 
the tension is constant, and has no reference to the total area. 
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162. Evidence of surface tension. Like a membrane under tension, 
the surface of a liquid in a jar t(mds to r(^main perfectly plane, for 
then its area bounded by the containing vessel is a minimum. Let a 
light object which is not wet by the liquid, like a slightly greasy 
needle, be carefully laid 


on its surface, as shown 
in section in Fig. 115 
(a). The needle forms 
a d('pression in the film 
whose increased area 
supplies an upward force. 
This counterbalances 
the downward pull of 
gravity, as indicated by 
the arrows, and the object 
floats. 



The reverse phenomenon is shown in the same; diagram (i>) where a 
hook P is accurately balanced with its point below the surface. It is 
then brought up so that the point tends to break through the film. 
Until it do(is so, the minute elevation in the film exerts a downward 
force on the point, and the equilibrium of the balance is destroyed. 

163. Angle of contact. At the edge of a surface film, where it 
comes in contact with the containing vessel, a new condition develops, 
due to the adhesion between the molecules of the solid and the liquid. 
This force differs between different substances, but is notably strong 
between glass and water, and very weak bei-ween glass and mercury, 

to select extreme cases. In Fig. 
116 the molecule M, lying within 
the surface film, is surrounded 
by the sphere of molecular range 
which lies partly in the liquid, 
partly in the solid, and partly 
in air. Let B represent the 
resultant pull of the liquid mole- 
cules, and A that due to the 
solid;, then neglecting the ex- 
tremely small effect of the air, we 
obtain a resultant R from the force parallelogram. This replaces the 
vertical pull in the previous illustrations. Since R is much greater 
than gravity for the molecule Af, we may ignore its weight^nd con- 
struct the film surface perpendicular to because free surfaces are 
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always normal to the resultant force which acts upon them. Thus the 
liquid surface curves upward in what is known as a concave meniscus, 
and meets the surface of the solid at some angle B known as the 
angle of contact. This angle is about 8° for clean glass and water, 

but has other values with other 
substances. 

In the case just described, the 
n^sultant adhesive force A was taken 
as greater than B, but if it is small 
compared to the situation shown in 
Fig. 117 arises. Here the resultant 
R causes the surface of the liquid to 
curve downward. This is the case 
with mercury against glass, which is 
then said to have a convex meniscus. 
In the case of water against silver, the adhesive and cohesive forces are 
about equal. Then A equals By R is vertical, the angle of contact is 
90°, and there is no meniscus. 

164. Capillarity. If the containing vessel is a tube of small bore, 
the meniscus may meet the axis so that the whole surface is curved 
either concave or convex upward. Let us examine the conditions for 
equilibrium when such a tube, known as a capillary (hair tube), has 
one end immersed in a dish of liquid. If the liquid “wets'' the tube 
there is a concave meniscus. The surface tension along the bounding 
circle CC in Fig. 118 is directed out- 
ward at an angle 6 with the vertical. 

Unlike pressure, surface tension is 
measured in terms of Jorce per unit 
lengthy instead of force per unit 
area of the film. Therefore, since 
the tension T acts along the entire 
circumference 27rr, the total force 
is 2xr!r, and its vertical component 
is 2TrrT cos 6. As a result of this 
upward force the liquid rises in the 
tube until the downward pull of 
gravity on the column balances the 
force due to the tension. The weight of the column is given by 
rr^hdgy where h is its average height above the level of the liquid out- 
side, and r is the radius of its section. Therefore 

27rrr cos B = Trr^hdg, 
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and 


2T cos 6 ^ 4T cos 6 
rdg Ddg ^ 


where D is the tubc\s diameter. 

In the case of water against clean glass, d = 8®, cos ^ = 1 
approximately, and 



A similar formula applies to 
the depression of a convex 
meniscus when 6 > 90°, and its 
cosine is therefore negative, as 
illustrated in Fig. 119. 

In case the bounding surfaces 
of the capillary column are two 
planes very close together, like two parallel sheets of glass immersed 
in a jar of water, then the upward force per unit length measured 
along the surface of the capillary column is simply T cos 9 on each side. 
The weight of such a column per unit of horizontal length is hsdg^ 
where s is the distance between the sheets, so that 



Fig. 119. 


orp /I L j 1 1. 2T cos 0 

2T cos 6 == hsdg, and h = ^ — , 

sdg 

which is half the height in a tube of diameter s. 

166. Curvature and pressure. Since the surface of the film in 
capillaries of small bore Ls nearly spherical, the radius of this sphere 

and that of the bore are 
connected by the equation 
r = R cos 9j as shown in 
Fig. 120. Substituting this 
in the general equation for 
hy we obtain h = 2T/Rdg] 
therefore hdg = 2T jR, 
But hdg is the pressure 
due to the column of height 
hy and since the pressure 
at the level L is one 
atmosphere, it is hdg less 
than P just under the film, 
and atmospheric again just above it. Thus in passing through the 
film from its convex to its concave side, the pressure increases by an 
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amount equal to kdg. Denoting this change in pressure by Ap, it 
follows that 

9T 

Ap^hdg^^^ 2Ta, (1) 

where a is the curvature of the surface, or the reciprocal of its radius. 

This change in pressure is a general property of all curved surface 
films, though the above result is valid for singki spherical films only. 

It is possible to obtain Ap for a cylindrical surface from the fact, 
aln^ady proved, that the column between parall(‘l plates is only half 
as high as in a tube whose diameter equals the distance Ix^twet^n the 
plates. As the radius R of the film’s curvature is unaltered, the pr(‘s- 
sure difference, Ap, given in equation (1), now becorncis Ap ^ TfR = 
Ta, This result is to be (ixp(^cted, because a spherical surface may be 
regarded as composed of two cylindrical surfaces at right angles to 
each other, so that the double curvature a of the sphere is twice as 
(effective as the same single curvature of thci cylinder. 

166. Double films. Films such as those in soap bubbles are really 
double, with a relatively thick layer of liquid between them, as sug- 
g(^sted in Fig. 121. To produce films of this kind with water, soap 

must be added. This maktjs them less fragile, in 
spitf- of the fact tliat the surface tension is thenv 
decreased. Pure water has a high surface 
Fig. 121. tension, but double films of water alone are very 

fragile and can be formed only with difficulty. 

If a double film is exposed to atmospheric pressure on both surfaces, 
it is known as a/rcc and Is then stretched across an area bounded 
by some contour made of any solid to which the film adheres. 

167. Soap bubbles. The pressure within n soap bubble is in excess 
of the surrounding atmosplu^re, because^ of the surface tension which 
makes it contract, thus compressing the air within it. It is spherical, 
because the sphere has the smallest area of any solid enclosing the 
same volume. The increase in pressure passing within the film from 
the convex to the concave side, is given by the same expression as the 
one derived for single spherical films multiplied by two, because of the 
double film, so that the total internal pressure is 

P + Ap = P + ^. 

As the bubble swells with blowing, Ap steadily decreases as R increases, 
and the internal pressure approaches P, that of the atmosphere. 
This explains why small bubbles still on the “pipe” shrink rapidly 
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when the stem is open, while large ones do not, because the greater 
internal pressure in the former case forces the air out more rapidly 
through the stem. 

168. Free films. If a double film is stretched across a wire bent 
to form a rectangular contour open at one side cd, as shown in Fig. 122, 
but with a light wire c'd' laid across it to deter- 
mine the missing side, the film tends to contract 
and pull c'd' along with it. The force with a 
which it contracts is constant for any length I, 
and its value is 2Ts. This can be roughly meas- 
ured by finding the weight mg which just 
balances it. If we drop small loops of fine 
thread or hair on a film stretched across any 
convenient frame, they may be brought into 
complete contact with the film, as at A in Fig. 

123, without breaking it. Then if the film 
within the loop is punctured with a pin, the loop 
suddenly assumes the p(*rfcctly circular contour 
shown at B. This is because) the circle has the rnff 

largest area of any contour of a given length, Fig. 122 . 

so by pulling the thread into a circle, the 
unbroken film attains a minimum area. 

169, Minimal surfaces. A free film stretched across any contour, 
plane or otherwise, has the smallest surface compatible with its 
boundary. If the contour lies in a plane, the surface is of course 
plane also, but otherwise the surface is one of double curvature. 

This condition can be studied with the aid of the 

# formula Ap == 4r(T, for double spherical films. We 
may expand th(^ expression to Ap = 2T{(r + o'), 
making it applicable to double curvature, and if 
the radii are different, Ap = 2T{ai + 0 - 2 ) , where <ti 
and <7-2 are the curvatures in planes at right angles 
to each other. Then 


Fig. 123. 




If the film is freCj the difference in pressure between its two faces 
is zero, but 2r is not zero; therefore 
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This is the equation of a surface of double curvature, with the two 
centers of curvature on opposite sides of the surface, and equidistant 

from it. It is much like a horse^s 
saddle which is concave upward when 
seen from the side, but concave down- 
ward as it curves over the horse^s 
back. Thus in Fig. 124, the cylindri- 
cal contour abed has a radius of curva- 
ture R, The film stretched over it sags 
with two equal and opposite curva- 
tures of radii Ri = R^, shown at P, 
and its area is then less than if it 
stretched straight across to make a 
cylindrical surface. 

If two liquids are in contact, as occurs 
when a lighter one floats upon a heavier with which it does not mix, 
the bounding surface film possesses the same characteristic of tension 
as a film between a liquid and air. But now it is due to the influ(uic(‘ 
of both liquids acting in opposition, and the tension is therefore less 
than with either liquid alone against air. 

If a drop of some lighter liquid c floats upon a heavier one 6, as 
shown in Fig. 125, there are three surface tensions to consider: the 
ah film between air and the liquid 5, whose tension is Tat,) the ac film 
with a tension Ta^ and the double liquid film with a tension 
These three tensions meet along the circle which bounds the drop 
at its outer edge, and can be in equilibrium only when their vec- 
tor sum is zero. This occurs when Tac cos 6 + Tf^ cos 0 = Tab- 
As the tension of the air-liquid film Tac is always greater than 
the liquid-liquid film Tbcj and 
as their resultant must be 
horizontal, it follows that 
0 is always greater than 6. 

The drop is then lenticular 
(lens-shaped) with the lower 
surface more curved than the 
upper. 

If Tab equals or exceeds the arithmetical sum Tac + then 6 
and 0 are both zero, and no equilibrium is possible. In the case of 
petroleum on water, Tab > Tac + and the oil is pulled out by 
this surface tension as a very thin film over a large area. This prop- 
erty is sometimes made use of during storms at sea. It does not stop 
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the waves, but by substituting an air-oil film for air-water the much 
lessened surface tension prevents the formation of a crest with sub- 
sequent ‘'breaking'^ of the wave. 

171. Attractions between floating bodies. If two bodies, both wet 
by the liquid, come near enough to each other so that the liquid rises 
between them by capillarity, then at 
some level such as L in Fig. 126, they 
receive an unbalanc(‘d push together. 

This is due to the fatjt that the at- 
mospheric pressure P acting on the 
outer facets is greater than the* pres- 
sure within the capillary column, be- 
cause it is above the mean level of the liquid. At other k'vels, where 
the opposing pressures an) either both inside or both outside of the 
liquid, they arc equal. If the liquid wets neither of the bodies, they 
are still pushed together, because at the level L (Fig. 127) p is greater 

than the opi)osing pressure P, being at 
a distance h below the mean surface. 

Finally, when one body is wet by 
the liquid and the other is not, the 
bodies are pushed apart. In this case 
th(‘ surface of the liquid between them 
has both a concave and a convex 
meniscus, as shown in Fig. 128. The concave meniscus on the inside 
of A does not rise so high as it does on the outside, because it is pulled 
downward by the capillary depression against the inside of B, The 
convex meniscus on the inside of B does not go so low as it does on the 
outside, because it is pulled up by the capillary elevation against the 
inside of A. Therefore between 
the levels L] and L 2 marking the 
upptir boundaries of the liquid 
against the two faces of A , there 
are unequal pressures. The 
pressure pi is less than the atmos- 
phere because it is above the 
mean level of the liquid. The 
pressure P opposed to it is that of the atmosphere, and being greater 
than pi, the body A is pushed to the left. Similarly B experiences a 
push to the right because between the levels l\ and k the pressure pa is 
below the mean level of the liquid and is thereiore greater than the 
atmospheric pressure P which opposes it. 


Fig. 127. 
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Surface Tensions (dynes/cm), at 20° C, and Angles of Contact (liquid-glass) 


Liquid 

Tension 

Angle 

Water-air surface 

73 

30 (appro.x.) 

22.3 

17.0 

26.4 

465 

375. 

48.3 

18.2 

8° to 9° 

0° 

16° 

26° 

130° (approx). 

Soap Solution-air surface 

Alcohol- vapor surface 

Ether- vapor surface 

Paraffin Oil-air surface 

Mercury-air .surface 

Mercury-water surfacti 

Paraffin Oil-water surface* 

Olive Oil-water surface 



SUPPLEMENTARY READING 

('. V. Boys, Soap Bvhhles^ Macmillan, 1928. 

H. A. Erikson, Elements of Mechanics^ McGraw-Hill, 1927. 

Physics in General 

W. F. Magie, A Source Book in Physics, McGraw-Hill, 1935. 

H. Buckely, A Short History of Physics, Van Nostrand, 1927. 

Philipp Lenard, Great Men of Science, Macmillan, 1934. 

PROBLEMS 

1. How high does water rise in a capillary glass tube whose diameter is 
0.044 cm, if the angle of contact is negligibly small? Ans. 6.7 cm. 

2. How high would paraffin oil rise in a glass tube whose diameter is 
0.036 cm? Ans. 3.4 cm. 

3. Calculate the depression of a mercury column in a glass tube whose 
diameter is 0.058 cm. Ans. 1.8 cm. 

4. What is the pressure due to surface tension inside a soap bubble whose 
diameter is 6 cm? Ans. 40 dynes/cm^. 
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Temperature 

172. Hot and cold. Everyone knows the difference between hot 
and cold water, or a hot and a cold day. But a rigorous definition 
of such distinctions is by no means easy. We speak of the tempera- 
ture of the air, but have no very clear id(‘a of what kind of measure 
temperature really is. In fact, it is almost as difficult to define as 
time, and is therefore best regarded as a fundamental concept which 
cannot be expressed in terms of the three fundamental “dimensions'^ — 
distance, mass, and time. Temperature then is to be regarded as a 
new unit of measure, the significance of which will become clearer 
as we study its rneasurcanent and its effete ts. 

Like distance, mass, and time, temperature is measured in terms of 
itself, while the notions of hot and cold ar(^ purely relative terms 
whi(ih may be compared by some arbitrary unit such as the degrees 
of a thermometer, just as two masses an^ compared by a common unit 
of measure^, the gram. 

It is them meaningless to call something merely hot or cold. The 
boiler of a steam engine filled with the water from a “hot'' bath 
would be considcu'ed cold, while a cake of ice is red hot compared to 
li(iuid air and causes it to boil violently. So science generally 
avoids such words as hot and cold, and prefers their comparatives, 
hotter and colder. But even then, how can we know with certainty 
that one thing is hotter than another? A cork mat in a swimming 
pool feels warmer than the porcelain tiles, though really it must be 
at substantially the same temperature. Evidently our sensations 
are a very poor guide. Of course we can appeal to the testimony of 
a thermometer, but what assurance have we that it gives us a fair 
comparison between the temperatures of different objects? 

173. Comparative temperature. In order to answer the preceding 
questions, we must understand a fundamental fact to be discussed 
farther on as “the second law of thermodynamics." It is a matter 
of universal experience that a group of objects at different tempera- 
tures tends to reach one common degree of warmth. The hotter 
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bodies cool down, and the colder ones warm up. No one doubts this 
fact, and yet it cannot be said to be a law of nature, any more than 
the statement that more persons will dm in New York City next year 
than in some country village. Of course we may assume that they 
will, but it is only a matter of overwhelming probability, for after all, 
no basic law of nature demands that anyone die within a given y(iar. 

So we know from universal experience that hotter bodies auto- 
matically warm up (;ooler bodies, and the probability that this will 
occur is so inconceivably great that the reverse process may bo as 
absolutely ignored as if it actually were impossibhj. It is, however, 
not unthinkable, as will be explained later. 

We thus have a sure test of relative hotness and coldness, and may 
use our instrument of comparison, the thermometer, with confidence, 
for we know that it will assume the temperature of the object whose 
temperature is to be determined, provided it is left long enough in 
contact with it to allow the combined system (thermometer and 
object) to arrive at a common temperature. 

174. Temperature level. From what has been said, we are justified 
in regarding temperature as a measure of heat level, just as the read- 
ings of a barometer at different altitudes may serve to compare 
levels above the surface of the earth in terms of differences in atmos- 
pheric pressure. Or difference of altitude may be defined in terms of 
the tendency of water to flow from one level to another. 

One meadow is higher than another if it drains its surplus moisture 
into the lower one. So the heat of one object is at a higher tempera- 
ture level than that of another if it shows a greater tendency to cool 
off under conditions that are identical, except for the temperature 
difference. 

176. Thermometric properties. Any measurable effect due to heat- 
ing a body may be ustid as the basis of a thermometer, and as nearly 
all the physical properties of matter are altered by heating, there are 
a great many possible thermometers. Glass, for instance, softens 
progressively as it is heated, and a measure of its softness might 
conceivably be used to measure its temperature. But among the 
numerous possible changes due to changing temperature, only five 
have been found sufficiently dependable and easy to observe to be 
suitable for practical purposes. These are changing volume, chang- 
ing pressure (of gases), changing electrical resistance, changing thermo- 
electromotive force, and the changing color of bodies hot enough to 
be luminous. These will all be discussed in their proper places, but 
for the present we need consider only one — change in volume. 
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176. Thermal expansion. Most bodies increase in bulk when 
heated. There are a few important exceptions, but in general, heat 
results in expansion, as is well known from man}'' everyday phenom- 
ena. The draught up a chimney is caused chiefly by the expansion 
of the heated air, which thus becomes lighter than the surrounding 
atmosphere and rises. Iron tires arc* heated before placing them on 
the wheel, so that they may shrink on and hold tight when cold. 
Hot-water heating systems are equipped with expansion tanks near 
the top of the house to provide for the increased volume of the liquid 
as it is warmed by the*, furnace. 

It is this property which is used in the ordinary thermometer, 
whether the substance used is mercury, al(‘.ohol, or a strip of metal. 

177. The mercurial thermometer. Mercury is one of the best 
liquids for thc^rmomc'tric purposes. It freezes at 38.9 degrees below 
zero on the centigrade scale, which is a point seldom reached except 
in the arctic regions. It expands by nearly equal amounts for each 
c^qual interval of temperature, until it reaches rc^lativcfly high levels. 
It is opaque and readily seen against glass. It is easily purified, and 
does not stick to the glass tube which contains it. Finally, mercury 
assumes the temperature of its surroundings relatively quickly, and 
its expansion per unit rise of temperature is fairly large, though it is 
surpassc^d in this respect by some liquids such as glycerine and toluene. 

The mercurial thermometer has a bulb blown at the end of a glass 
tube of small bore. This is exhausted before sealing, so that the space 
above the mercury is a fairly good vacuum, which prevents oxidation 
of the surface of the column, and the possibility of breaking the tube 
by compressed air above* the rising mercury. 

Since the bulb contains so much more mercury than the stem, 
almost all the total (expansion is due to its contents, and the capillary 
column above it really acts mainly as an index, more and more liquid 
being forced into it as the main mass gains in volume and seeks an 
outlet. Actually the glass bulb expands at the same time as its 
contents, but not nearly so much, and any error involved in this way 
is allowed for when the scale is laid off on the stem. 

It is evident that such a thermometer may be made extremely 
sensitive to small changes of temperature by having an especially 
large bulb, and stem of very small bore, thus magnifying the changes 
in volume. In this way thermometers are designed to read to hun- 
dredths of a degree. 

178. Thermometric scales. In order to use the thermometer as a 
measure of difference of temperature level it is necessary to decide 
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upon a scale, which involves the choice of the scale division and some 
arbitrary zero at which the scale begins. 

In the centigrade scale, designed by the Swedish astronomer, 
Anders Celsius, about 1742, the zero is at the freezing point of water, 
and 100 marks the boiling point under the standard atmospheric 
pressure of 76 cm of mercury. Thus the degree is defined as one 
hundredth of the difference of temperature between these two ^^fixed 
points.” The ease with which centigrade thermometers may have 
these points checked to test their accura(^y, and the fact that tempera- 
tures most commonly met with lie within this range of one hundred 
equal divisions, make Ibis scale the best one for all but a few purposes. 
It is used by men of scienc‘e everywhere, and by the people genejrally 
in all but the English-sp(\aking nations and a few oth(*rs. 

In the United Stat(\s and Gn^at Britain thc' conservatives temper of 
the people has k(‘pt in vogue the older Fahrenheit scale devised about 
1709 by the German natural philosopher of that name. Its zesro was 
determined by the temperatures e)f a certain ce)ld winter’s day in 
Danzig, where its inventor residexl, and was later specified as the 
temperature of a given mixture of snow, sal ammoniac, anei common 
salt. The other fixed point was obtained frenn the sup[)e)sed ne)rmal 
temperature of the human be)dy, anel the interval between the two 
was ultimately divided inte) 96 degrees. This choice, combined with 
the arbitrary zero, made freezing at th.- 32° mark on the scale, and 
boiling at 212°. In spite* of its illr>gical nature, this scale has the^ 
advantage of having smaller de^grees than that of Celsius, thus avoid- 
ing the use of fractie)ns of degrees unless real precision is nen^ded, 
anei the further advantage that the weather of the temperate and 
torrid zones is rarefy cold enough to brhig about negative readings, 
below zero. 

A third scale, invented by the French philosopher Reaumur in 
1731, and named after him, is still somewhat used in Scandinavia, 
Germany, and Holland. Its zero is at the freezing point of water, 
and the boiling point corresponds to 80° on the scale. Thus its 
divisions are still larger than centigrade degrees and there is nothing 
gaine^d by using it in preference to the latter scale. 

179. Conversion of temperature scales. Because the less scientific 
scales of Reaumur and Fahrenheit are still used in some parts of the 
world, it is often necessary to convert temperature readings between 
them and the centigrade scale. The conversion between Fahrenheit 
and centigrade is obtained as follows: Since the interval between 
freezing and boiling is 180° in one, and 100° in the other, the magni- 
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tilde of the dc^gree is as 180 is to 100, so their ratio is 9:5. There- 
fore n degrees centigrade ecjual 97i/5 Fahrenheit. But as 0° centi- 
grade corresponds to 32° Fahrenheit we must allow for this also; 
therefore 

n° C = (|n + 32)° F, or w° F = j;(n - 32)° C. 


Thus 10° centigrade = ^ X 10 = 18 Fahrenheit scale divisions, but 
as the zero of the latter stands 32° bellow the centigrade? zero, we must 
add 32, making 10° centigrade = 50° Fahrenheut. Or taking 
— 13° Fahrenheit we must add —32° to find the number of Fahren- 
heit degrees —13° is b(?low frecizing. The rc*sult, — 45°, is then 
reduced to centigrade d(?grces, giving X 45° = —25° centigrade. 
The method of converting Reau- 
mur to Fahrenheit and vice versa is 
the same except that the ratio of 
degrees is = A instc'ad of -J, 

It is intercisting to note that the 
centigrade and Fahrenheit scales 
agree at —40°. This is found by 
setting n° C = n° F. It follows that 
fn -b 32 = | (n — 32). Ck'aring of 
fractions and solving for n, gives 
n = — 40. The pr(?ceding relations 
are illustrated in Fig. 1, wIktc 
the three scales are set side by side 
for comparison, th(?ir actual read- 
ings being shown at th(‘ usually ac- 
cepted room temperature of 20° C. 

180. The maximum and minimum thermometer. There are vari- 
ous methods for recording or registering temperatures over a period 
of time, but the type seen most commonly is a thermometer designed 
to regist(‘r the highest and lowest temperatures experienced since the 



Fig. 1. 


instrument was last “set.’' 

In the form invented by Six, the large bulb G shown in Fig. 2 is 
filled with a highly expanding fluid like phenol, or glycerine, and this 
takes the place of the bulb filled with mercury of the usual thermom- 
eter. Its expansion forces the mercury thread, which serves only as 
an index, down at a and up at h by equal amounts. Above h is 
another column of phenol or glycerine which partly fills the small 
bulb. The portion S of this bulb is partly exhausted, but retains 
enough air to act as a spring forcing the liquid downward when G 
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contracts. Thus the combined effect of the weight of the column g 
and the gas tension in S holds the mercury thread always in contact 
with the other liquid column in the right-hand 
branch of the tube, even though it contracts suf- 
ficiently to bring the right-hand end of the thread 
of mercury above the level of the left hand end. 
Above each (;nd of the mercury column are small 
Q iron wires flang(!d at each end, so as not quite to 
fit the tube. They an^ readily pushed upward 
by the mercury, but stick at the highest point 
reached, and the glycerine or phenol then flows 
past them as the mercury recedes. The index 
at b is thus left at the maximum temperature 
reading attained, while the a index records the 
minimum. In order to prepare the thermometer 
for a new reading, the two iron markers are 
drawn down to the mercury by a magnet applied from outside the 
glass tube. 

SUPPLEMENTARY READING 

T. Preston, The Theory of Heat (Chap. 1, sec. 1), Macmillan, 1894. 
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Tliermal Expansion 

181. Linear expansion. As has been statc'd, the volume of most 
substances increases with rise of temperature, but in the case of an 
elongated solid like a wire, we may confine' our attention to the change 
in length. Although the cross section iiuTeases also, this Ls of little 
practical interest, but the linear expansion of iron cables supporting 
suspension bridges, iron beams, girders, and steel rails is so great from 
winter to summer that it must be allowed for in the design of many 
structures. 

As an example, the cable of a suspension bridge a quarter of a mile 
long expands about seven inches between freezing and 100° F. This 
would result in scirious damage if the bridge were not sufficiently 
flexible. Rails of a railroad track must be slightly separated at their 
ends, for if they were not, the tendency to lengthen in warm weather 
would cause them to buckle and throw them out of alignment. 

182. Coefficient of expansion. It is obvious that anything which 
tends to change th(i length of a bar or wire, such as tension or tempera- 
ture, produces a greater effect on a long bar than on a short one. 
Such changes indeed are strictly proportional to the length. In 
the case of thermal exi)ansion this change is also very nearly propor- 
tional to the change of temperature. Therefore AL a lAt where AL 
is the change in length (L 2 — Li) corresponding to the change in 
temperature A/, or — h. This variation becomes an equation by 
introducing the constant of proportionality a, so that the equation 
AL = aLAt expresses the law of thermal expansion in a very compact 
form. The constant a is called the coefficient of linear expan- 
sion, and since a = ALjLAt = (L 2 — Li)/L ](<2 — ^i), it may be 
defined as the change in length per unit length per degree change in 
temperature. 

This last expression may be changed to a very convenient form by 
taking the initial temperature h as zero, dropping the subscript of 
fe, setting Li = Lo, and L 2 = L,. Then a = (Lj — Lo)/Lo^, and 
Li = Lo(l + at). The graph of this equation is a straight inclined 
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line intersecting the L axis at Lo, as in Fig. 3. But if plotted from 
very refined measurements, the experimental L-t curve may slope 
slightly upward, as indicated by the dotted line. This is because the 
^ coefficient of linear expansion gen- 

erally increases slightly as the tem- 
^ perature rises. 

183. Practical applications. Al- 
though frequently a drawback, 
linear thermal expansion may be 
of great value in various processes 
and mechanisms. Shrinking the 

O' iron tire on a cart wheel has 

3 * ^ already been mentioned. Rivets 

are '‘headed"' with blows of a 
hammer when red hot, and as they shrink on cooling, they draw the 
plates of a boiler or girder tightly together. 

When it is desired to magnify the effect of temperatures, two strips 
of different metals having different coefficients of expansion are used. 
These are riveted together, as shown in Fig. 4, and if one end is clamped 
firmly, the other end moves in the direction of the _ ^ 

arrow with lising temperature, provided the inner 
strip expands more than the outer one. Copper ff ^ 

has a coefficient of expansion of 16.7 X 10"® per q| lj> 

degree centigrade, while the coefficient of wrought ^ JJ 

iron is only 11.9 X 10"®. If such a differential 
device is made of these metals, with copper inside, ^ 

the free end moves outward through a much greater 
distance per degree than the actual change in length of either bar, and 
may be used to drive a needle over a dial, as in the case of the dial 
thermometers in common use. 

Th(i balance wheel of a watch is a similar device, but here the 
metal of higher expansion is outside, and the inward bend of the free 

e end offsets the increased diameter of the wheel caused 
by rising temperature. This increase would result in 
slowing the watch down because of its greater moment 
of inertia, were it not for the inward swing of the free 
ends of the semicircular rims, as shown in Fig. 5. 
pjg 5 In the “gridiron"’ pendulum of some clocks, the differ- 

ential expansion is made use of to neutralize the 
lowering of the bob with rising temperature, and consequent length- 
ening of its period. An examination of Fig. 6 will show that on 
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either side are three rods (including the central one) whose expansion 
tends to lower the bob, and two rods (light lines) tending to raise 
it. If the metals used have expansion coefficients in the ratio of 2 : 3, 
then the pendulum maintains the same length at all temperatures. 

184. Surface and volume expansion. A rectangular 
surface whose sides are a and 6, may be thought of as 
made up of two systems of rods at right angles to each 
other. When heated, the rods parallel to the side a 
expand according to the relation = ao(l + aO, and 
the expansion of those parallel to h is given by — 
ho{l + at). The area at t degrees is then Ai == afit = 
adboil + 2at + aH^). But as a is very small, the term 
involving its square is negligible (unless t is excessively 
high) and may be dropped, so that the area equation 
becomes 

A,= Ao{\ + 2ai), 

where 2a is the coefficient of an^a expansion. 

Similarly a rectangular parallelepiped whose edges are a, 5, and c, 
has a volume at t given by 

V, = Fo(l + + SaH'^ + aH^), 

in which the terms involvhig the higlier powers of a may ordinarily 
be dropped, so that 

V, = F«(l + Sat) - Fo(l + /30, 

where /?, the coefficient of volume expansioii, is approximately three 
times that of linear expansion. 

Although this has been })roved only in the special case of a very 
regular solid, it is true for any other figure, because all volumes depend 
upon triple products of liiuiar diiiKinsions, so that the factor 3 must 
enter into the calculation of their expansion. 

186. Expansion of mercury. In the case of any fluid, linear and 
surface expansion are meaningless, and we have only the volume 
coefficient P to consider. The importance of mercury as a ther- 
mometric fluid makes it necessary to know its behavior when heated, 
with unusual precision. This has been studied by various observers, 
but the classic measurement was made by Regnault, who improved 
upon a similar method by Dulong and Petit. The essential featxires 
of the apparatus are shown in Fig. 7 (a). Two iron tubes T contain 
mercury and pass up through the tanks A and B. The former is 
filled with oil, which is heated from below to any desired temperature 



Fig. 6. 



166 


HEAT 


[Chap. 14 


and constantly stirred to insure uniformity, while an air thermometer 
(not shown in the sketch) having a bulb as long as the tube, measures 
the temperature. The iron tube in B is surrounded by circulating 
cold water whose temperature at several levels is measured by ordi- 
nary thermometers. The mercury column is interrupted in glass 



tubes at p and g, and compressed air, in a drum not shown, maintains 
the pressure necessary to support the differences of level h + I, in- 
dicated in Fig. 7 (h). The communicating tube LL serves to equalize 
the pressure at that level so that the columns k and U are in equilib- 
rium. The upward pressures within the main columns at p' and q' 
are those of the compressed air acting downward at the corresponding 
levels p and g. These are balanced by the warm less-dense mercury 
column of height hi -f- h, and the cold denser column of height h2 + k 
respectively. The pressures due to these columns, {hi + li)dig and 
(^2 + l^d^g are therefore equal; also lidig = because of the 
equalizing tube L. Therefore hidig = W2g, or hidi = W2. But 
since density varies inversely as the volume of a given mass, the 
equation = Fo(l + fit) may be written d, = do/(l + fit)\ there- 
fore di = do/(l + fill) and ih = do/(l + fit%)- Then substituting for 
di and di in hidi = /i2d2, we obtain 

^ido _ h^d^ 


and 




hi — h^ 
h^i — hit^ 


This makes it possible to calculate the coefficient of volume expansion 
in terms of easily measured quantities, and within any chosen tem- 
perature interval. 
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Regnault^s observations showed that was not a constant, but 
could be expressed in t(*rms of ascending powers of t. More recent 
observations, by Chappuis in 1907, show that the average value of 
fi between 0° C and 100° C is given by 

p = 1.8169 X 10 ' ~ 2.951 X 10-®^+ 1.15 X 


Coefficient of Expansion (centigrade) 


Solids 

a (linear) 

Liquids 

(volume) 

Aluminum 

25.5 X 10-« 

Water (5° to 10°)... 

5.3 X 

10-“ 

Copper 

16.7 

Water (10° to 20°).. 

15.0 

u 

Iron (cast) 

10.2 " 

Water (20° to 40°) . . 

30.2 

u 

Iron (wrought) 

11.9 “ 

Alcohol 

110 

u 

Steel 

10.5 to 11.6 X “ 

Ether 

163 

u 

Platinum 

8.9 X 10-fi 

Glycerine 

50 

u 

Brass 

18.9 “ 

Mercury 

18.2 

u 

Glass (flint) 

7.8 “ 

Paraffin oil 

90 

u 

Glass (soft) 

8.5 “ 

Sulphuric acid 





1 (concentrated) . . . 

'i 

57 

u 


186. Expansion of water. Water, unlike most liquids, has a maxi- 
mum density above its freezing point. Starting at zero, it contracts 
when heated, until the temperature reaches approximately 4° C (more 
exactly, 3.98°), when its d(*nsity is taken as unity from the definition 
of the kilogram. Above 4°, water expands and becomes less dense, 
till at 100° its value is 0.9584 g per cm®. 

This anomalous behavior of water under 4° has some very impor- 
tant consequences. If a beaker of water is placed in a freezing mix- 
ture, and thermometers are inserted at different levels, it will be found 
that the lower layers soon reach 4°, while the surface temperature is 
still much warmer. This is because the water, as it cools around the 
sides and at the surface, becomes denser, settles to the bottom, and 
displaces the warmer water there. This rises to the surface, in turn 
becomes chilled, and then descends. Such a process occurs also in 
freshwater ponds and lakes, and if the cold weather continues long 
enough, the process of circulation described above ultimately results 
in lowering the temperature of the whole mass to 4°. As soon as this 
condition is reached, the upper layer no longer sinks on being cooled, 
but growing less dense, remains on top and ultimately freezes over. 
Thus ice, which is much less dense than water at 0°, not only forms 
on the surface, but floats there when formed. 
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This behavior of ponds accounts for the fact that in winter shallow 
pools freeze first, and deeper ponds later and later in accordance with 
their depth. Some are so deep that they never freeze, because the 
cold weather does not last long enough to allow them to reach a 
uniform temperature of 4°, which is the necessary condition to be 
reached before the top layer can fall to zero. 

Under certain conditions, to be explained later, water may be 
obtained both below zero and above 100°. Obsenwations on its den- 
sity in these regions show that it goes on expanding in both directions. 



so that the curve of density plotted against tcunperature is convex 
upward with a maximum at 4°, and slopes off in both directions from 
this point, as shown in Fig. 8. 

187. Expansion of gases. All gases when heated tend to expand, 
but as their volume at any temperature depends upon the pressure, 
it is necessary that the latter be kept constant if we are to obtain 
any rational observations of this effect, or if the coefficient of expan- 
sion is to be measured. 

The first really accurate observations of the expansion of gases 
at constant pressure were made by Regnault, who used an apparatus 
shown in its essentials in Fig. 9. The gas to be examined is intro- 
duced from F into the bulb C, of large volume compared to A, by 
means of a three-way cock at D, The mercury, indicated by heavy 
shading, nearly fills the tube A, which is surrounded by water at a 
constant temperature. The bulb C is then cooled to some known 
temperature by immersing it in water or melting ice, and the cock D 
turned so as to shut off the supply from F and connect C with the 
tube A. The gas in C is then under atmospheric pressure P acting 
on the free surface of the mercury in B, plus an added pressure hdg 
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due to the difference of level h between the two columns. After 


taking this observation, the water surrounding C is warmed to some 
higher temperature and the gas in it expands, forcing down the level 


of the mercury in A, and 
forcing up the level in B. 
But by drawing off some 
mercury through the tap 
E, the original diffc'nnice 
of level h can be restorc^d, 
with the mercury in both 
A and B at lower levels 
than before. As the vol- 
ume of C is known, as 
well as that of the connect- 
ing tube and the diamet er 
of A, it is easy to com- 
puter both the original vol- 
ume occupied by the gas, 
and the new volume when 
the mercury has fallen to 
the lower level LL in the 



tube A, Since the total pressure on the gas {P + hdg) is the same 
as before, the increase of volume for a given rise of temperature at 
constant pressure is readily determined. 

188. Coefficient of expansion. This quantity is found to vary 
somewhat at different pressunrs, and (*sp(rcialiy so in the case of such 
gases as carbon dioxide, whose deviation from Boyle\s law is particu- 
larly marked. At atmospheric pressure the coefficient of volume 
expansion, usually designated by a, is 0.00367 per degree cemtigrade 
for air, and 0.00371 for CO 2 , but at about 250 cm of mercury, these 
values are 0.00369 and 0.00384 respectively. Hydrogen, being a 
more nearly ideal gas than either of these, varies between 0.0036613 
and 0.0036616 under the same conditions, so that we may consider 
0.00366, at all pressures, as a probable value for the coefficient of 
expansion of an ideal gas at constant pressure. 

189. Charles’s law. The French physicist Jacques Charles (1746- 
1823), through his interest in ballooning, seems to have been the first 
to notice the fact just stated — that all the common gases have about 
the same expansion coefficient. But Gay-Lussac, in 1802, made the 
first careful observations of this quantity, so that the law that gases 
under constant pressure expand in equal proportion for equal increases 
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in temperature is often called the law of Gay-Lussac as well as the 
law of Charles. 

Still later Regnault made the observations already described, 
and found that the increase in volume per degree centigrade was 

0.00366 = I'he original volume. We may therefore restate 

Charleses law as follows: An ideal gas expands of its volume when 
heated through one degree centigrade from zero at constant pressure. 
This may be expressed as an equation like that relating to the volume 
expansion of liquids and solids, but using a instead of as is custom- 
ary with gases which have no linear expansion. Then 

Vt = t;o(l + (Xjt)y (1) 

where the small letter means the specific volume under some fixed 
pressure at the temperature t degrees cimtigrade, and Vq means the 
specific volume under the same pressure at 0°, while is the coeflicient 
of expansion at constant pressure. 

If the expansion does not start at 0° C, the relative change in volume 
deviates considerably from 0.00366 per degree when the initial tem- 
perature is very high. Thus if U and U, represent the initial and final 


temperatures, equation (1) gives us 

V\ = t;o(l + a^) (2) 

and V'z = Vo(l "b (3) 

Dividing (3) by (2), we obtain 

= t;i(l + a(fe — t\) — dHit% + •- . . .). (4) 

If h is not far above zero, the terms in the ascending powers of the 
small quantity a arc negligible, and (4) becomes 

Vt. = + odd) ( 6 ) 


wheni M is the temperature range. This is identical with (1).. But 
if ti is large, the terms in a^, and so forth, must be considered. 

SUPPLEMENTARY READING 

E. Griffiths, Methods of Measuring Temperature, C. Griffin, Ijondon, 1925. 


PROBLEMS 

1. Convert 70®, 84®, 98®, 110® Fahrenheit to centigrade. Ans, 21?1; 
28?9; 36?7; 43?3. 

2. Convert 4®, 15®, 40®, 86® centigrade to Fahrenheit. Ans, 39?2, 59®, 
104®, 186?8, 
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3 . A copper bar 2.45 m long at 20°C is heated to 100®C. What is its 
increase in length? Ans. 0.327 cm. 

4 . A wrought iron tire whose inner diameter is exactly 70 cm at 0®C is to 
be shrunk on a wheel whose diameter is 0.666 cm too large. To what 
temperature must the tire be heated? Ans, 800® C. 

6. The steel rails of a trollej’^ line have a coefficient of expansion 
of 11 X 10“® per degree centigrade and are 28 ft. long. How much space 
should be left between them when the temperature is 30® F, if their ends are 
just to touch at 120® F? Ans. 0.18 in. 

6. What is the change in volume of a brass kilogram weight which is 
heated from 20° to 100®, if its density at 20® is 8.4 g/ern®? Ans. 0.54 cm^ 

7. Calculate the volume of a flint glass flask which contains exactly 
100 cm® at 20®, if it is heated to 80®. Ans. 100.14 cm®. 

8 . If the flask in Problem 7 had been filled with mercury, how many g 
of the liquid would have been driven out as a result of the expansion of both 
liquid and flask? Ans. 12.9 g. 

* 9 . A clock with a metal pendulum keeps accurate time at 0® C. Show 
that if the temperature is 3 5° C th e number of seconds it loses in a day is 
given by 86,400 (1 — 1/V 1 + 35a). 

10 . Calculate the specific volume of aluminum at 150® if its density at 20° 
is 2.65 g/cm®. Ans. 0.381 cm®/g, 

* 11 . The brass scale beside a barometer is correct at 0°C. What is the 
actual height of the l)arometer when the reading is 77.40 cm at 30° C? What 
would it have read at 0®C? Ans. 77.44 cm; 77.02 cm. 



CHAPTER 15 


Ideal Gases 

190. Change of pressures with constant volume. Regnault also 
studied this effect, using an apparatus similar to the one described 
in the last chapter, except that the mercury in the tube A (Fig. 9) is 
always brought back to its original level by pouring some mercury 
into the open end of B. The pressure, as bc^fore, is given by P + hcig, 
where h is now a variable distance increasing with the temperature, 
and d is the density of mercury. These observations show that the 
coefficient of change of pressure at constant volume is constant for 
ideal gases, and is the same as the constant-pressure coefficient, but 
these coefficients differ slightly in the case of real gases such as air or 
hydrogen. In the case of air, ap = 0.003671, while = 0.003665. The 
equation expressing the Halation between pressure and temperature 
at constant volume, is similar to that of volume expansion. It reads 

p, = po(l + aj), 

where po is the pressure at 0°, and p, is the pressure at the tempera- 
ture f centigrade. This is sometimes called Charleses law, although 
Charles's law is really the law of volume expansion: 

Vt = I^o(l + ClLjf), 

191. Combined laws of Boyle and Charles. If a gram of gas is 
heated t degrees at the constant specific volume the product of 
pressure and volume at this new temperature is = poi^o(l + oLji)> 
Also, if heated to the same temperature at constant pressure po, the 
product is 'p^v^ = po«^o(l + In either case the gas is brought 
to the same temperature; therefore the product of pressure and 
volume must be the same at that temperature, according to Boyle's 
law. Then 

Pi^o == PoVf 

and PoVo(l + = Po«^o(l + OL^)y 

whence = ap. 

This means that a gas which obeys Boyle's law exactly has the same 
coefficients for constant-pressure and constant- volume heating, as was 
demonstrated experimentally by Regnault. 

J72 
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Now let the condition of a gas be changed from j)t% at f to any 
pressure p and the corresponding volume v at the same temperature. 
Then 

where a is either or since they are equal, and the subscript is 
unnecessary. This equation combines the laws of Boyle and Charles, 
and enables us to calculate? specific volumes or pressures at any 
assigned temperature. 

192. The gas thermometer. The apparatus already described for 
determining the coefficients of expansion of a gas may be used to 
measure the temperature when a is known. If us(?d as in the deter- 
mination of apy the instrument is called a constant-pressure gas ther- 
mometer, and if used as in finding it is the constant-volume gas 
thermometer. The former is much less desirable than the latter, 
because when operating at constant pressure, the volume steadily 
increases, and it is very difficult to maintain the gas at a uniform 
temperature. This is because it expands more and more into the tube 
A (Fig. 9), where it is not at the same temperature as in the bulb C. 

Wh(in the instrument is used with constant volume, the difficulty 
just referred to is almost wholly eliminated, provided the connecting 
tube is of very small bore, and the container C is large ; because with 
the mercury level in A maintained near the top of the tube, only a 
v(?ry small amount of gas can be at a different temperature from the 
main body. Tins arrangcmient, when filled with such a gas as hydro- 
gen, whose coefficient of expansion is practically constant at all usual 
pressures, is the most n(?arly ideal form of tliermometer known. If 
an absolutely perfect gas were available, th(' changes in pressure 
would be an exact index of the temperature, since these changes can 
be determined with high precision in terms of the height of the 
barometer, and the difference of lev(d of the mercury in A and B. 

When measured in this way, temperature is often designated by 
to differentiate it from t as measured by a mercurial thermometer. 
As this thermometer is laid off in 100 eq'iml divisions between the 
freezing and boiling points of water, it has a scale based on the in- 
correct assumption that mercury expands uniformly over that range. 

To determine 6 from the pressure, we need only solve the equation 
p = po(l + ctd) for By giving 

e = ( 1 ) 

Poa 

where p is the pressure when the bulb is heated to and po is the 
pressure of the gas when the bulb is immersed in melting ice. But 
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this solution assumes an accurate knowledge of a for the gas em- 
ployed, and since a is slightly different for different gases and is 
affected by impurities, it is better to eliminate it by a second observa- 
tion, which consists in obtaining its value for ihe gas in question. 
This is done by immersing the bulb in boiling water whose tempera- 
ture 6 is 100° and observing the resulting pressure pioo* 

We may then write' 

100 = ( 2 ) 

Pool 

Dividing equation (1) by (2), we eliminate a and obtain 

0 = 100 ( (3) 

from which any temperature may be determined in terms of the? 
cornjsponding pressure p and the pressures observed at the freezing 
and boiling points of water. 

193. Absolute zero. If the gas used in a constant-volume gas 
thermometer is progressively cooled, the pressure falls by nearly 
equal amounts for each degree change of tennperature. If we assume; 
the gas to be ideal at all temperatures, this decrease of pressure would 
continue at an exactly uniform rate until there was no pressure left to 
measure. The temperature at which such a hypothetical gas would 
cease to exert any pressure at all is known as the absolute zero, and 
its position on the centigrade scale is easily found by S(;tting p = 0 
in the equation expressing the variation of p with t at constant 
volume. Then 

p = 0 = po(l + at). 

But as po, the; prt'ssiin* at the freezing point, is not zero, (1 + at) 
must Ix^ zero. Th(;n taking for a the average value 0.00366, we have 

^ 1 = ■ 01)^366 = -273?2 approximately. 

This temperature has never been actually attained, although the 
Dutch physicist Kamerlingh Onnes of Leyden in 1921 reached the 
temperature of 0?82 above the absolute zero by evaporating liquid 
helium under greatly reduced pressure. Still more recently (1933), 
Professor Giauque of the University of California, operating with 
magnetic fields, reached — 272?83 C, which is only a third of a 
degree above the absolute zero. Still lower temperatures, down to 
0?0044 above absolute zero, have since been announced, but their 
exact value is somewhat uncertain. 
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194. The absolute or Kelvin scale of temperature. This scale 
starts at the absolute zero usually taken as —273° C (approximately 
— 460°F), although it is really a little lower. Then the freezing 
point of water is at +273°, and the boiling point at +373° Kelvin. 
Temperatures measured on this scale are indicated by T instead of 
t or while K or A is placed after the number of degrees, as 150° K, 
or 150° A. It is understood that temperatun^s thus indicated are in- 
dependent of the properties of any particular thermometric medium 
such as mercury, or evim a nearly perh^ct gas lik(^ hydrogen. That 
the dfigree can be defined in this w^ay was shown by Lord Kelvin, whose 
absolute scale is defined in terms of the energy supplied to a series of 
ideal engines, each operating on the heat rejected by its predecessor. 

196. The gas law. The combined law of Boyle and Charles 
(equation (1) Article 191) may be expressed in terms of the absolute 
scale of temperature by simply substituting T — 273° for t. But 
because a equals the reciprocal of 273, very nearly, in the case of an 
ideal gas, T — 273° = T — 1/a. 

Then pv = p^Voll + a{T — 1/a)], 

= poVoaT = pi)Vi)T/27S, 

= rTy wher(» r = poV{)/27S. 

Since po and Vq are constants, r is also constant, but its numerical 
value depends upon what we nu^an by po and Vo. In the preceding 
paragraphs it was n(H;essary to consider them only as pressure and 
specific volume at zero centigrade, but we may have any pressure 
at this temperature, and the volume at zero depends upon the 
pressure. It is therefore necessary in this definition of r to be more 
specific, and po is understood to mean standard atmospheric pressure 
(hitherto denoted by P) which is the pressure just able to support a 
column of mercury 760 mm high at 45° latitude and at 0° C. The vol- 
ume Vo means specific volume under standard atmosphf'ric pressure at 
the same temperature. As Vo is different for different gases, r thus de- 
fined is a constant only as regards a particular gas. In the case of 
nitrogen, for instance, if measured in absolute units, po = 1,013,200 
dynes/cm^ and if the specific volume is measured in cm*^ per gram, 
Vo = 797.32; therefore 

1,013,200 X 797.32 ^ ^ 

r = = 2,959,138 ergs per gram per degree. 

ju to 

196. Problems involving the gas law. If a problem concerning 
nitrogen is to be solved, the value of r just obtained may be used 
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provided we express p in dynes/cm- and v in cm*^ per gram, while 
the temperature must be expressed in tlie absolute' scale. Then any 
one of these three variables may be found from a knowledge of the* 
other two by substituting in pv = rT, Or we might calculate r for 
any other choice of pressure or specific volume units, and then use it 
in the same formula in connection with the units chosen. 

But fortunately it is rarely necessary to compute r. Most problems 
involving the three variables of the gas law concern th(^ gas in two 
different conditions: piVi = rTi, and P 2 V 2 = rT 2 , where the subscripts 
indicates the initial and final states of the gas. Then dividing the first 
equation by the second, we eliminate r, and obtain the very useful 
expression 

PlUl = h. 

P2V2 T2 


Here are six variables of which any five must be given in order that 
the sixth may be calculat(^d. As an illustration of this type of pro- 
blem, suppose 6 liters of air at atmospheric pressure and 20° C are 
compressed to 2 liters, with a rise of temperature to 30° C. Required, 
the final pressure p 2 - Since the pressure appears as a ratio, pi/p 2 j it 
may be measured in any unit, as atmospherc^s, provided both of the 
pressures are measured in the same way. Tluin^fon^ pi = 1, the ratio 
of specific volumes is 6:2, Ti = 273 + 20° = 293°, and T 2 = 303°. 
So that 


V2 


P 1 V 1 T 2 _ 1 X 6 X 303 


V2T1 


2 X 293 


= 3.1-f- atmospheres. 


197. The molecular ‘‘h3rpothesis.” It has long been considered 
highly probable that matter is made up of discrete particles, each 
one being the smallest portion into which a given substance can be 
divided, and still retain its identity. This means a granular instead 
of a continuous structure, so that even such seemingly homogeneous 
materials as gold or water, when examined with sufficient minuteness, 
would appear as discontinuous aggregations of small bodies called 
molecules, all exactly alike. 

The science of modern chemistry has been built upon such an 
assumption, in which the molecule of any chemical compound was 
regarded as a complex of the still more fundamental atoms of the 
elements. But even earlier than the discoveries of John Dalton 
(1766-1844) in this realm of chemical theory, Robert Boyle (1627- 
1691) and Robert Hooke (1635-1703) had suggested that heat could 
be explained by the agitation of the inner “parts” of a heated body, 
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which implied a belief in some sort of granular structure, and Hooke 
also accounted for the pressure of the atmosphere by supposing air 
to be made up of minute particles in rapid motion. Yet it was not 
until after the middle of the last century that Clausius, Clerk Maxwell, 
and Boltzmann worked out a complete molecular theory of gases. 
Their work on the ^ ^kinetic theory of gases^^ was purely mathematical, 
but experiments with cathode rays by Sir William Crookes, during the 
last decade of the century, began to give direct evidence of the cor- 
puscular nature of matter, and in 1909, Jean Perrin of the University 
of Paris announced his remarkable proof of the molecular hypothesis 
based on the Brownian movements. 

198. The Brownian movements. In 1827, a British botanist, 
Robert Brown, observed the curious irregular motions performed by 
small particles suspended in a liquid when viewed under the micro- 
scope. These particles are in a state of continual 
agitation and make a succession of abrupt motions, 
which, when plotted, form a confused network of no 
assignable pattern, as shown in Fig. 10. In order 
to obtain an emulsion containing sufficiently small 
particles to exhibit this effect satisfactorily, one may 
dissolve rosin in alcohol and pour a little of the so- 
lution into a glass of water. The milky pnu'ipitate 
which results consists of minute particles of rosin deprived by the 
water of the alcohol which had dissolved them, and their motions 
may be studied with the aid of a microscope, using light reflected from 
the particles when illuminated by a horizontal beam. 

In 1879 Sir William Ramsay explained these mysterious movements 
of visible particles as caused by the bombardment of the vastly smaller 
molecules of the liquid which surrounded them. Ea(jh abrupt motion 
of the visible particle was due to the rt'sultaiit of a great number of 
small impulses made upon it by the invisible molecules. These latter 
might then be inferred by their effect, very much as one might infer 
the existence of waves on the ocean when watching an ocean steamer 
pitching a long way off, although the waves themselves might be 
invisible at that distance. 

Finally, during 1908 and 1909, Perrin conducted the experiments by 
which he was able, with the aid of theoretical ideas developed by Ein- 
stein, to calculate the number of atoms (or molecules) in a given mass 
of a substance. His results agreed so well with previous calculations 
based on totally different premises, that the molecular structure of mat- 
ter has ever since been regarded as proved beyond any reasonable doubt. 
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199. Calculation of the pressure of a gas. The kinetic theory of 
gases developed by Clausius, Maxwell, and Boltzmann furnishes a 
method for calculating their pressure, based upon certain assumptions 
regarding their structure. These are: that gases ar(i made up of 
discrete particles in rapid motion; that these behave like minute 
spheres of perfect elasticity; and that they are very small compared 
to the distances between them. 

Such a swarm of particles moving at random inside an enclosure 
will have all sorts of velocities which increase with rising temperature, 
and they move through a great variety of distances between collisions 
with each other and with the walls of the enclosur(\ However, 
there must be an average velocity at a givcm temperature, and an 
average distance betwx^en collisions. These are known as the mean 
velocity, and the mean free path respectively, and their magnitude 
d('p<'nds upon both the density and temperature of the gas. 

Lf^t us suppose the gas to be enclosed in a cubical box the length 
of whose edge is Z centimeters. If the particles are assumed to be 
all of the same size and perfectly elastic, their mutual collisions will 
involve only interchanges of velocities whose net result on the total 
motion is zero, as was shown in the theory of collisions (Article 124). 
Thus we need consider only impacts with the walls of the box upon 
which ttiis pressure is exerted. Then let us imagine a single molecule 
wliich moves back and forth between opposite walls in a direction 
normal to their planes. Let u represent its velocity supposed parallel 
to the X axis. Its momentum, mw, at each impact is reversed to 
— mw, since it rebounds with the same velocity in the opposite din^c- 
tion. Thus the change of momentum is rnu — {--mu) = 2mw. But 
since the distance between opix)site wall:^ is Z centimeters, the tim(^ t 
which elapses between impacts against the mme face is numerically 
equal to 21/ u. The time rate of change of momentum is obtained by 
dividing the change of momentum at each collision with a given face 
by the time Ix^tw^een collisions, or 2mu -f- 2l/u = mu^/l. But this 
rate of change of momentum measures the average force exerted by 
the vibrating molecule upon one face of the cube, and 

Fa. = ( 1 ) 

Let n represent the number of molecules per cubic centimeter; then 
the number within the cube is nP. Each of the six faces is bombarded 
by these nP molecules moving in every conceivable direction. The 
velocities differ both in direction and magnitude, but may be resolved 
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into components parallel to X, F, and Z axes, and denoted by u, v, 
and w. As the square of the velocities appears in equation (1), we 
must obtain the average sciuare of the compon(*nts, rather than square 
their averages ; which in general gives a smaller result. These average 
squares, or mean square.^, ani r(q)res(*nted by and and the 

mean square of their resultant, as was shown in equation (1), Arti- 
cle 20, is 

c“ = ( 2 ) 


Th(‘ square root of this quantity, or is known as the ^^root 

mean square,’^ r.m.s., and may be dc^noted by C. It is used in any 
calculation where thc^ V(^lo(dty is squared, as in kinetic energy. But 
in calculating mean momentum mu, the ordinary mean velocity u 
should be used. 

As the motions of the^ gas molecules within the cube are absolutely 
random, the numerical values of th(^ me^an squares of their velocity 
components ?/, and are all t^qual; thereifore in equation (2), 
or 



( 3 ) 


The average force exerted on a single* face by all the molecules is 
nP timers that exe^rted by the single me)lecule of equatiem (1), and 
substituting = C'/S in (1), we obtain the ave*rage force exerted by 
all the molecules: 


F 

* av 


nmCH^ 

"3 


( 4 ) 


This force acts upon an area equal te) that of the cube^s face, or F, 
so the pressure is obtained by dividing Fav by that area, giving 
p = nmC^fS, But nm is the total mass of the gas within a cubic 
centimeter, which is the density d. Then 

nmC^ CH 

P = “T" = “T’ 


or pv = (6) 

where v is the sptecific volume, the reciprocal of density. But pv is con- 
stant at constant temperature; therefore C is constant at constant 
temperature, and is known if p and v (or d) arc given. Its value for 
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hydrogen is found by substituting for d at 0° C, 8.99 X g/cm^ 
and for p, 1.013 X 10® dynes/ern^ (normal atmosphere); then 


J3 X 1.013 X 10« 
1 8.99 X 10- '^ ~ 


1.839 X 10^ em/sec., 


which is more than a mile per second. 

The following table gives approximate values for C calculated as 
abov(j at 0® C; also values of the mean free path X under standard con- 
ditions, and of the molecular diamet(^r a, and the moli^cular mass ni. 


Gas 

r 

\ 

a 

m 

Hydrogen. . 

18.39 X 10< cm/scio. 

18.3 Xl0-«em 

2.47 X 10-» (nil 

3.1 X 10-2* g 

Nitrogen . . 

4.93X10* 

9.44 X 10-« " 

3.50 X 10-« “ 

43.1 X l0-« “ 

Oxygen. . 

4.61 X 10* 

9.95 X 10-*^ “ 

3.39 X l0-« “ 

49.2 X 10-« “ 

Chlorine. . . 

3.07X10* “ 

4.57 X 10~« “ 

4.96 X 10“» “ 

58.5 X 10-« “ 


200. Thermal energy as a function of absolute temperature. The 

equation p = nmC-/3 may be wTitten p == X \mC^, But \mC^ is 
the average kinetic energy of a molecule within the enclosure, and 
if we denote this by IF, the equation reads p = |nTF. According to 
the gas law, p = rT/v; hence, equating these two expressions of the 
pressure and solving for TF, w c have the average energy of a molecule 

given by « ^ SrdT 

F. = ^ (1) 


2n 


Since d is the mass per unit volume, or th<.‘ mass of all the molecules 
within a unit cube, this quantity divided by the number of mole- 
cules gives the mass m of an individual molecule, or d/n == m, and 

W„ = I rmT. (2) 


But I m is a constant for a given gas, so W varies as T, which means 
that the mean kinetic energy of the molecules of a gas is proportional 
to the absolute temperature. 

201. Heat of compression. It was shown in Article 147 that it 
takes energy to compress a gas. The fact that this results in heating 
the gas may be shown from the kinetic theory just developed. 

If the gas is enclosed in a cylinder fitted with a piston, and if this 
piston is pushed inward to compress the gas, the molecules striking 
its moving surface rebound with a higher velocity than if it had been 
still. This increased velocity results in an increased mean kinetic 
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energy, which denotes a higher temperature. Conversely, if the com- 
pressed gas is allowed to expand, pushing the piston outward, the 
rebounding molecules have thciir velocities reducc^d in proportion to 
its speed, and the temperature of the gas is lowered in consequence. 
Hence we may make the gc^iu^ral statement that (compression tends to 
heat a gas, whikc expansion against some opposition t(cnds to cool it. 

202, Avogadro’s principle. As early as 1811, Amadeo Avogadro, 
an Italian physicist, advanced tluc hypothesis that the total number of 
molecules per unit volume is the same for all gases at the sarnie temperaiure 
and pressure. But it was not till 1860 that this hypothesis was 
showm by Maxwccll to be a consccquence of the kimctic theory of gases, 
and thert'fore a ^'law^” like that of Boyle. This may be provc^d as 
follows: Since p = nmC\/S w\‘ may (express the (equality of the pn's- 
sures of two gases by 

lnimiC{^ = ln2m2C2^ 

But if tlu'ir t(miperatur(\s arc' (»(pial, so are their mean kinetic en('rgi(\s, 
as w^e shall see in Article 204; therefore 

m\Ci^ = m 2 C 2 ^f and n\ = 

which is the principle usually known as Avogadro's law^ 

203. Avogadro’s number. The atomic weight, a, of an element is 
the relative weight of an atom with respect to th(c weight of an atom 
of oxygen taken as (exactly 16. Thus an atom of molybd(mum, which 
weighs six times as much as one of oxyg(m, has an atomic weight of 96. 
An atom of carbon weighs three fourths as much ; therefore its atomic 
wHcight is 12. This may be exprcss(cd by the ])rnportion a:16::m:w^, 
where a is the atomic w^eight of an (4(cment and m is the actual 
mass of one of its atoms, while m^ is the mass of an atom of oxygen. 
Molecular weight, w, is th(c sum of the atomic weights of the atoms 
wdiich make up th(c molecule. Carbon dioxide is a molecule having 
oiKc (carbon and tW'O oxygen atoms, and its molecular weight is there- 
fore 12 + (2 X 16) = 44. 

Some molecules are made up of two atoms of the same element in 
chemical union, such as the gasc^s hydrogen, oxygen, and chlorine, 
while mercury, whether in solid, liquid, or gaseous form is always 
monatomic. The molecular weight of oxygen gas is twice its atomic 
weight, or 32, while mercury, whose atomic weight is 200, has the 
same molecular weight. Therefore we may write a proportion similar 
to that for atomic weights, or Wi/vh = mi/m 2 , to express the fact that 
molecular weights, w, expressed in terms of oxygen as 32, are to each 
other as the actual masses, w, of the molecules themselves. 
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The mass of a compound equal numerically to the value of its molec- 
ular weight, as 32 grams of oxygen, is known as a gram molecule. 
If we divide this quantity by the mass, m, of each molecule, the 
quotient, A", is the number of molecules in a gram molecule. Now if 
the proportion between molecular weights and weights of molecules is 
transformed to read W\jm\ = uhfnhi, each member of the proportion 
represents the quotient N; for w is either molecular weight or the 
mass of a gram molecule by definition. A similar relation may be 
obtained b(»tween atomic weight (or a gram atom) and the mass of 
an atom, and the ratios a^/vh = ai/m^ are also equal to N, since iv 
is as much larger than a as the molecuh^ is heavier than the atom. 
Therefore 

^ 

rria ~ ““ 


We may then make the general statement that tine number of atoms 
in a gram atom, or molecules in a gram molecule, is the same for all 
elements or chemical compounds. This is known as Avogadro’s number 
N, and has been found by a variety of methods to be 6.06 X 10^^ The 
most direct of these methods is that of Perrin using the Brownian 
movements, but because of the experimental difficulties involved, it 
is not the most accurate. Perrin obtained 6.85 X which is con- 
sidered a remarkably close agreement with the more reliable values 
obtained indirectly from moie precise data. 

204. Avogadro’s principle and ideal gases. The gram molecules 
(^^moles”) of gases all have the same number of molecules. We also 
know that the volumes vw occupied by a mole are the same for all at 
the same pressure and temperature. If we multiply the gas law 
pv = rT by w, it becomes pvw = rwT. But as tm? is a constant for 
all gases when p and T are constant, rw must be a constant also. 
Therefore, denoting this general constant rw by R, we have 


pv = 


w 


( 1 ) 


When p is measured in d3mes per cm^, and v is in cm* per gram, R 
(equals 8.313 X 10^ ergs or 8.313 joules per gram molecule per degree 
for all gases insofar as they may be regarded as “perfect.^^ We may 
then calculate any of the three quantities p, v, or T for a gas if the 
other two are given, and its molecular weight is known. 

As an illustration, the volume occupied by ten grams of oxygen 
under a pressure of two atmospheres at 20° C is calculated as follows: 
The specific volume is the required volume V divided by 10. The 
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pressure is 2 X 1,013,200 dynes/cm^. The molecular weight is 32, 
andT = 293° K. Then 2,026,400 X F/10 = 8.313 X 10^ X 293/32. 
Whence V = 3.757 liters, which agrees very closely with the value 
3.756 based on actual observation. 

In Article 200 we found that the mean kinetic energy of a molecule 
of an ideal gas was given by 

= frmT. (2) 

The energy, of a gram molecule of such a gas is N times this 
value, or -^rmNT. But r = R/w by definition, and m = w/N; there- 
fore equation (2) becomes 

= fftT, (3) 

which is a general expn^ssion for the thermal (energy of a gram 
molecule of an ideal gas in h^rms of its temperatures Dividing (3) 
by Ny we obtain Wav = iRT /N. This may be written 

Wav = pr, ( 4 ) 

v'hen^ k (equal to R/N) is known as Boltzmann’s constant. It equals 
1 .37 X 10"* ^ ^ erg per degree, and may be thought of as the gas constant 
of a single molecule of an ideal gas. It is much used in the quantum 
theory to be discussed in a later chapter. 

Equations (2), (3), and (4) are based on the assumption that the 
gas molecules are particles having three degrees of freedom. That is, 
they do not rotate but can be translated in three spatial dimensions. 
This is the case with monatomic gases lik(^ argon. But with diatomic 
gases like hydrogen and oxygen, two additional degrees of freedom 
are added because, lik(^ a dumbbell, they can rotate around each of 
two axes perpendicular to each other and to the line joining the 
atoms. Then the molecular energy b('Comes Wav = ^kT, Mole- 
cules having three atoms have one more dc^gree of freedom, making 
Wav = ikT, and in general each degree of freedom adds kT/2 to 
the molecular energy. 

The pressure of an ideal gas may also be calculated in a general- 
ized form as follows : nm / 

pv = RT/w. 

.Butd = nm; therefore i’ = 1/nm, and 

p = nniRT/w, 

Substituting w/m = Ny we obtain 

nRT 
V = •> 

p = nkT. 


or 


( 6 ) 
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PROBLEMS 

1. Calculate the pressure in 12 g of hj^drogen which occupy 1.8 1 at a 
temi)erature of 80® C. (Consult table of densities, end of Chapter 9.) Ans. 
95.9 atrnovspheres. 

2. Calculate the mass of oxygen in a si)ace of 25 1 when the temperature 
is 30® C, and the pressure 0.9 atmosphere. An,s, 29 g. 

3 . The volume of a balloon is 200 cubic yards at atmospheric pressure 
and 70® F. What is its volume at an altitude where the pressure is 0.8 
atmospheres and the temperature is 30® F, if the amount of gas remains the 
same? Ans. 231.1 cubic yards. 

4 . A cylinder contains 200 cm'* of an ideal gas under a pressure of 56 crri of 
mercury at a temperature of 20® C. It is compressed to 40 cm'*, when the 
pressure is found to be 300 cm. What is the final temperature? Ans. 41® C. 

6 . A mass of 250 g of air at 0® C and atmospheric pressure is compressed 
into a container of 50 1 with a final temperature of 40® C. What is the result- 
ing pressure? Ans. 4.4 atmospheres. 

* 6 . A piston weighing 8 kg arul sliding without friction in a vertical cylin- 
der 18 cm in diameter rests upon an air cushion which it has compressed to 
occupy a space 30 cm long. The air is then heated 200® C above its original 
temperature of 0®. Calculate the pressure below the piston (assuming normal 
atmosphere above), the volume after heating the air, and the work done. 
Ans. 1,044,100 dynes/cm'^; 13,230 cm^; 584 joules. 

7 . Calculate the mass of air in a room 3 X 4 X 6 m at 30® C and a pressure 
of 72 cm of mercury. Ans. 79.47 kg. 

8 . The barometer reads 32 cm of mercury on the top of a high mountain, 
and the temperature is —20® C. What is the percentage of the density of 
the air to its demsity at sea level under normal conditions (0® C and 76 cm)? 
Ans. 45.4 per cent. 

* 9 . Calculate the value of the constant r for nitrogen and oxygen when 
pressures are measured in bars and specific volumes in cm'* per g. Ans. 
ro = 2.597 X 10«; fn = 2.959 X 10«, 

* 10. Calculate the energy in a cubic centimeter of oxygen at 0® C and 
standard pressure. Ans. 0.253 joule. 



CHAPTER If) 

Heat Measurements 

206. Quantity of heat. As was proved in the last chapter, tempera- 
tiir(‘ depends upon th(‘ mean kinetic energy of the molecules of a gas, 
but in solids and liquids the motion of the molecules must also 
determin(^ th(dr tem])('rature in some way not yet explained. How- 
ever, if w(^ add up all the kinetic eiu^rgies of all the molecules in a 
body, we arrive at a quantity very different from temperature, for 
the latt(‘r is not khu’tic energy at all, but only depends upon or is 
determined by it. This sum of all the molecular kinetic energies 
(ionstitutes qumdity of heat, while temperatun^ is only an index of 
the level at which this energy exists, just as a n^servoir may contain 
a million gallons of water at a level either of one hundred or of two 
hundred feet above th(‘ town it supplies. 

206. Units of heat quantity. Since heat has been fully demon- 
strat(id to be a form of (energy, it might seem reasonable to measure 
it in (Tgs. Indeed, this can be done, as we shall see, but for practical 
rc'asons, a unit based directly upon purely thermal or calorimetric 
methods of measurement, is much more convenient. 

In the e.g.s. system, this unit is the calorie, which is defined as 
the amount of heat required to raise one grain of water from 15° to 16° 
centigrade. This interval is chosen because it is equal to the average 
value per degree taken over the range from freezing to boiling. To 
distinguish this unit from a larger one defined as the heat required 
to raise the temperatun? of a kilogram of water one degree, the smaller 
unit is often called a small or gram calorie, as opposed to the large or 
kilogram calorie. 

In the English system a similar unit exists known as the British ther- 
mal unit, or B.t.u. It is rarely used in working physical problems, but 
is common in power-plant engineering, and is defined simply as the 
amount of heat required to raise one pound of water one degree Fah- 
renheit. Therefore, since a pound equals 453.6 grams, and a degree 
Fahrenheit is 5/9 of a degree centigrade, one B.t.u. = 5/9 X 453.6 == 
252 gram calories. 
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207. Thermal capacity. Everyone knows that it takes longer to 
heat some objects over a fire than others, and that those which take 
the longest to heat take longest to cool off again. It takes longer 
to heat a kc^ttle full of water than onc^ only half full, while the same 
amount of oil can be heated much more rapidly. This means that 
the quantity of heat n'quired to producer a giv(»n change of tempera- 
ture depends upon both th(^ mass and the nature of the substance, or 
the heat required p(*r degree rise of temperature varies as the mass of 
the substance times a constant whose value is determined by the 
nature of the subslanc(‘ heated. This may be expressed as 

If =. - fl)y (1) 

when' H is the heat in calorit's required to raise m grams of the sub- 
stance from C to ^ 2 ° C, and s is a characteristic constant known 
as the specific heat of the substance. 

The product sm of the specific heat and the mass of a body consist- 
ing of a single substance is known as the thermal capacity of the body, 
because it is the heat in calories reciuired to raise the body^s tennpera- 
ture one degree, as is seem by setting — /i = 1 in equation (1). 
This quantity sm is also known as the water equivalent of the body 
for the following reason : If equal quantities of lu'at raises a body and 
a c(Ttain mass of water one degree in temperature, from (1) 

// = siWi X 1° = X 1°. 

But the specific heat of water s^ is a])proximat(dy unity at all 
ordinary temperatures; th('r(*fore 

,simi = 

where is the equivalent mass of water. 

208. Measurement of specific heat. Specific heat is most easily 
measured by comparing the thermal capacity of any substance with 
that of water. This is accomplished by the ‘‘method of mixtures, 
when a certain mass of the substance at a known temperature is 
“mixed” with water at another known temperature, usually lower 
than the first. When two bodies at different temperatures act upon 
each other in this way, one loses heat with a fall of temperature, while 
the other gains it as its temperature rises, the final temperature of the 
mixture being somewhere between the two initial values. Moreover, 
as heat is a form of energy, it is indestructible, as will be explained 
later; therefore the heat lost by one substance (or body) is equal to 
that gained by the other. 



Chap. 16] 


HEAT MEASUREMENTS 


187 


If <3° represents the final temperature of the mixture, then the body 
at the higher temperature falls from to <3°, while the other rises 
from to <3®. Then, equating heat lost by the one to heat gained 
by the other, we have = 772, or 

— h) — U). 

If the colder substance is water, then &*2 = 1, and the specific heat 
of the warmer body is given by 


— <2) 
?ni(ti — ts)* 


from which may be computed in terms of easily measured quan- 
tities. 

This equation enables us not only to detennine the specific heat, 
but if Si is known, to find any one of the five other quantities if four of 
them are given. Thus the final temperature of a specified mixture 
may be calculated, or one of the two masses, or one of the two initial 
temperatures. 

209. Mixtures of more than two substances; Since there is always 
a containing vessel, called a calorimeter (when a solid is immersed in a 
liquid), and other bodies necessar}' for accurate observation, such as 
a stirrer, the heat absorbed or given out by these bodies must be taken 
into account, as well as the fact that tlu? li(iuid is not necessarily 
water. 

In order to do this, the thermal capa(;it> of each article must be 
added to one side of the equation or the other to allow for the amount 
of heat it absorbs or gives out. Thus if the container is of copx^er 
having a mass it absorbs Semdh — k) calories in being heated 
from to tz, where is the water equivalent of the container. 

Wo may then equate heat gained by the liquid, container, stirrer, 
and so forth, to hc^at lost by the bodies put into the liquid, obtaining 

(siMi + ScMc + s.nis + . . .)('?, — k) == + SyTriy + . . .)(^i — h)> 

Then collecting similar terms under the 2 sign, we have X{sm)2 X 
(^3 — <2) = 2 (sm)i X (ti — ^3), where S(m)2 is the sum of the water 
equivalents of all the bodi(^s heated from to <3° and X{sm)i is the 
sum of the water equivalents of everything which was cooled from 
to <8®. Any one of the various quantities represented, such as 
or <1, may then be found, provided all the rest are known. 

210. Specific heats of solids and liquids. In general, liquids have 
higher specific heats than solids, water having the highest value of all. 
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It will be seen from the following table that some metals have values 
as low as three per cent of the specific heat of water, while only a 
few liquids (not metallic) have values as low as forty per cent of that 


Liquids 

/(°C) 

s 

Solids 

Averag(! 

<(°C) 

6- 

Ethyl Alcohol . . . 

0 

0.547 

Aluminum 

0-100 

0.2114 

Methyl Alct)hol 

12 

0.601 

Copper 

0-100 

0.091 

Benzene 

10 

0.34 

Lead 

0-100 

0.031 

Ethyl Ether 

IS 

0.56 

Platinum 

0-100 

0.032 

Glycerine 

18 

1 0.58 

Silver 

0-100 

0.055 

Toluene 

18 

0.40 

Brass 

0 

0.090 

Paraffin Oil 

20 

0.51 

Crown Glass 

10-50 

0.16 

Mercury 

20 

i 

0.0333 

Flint Glass 

Ice 

10-50 

-21-(-l) 

0.12 

0.502 


of water. The nec(^ssity for giving the tc^mperatures in the above 
table arises from the fact that specific heats are not constant, but in 
almost all substances increase with the temperature according to the 
empirical formula s = a + bt + ct^ + , . . 

In the case of the various forms of carbon, the change of s with the 
temperature is quite rapid, so that at 200° C, Weber found that 
the specific h(^at of diamond was three times its value at 0°. But 
in the case of most solids, s increases quite slowly until near the melt- 
ing point, when a rapid change occurs, giving a decidedly high(^r 
value as the liquid state is reached. Thus water in its solid state 
(ice) has a specific heat of about 0.5, wliile it is unity in the liquid 
state. The specific heat of lead changes from 0.034 to 0.040, while 
that of tin changes from 0.056 to 0.064 in becoming liquid. 

In general, the specific heat of liquids increases with the tempera- 
ture, though it may decrease at first, pass through a minimum value, 
and then increase as the boiling point is reached. The specific heat 
of mercury is 0.0335 at 0° C, 0.0327 at 100°, and continues to de- 
crease slightly to a minimum value at 140°, after which it increases 
steadily. 

211. Specific heat of water. Because of its great importance in 
calorimetric measurements, the specific heat of water at various 
temperatures has been determined with great precision. The results 
are shown approximately in the accompanying curve (Fig. 11), which 
is based on the calorie defined as the average thermal capacity of water 
over the range between freezing and boiling. There is a minimum of 
0.9971 near 40°, and the specific heat is exactly 1 at 15?5 and again 
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near 70°, so that the total heat represented by th(^ diagonally ruled 
area (s > 1) should equal the heat represented by the vertical 
shading (s < 1). 



212. Law of Dulong and Petit. It is natural to inquire whether the 
specific heats of the elements follow any general law connected with 
their properties as atoms. Following an investigation with this in 
view, the French physicists, Dulong and Petit, in 1819 announced 
the law that the product of the specific heat by the atomic weight is the 
same for all elementary solid substances. This product averages 6.38 
at room temperature for 32 substances, ranging between 5.7 and 6,76. 
But carbon, boron, and silicon (related elements) are exceptions. 
Carbon, in its allotropic form known as graphite, has a product of 
only 2.39. These exceptions, however, approach the normal atomic 
heat of 6 as their temperature rises, because their specific heats rise 
with the temperature. Diamond (a form of carbon) reaches this 
value at 980° C. 

The meaning of this law is that the atoms of the elementary sub- 
stances have nearly equal specific heats at ordinary temperatures. 
This can be shown as follows: If a is the atomic weight of an element, 
it is also the weight of a gram atom; therefore sa is the heat required 
to raise one gram atom through one degree. It is called the atomic 
heat of the element. This quantity is nearly constant, as we have 
seen, and if divided by Avogadro^s number N, the quotient is the 
specific heat of the individual atom, which is therefore nearly con- 
stant also. 

213. Specific heats of gases. When a body is heated under atmos- 
pheric, or any other pressure, its expansion involves work. This, 
however, is so small for solids and most liquids that its effect on the 
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specific heat may be ignored. But in the case of gases, the effect is 
very marked and results in a variable specific heat according to the 
method of heating. There an', two especially important ways of 
heating a gas: om^ when the volunn^ is kept constant by enclosing 
the gas in a rigid container, and the other when it is kept at constant 
pressure, as in Regnault’s constant-pressure gas thermometer. 

When a gas is heated at constant volume, the heat supplied to it 
does nothing but inen^ase the mean kim'tic energy of the molecules, 
and thereby raises its temperature. But when it is allowed to expand 
as a result of this increased thermal energy, it do(\s work against the 
opposing constant pressure. Then'fore the heat supplic'd is turned 
partly into mechanical work, and in order to produce the same 
change of temperature as before, a greater amount of heat must be 
supplied, and it follows that the specific heat Sp at constant pressure 
is greater than Sp at constant volume. 

The ratio of th(^ specific heats, usually represented by the Grec'k 
letter y (gamma), is about 1.66 for gases like argon and mercury 
vapor whose molecules consist of a single atom. It is 1.4 for gases 
whose mohicules an^ composed of two atoms, like oxygcai and nitrogen, 
the chief constituents of air, while it falls to around 1.33 for gases 
whose molecuh^s are made up of three atoms, and still lower for 
polyatomic vapors like that of alcohol. The value for air, deter- 
mined with great care because of its obvious importance, is 1.4029. 

214. Banetic theory of the specific heats of gases. It was shown 
in Article 147 that when a gas (expands through a volume Av at 
constant pressure, the work done is pAv. This may be written 
W = p(v 2 — Vi)j where Vi and V 2 are the specific volumes before and 
after expansion, and W is the work done by a gram of the gas. Such 
an expansion implies a ris(^ of temperature to maintain p constant; 
therefore, using equation (1) of Article 204, we hav(^ 

W = p{v 2 - vO = It{T 2 - T,)/w. 

Then if the rise of temperature is one degree, Ta — = 1 and 

Wi = p(V2 — V]) = R/w, (1) 

In Article 213 it was explained that the specific heat at constant 
pressure is larger than that at constant volume because of the external 
work done by the expanding gas; therefore if one gram of gas is heated 
one degree and expands against a constant pressure, the work done is 
due to the excess thermal energy represented by the difference of the 
specific heats measured in calories per gram per degree. This may be 
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converted into mechanical energy units by a factor to be more fully 
explained in Chapter 20, and we may write Wi (ergs) = J( 6^— sj, 
where J == 4.185 X 10^ ergs per calorie. Combining this with (1) 
above, we have 

J{8p — s^) = R/w. ( 2 ) 

If a gram molecuh^ of a gas is hc^ated within a rigid enclosure (v con- 
stant) from 0° K to K, no cxUrnal work is done, but ws^T calories 
or Jwsjr ergs of h(‘at must liavc^ Ix^en suppli('d in the form of internal 
energy, shown by tlu^ rise of temperature. That is, 

= J8,wT, 

where is the internal (energy at T. But by (?quation (3) of Arti- 
cle 204, Th('r('fore, equating these values of w(i 


obtain 

./.s'e. = IR/Wy (3a) 

and = 3r/2,/, or = SR/2Jy (35) 

when^ S denotcjs the spiHnfic heat of a gram molecule. Eliminating 
between (2) and (3a), w(' obtain 

Jsp = IR/w, ( 4 ) 

and dividing (4) by (3a), we have 

= 7 = if = 1.66, (6) 


which was stated as an experimental fact, in Article 213. Thus the 
kinetic theory of gases composed of ideal, perfectly elastic particles 
has led us to obtain tlu* observed value of the ratio of the specific 
luiats of a monatomic gas. This ratio for diatomic gases, calculated 
in a similar maimer, is 1.4. 

The specific heat of a gram molecule of an ideal monatomic 
gas is readily computed by substituting in (35) the numerical values of 
R (see Article 204), and of J (4.185 joules per calorie). The result is 
(3 X 8.313)/(2 X 4.185) = 2.979, which is a theoretical constant for 
all such gases. The calculated value of for diatomic and poly- 
atomic gas shows a steady increase with an increasing number of 
degrees of freedom. 

In the case of thos(^ solids whicl) may be regarded as monatomic, 
the atom is thought of as vibrating about a mean position of rest 
with a continual exchange between potential and kinetic energy 
as with a swinging pendulum. The mean values of these forms of 
energy are equal to each other in such systems. Therefore the 
total energy is twice the kinetic, or = 2{^RT) = 3RT, and the 
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heat capacity of a gram atom, or the atomic heat, is twice that of a 
monatomic gas. It is given by ~ 3R/J = (3 X 8.313)/4.185 = 5.96, 
which is near the average of the values on which the law of Dulong and 
Petit was based. 

Density and Specific Heats of Gases 
(normal atmospheric pressure) 



Density (0°C) 
(grams per liter) 

Sp 

(at 20° C) 

- 

Sp 

(at 20° C) 

Air 

1.293 

0.2417 

0.1724 

Carbon Dioxide 

1.977 

0.2020 

0.155 

Hydrogen 

0.0899 

3.39 

2.40 

Nitrogen 

1.2507 

0.246 

0.177 

Oxygen 

1.4290 

0.220 

0.157 

Ammonia 

0.7708 

0.518 

0.385 


216. Quantum theory of specific heat. The classical theory of 
specific heat outlined alx)ve does not account for the experimental 
fact that specific heats decrease progressively as the temperature 
approaches the absolute zero. In order to explain the observed facts, 
Einstein made use of Planck^s quantum theory. According to this 
theory (more fully discussed in Article 537) atoms or molecules can 
absorb or give up energy only in definite amounts called quanta. 
Thus the flow of energy is not continuous, but in steps, like a flight 
of stairs. On this assumption Einstein developed expressions for 
the average molecular energy and the specific heat of a gas at con- 
stant volume at a given temperature. Both expressions depend upon 
the quantity e/kT where € is the energy of a quantum and k is Boltz- 
mann’s constant R/N- If T is large, e/kT is small for usual values 
of 6, and the average molecular energy approaches kT/2 for each 
degree of freedom in accordance with the kinetic theory, as explained 
in Article 204. Also when T is large, the specific heat of a monatomic 
gas at constant volume approaches 3rl2Jf as in equation (36), Article 
214. But if T is small and e is constant, the calculated specific heat 
decreases with falling temperature, and becomes zero when T =0, 
as indicated by experiment. 

Einstein’s theory further shows that when T = c/fc, a gas having 
more than one atom per molecule begins to behave like a monatomic 
gas with a corresponding decrease of specific heat. This was shown to 
be the case by Eucken in 1912. He found that at —233*^ C the specific 
heat St, of a gram molecule (2 grams) of hydrogen falls to 2.98, though 
its value at 20® C is 2 X 2.40 = 4.80. The temperature at which 
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this change takes place is called the characteristic temperature, de- 
noted by 0. Solids as well as gases have such a. temperature when 
the molecular heat begins to fall below Dulong and Petit’s average 
value of 6.38. The higher the characteristic temperature, the smaller 
the specific heat at lower temperatures. Diamond has an exception- 
ally high 0, 1860® K, and at 20® C its specific heat S is only 1.4, 
while at — 230° it is practically zero. With lead, on the other hand, 
0 is 90® K, and its molecular heat at room temperature is 207 X 0.031 
= 6.42, which agrees closcily with Dulong and Petit’s value. 

Thus the quantum theory accounts for the observed facts much 
better than tlui older kinetic theory, though it is not very satisfactory 
near the absolute zero. A still more recent theory due to Debye 
works better at extremely low temperatures. The theory is partly 
based on the assumption that when T is very small the specific heat 
varies as This is known as ^‘Debye’s Law.” 

SUPPLEMENTARY READING 

C. H. Draper, Heat (Cluij). 7), Blackic <k Sous, London, 1911. 

PROBLEMS 

1. How many calories are required to heat 45 g of mercury from —20® C 
to +60° C? Ans. 119.9 calories. 

2. A block of copper rises in temperature frorn 20° to 80° when it absorbs 
4000 calories. How much does it weigh? Ans. 732.6 g. 

3. A mass of 480 g of a solid substance at 100° C is place<l in a bath of 
200 cm® of water at 20° C. The copper calorimeter which contains the water 
weighs 80 g. Tlie final temperature of the mixture is 37f4 C. Calculate 
the specific heat of the substance. Ans. 0.12 calories per gram. 

4 . A mass of 300 g of lead at 100° C is plunged into a bath of 100 cm® of 
glycerine contained in a 40 g aluminum calorimeter at 0° C. What is the 
resulting temperature? Ans. 10?2 C. 

6. A piece of red-hot platinum weighing 25 g is plunged into 80 cm® of 
water at 20° C in a crown-glass beaker weighing 90 g. The final temperature 
is 30°. What was the temperature of the platinum? Ans. 1210° C. 

6. How much water at 96° C should be added to 200 cm® of ethyl alcohol 
at 18° C to bring the temperature up to 60° C, allowing 14 g for the water 
equivalent of the vessel which contains the alcohol? Ans. 117 g. 

7. A piece of brass, weighing 300 g, at 100° C, is dropped into 285 g of water 
at 10° C contained in a vessel weighing 150 g and of 0.1 specific heat. The 
final temperature is 17?3 C. Find the specific heat of this sample of brass. 
Ans. 0.0^^ calories per gram. 
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Change of State 

216. What change of state means. There are three so-called 
states of ordinary matter: solid, liquid, and gaseous. We have so far 
been concerned only with matter regarded as permanently in one of 
these three conditions. But as all the elements and most of the chemi- 
cal compounds may exist in any one of the three states under suitable 
conditions, their behavior in passing from one .state to another is of 
great importance. This process in general is called change of state, 
and may mean the change from solid to liquid (or vice versa), liquid 
to gas (or vice versa), and solid to gas or gas to solid without the 
appearance of the liquid state. 

217. The melting point. When a substance changes from solid to 
liquid, the proce.ss is called fusion, or melting, while the reverse 
process is known as solidification or freezing. Solids of a crystalline 
character cliange to the liquid state at a very sharply defined tempi'ra- 
ture called the melting point, and some of tho.so temperatures are 
known so accurately that they servo as “fixed points” by means of 
which thermometers may be calibrated ov(‘r ranges quite outside th(i 
interval between the fix^ points of freezing and boiling water. 

Noncrystalline or amorphous (formless) solids do not melt at any 
definite temperature, but gradually soften and liquefy as they grow 
hotter, like glass, paraffin, gelatine, and so forth, so that it is impos- 
sible to say at just what temperature they became liquid. 

Freezing of crystalline substances takes place at the same tempera- 
ture as melting, provided they crystallize in the process. If they do 
not, as is the case with some substances normally crystalline in the 
solid state, their solidification is a gradual process at no definite 
temperature, as in the case of amorphous bodies. 

Some of the more important melting points which may be used as 
standard temperatures are given in the following table: 


Substance 

Melting Point 

Substance 

Melting Point 

Mercury 

-38?87 C 

0“ 

231f84 

320?9 

Zinc 

419?4 C 

630° 

801° 

1770° 

Water 

Antimony 

Tin 

Sodium Chloride . . . 
Platinum 

Cadmium 




194 




Chap. 17] 


CHANGE OF STATE 


195 


218. Change of volume during fusion. Most substances expand 
when they change from solid to liquid, or, conversely, contract in 
freezing, but the fact that ice floats with about 10 per cent of its bulk 
out of water shows that it must have expanded in the process of freez- 
ing and that water is an important exception to the general behavior. 
This expansion, which occurs in the case of only a few other sub- 
stances, results in water pipes bursting when they freeze, and in the 
breaking up of rocks in winter by the formation of ice in minute cracks 
where water has penetrated them. Cast iron, bismuth, and the alloy 
known as type metal have the same property of expanding during 
solidification. This is most desirable in making castings, for it causes 
the molten metal to fill the mold cornplfitely during solidification. It 
shrinks afterward in the process of cooling, but still retains the exact 
form of the mold, though with smaller volume. To allow for this 
final decrease, the wooden models used in forming the molds for iron 
castings are built with the use of a '‘shrink rule'' whose foot and inch 
divisions are larger than they should be, so that the final result is a 
casting reproduci ng 
the model in form and 
of the desired size. 

The succession of 
volume changes just v 
referred to may bo 
shown graphically for 
the two types of sub- 
stances, as in Fig. 12. 

Here (a) shows the 
behavior of the more 
usual substances befon^, aft<.‘r, and during fusion, while (6) shows 
that of those which contract during fusion, such as water. In both 
cases, solid and liquid expand with rising temperature (except water 
between 0° and 4°), but the abrupt change during fusion is upward 
in one case, and downward in the other. 

It is interesting to note that not only does the volume change in 
the process of melting, but the vapor pressure and electrical conduc- 
tivity as well. The conductivity increases abruptly in those substances 
which contract in melting, and decreases in those which expand. The 
metal zinc, for instance, is mon^ dense in the solid than in the liquid 
state, and has just half as much conductivity after it is melted. 

219. Change of the melting point due to pressure. The exact 
temperature at which melting or freezing occurs depends upon the 
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pressure exerted upon the body during the process. The values given 
in the preceding table assume normal atmospheric pressure, but if the 
body is subjected to a pressure of many atmospheres, the tempera- 
tures would be raised in the case of those which contract on freezing, 
and lowered in the case of substances like water, which expand. 

A little consideration shows that this effect is almost to be expected, 
because pressiire tends to reduce volume, and this should facilitate a 
process involving shrinkage, while it might equally be expected to 
make change of state more difficult when the substance expands in the 
process. Thus when ice melts it contracts, and pressure makes the 
process easier, resulting in its occurring below the normal t(?mpera- 
ture. On the other hand, rocks expand during fusion, so that pressure 
resists the process and raises their melting 
point. We may then mak(i the general state- 
ment that pressure favors the state of smallest 
specific volume^ and consequently shifts the 
melting point in the direction of larger volume. 

Ice at 0^^ may be melted by the pressure exerted 
by a fine wire passing over it with weights at its 
ends, as shown in Fig. 13. The ice immedi- 
ately under the wire melts and, as water, passes 
around the wire to be frozen again above it 
under reduced preKSsure. Thus the wire passes 
slowly through the block of ice, leaving it as solid as it was before. 

As will be explained later, the melting process involves an absorp- 
tion of heat tending to lower the temperature of the water formed 
under pressure, but above the wire, where it freezes again, this heat is 
released and flows back across the wire to help in melting some more 
water. Consequently, a wire of high thermal conductivity like copper 
cuts its way through the ice fast(jr than one of lower conductivity, 
provided both have the same diameter and exert the same pressure. 

The pressure under the wire may be roughly calculated if we know 
the diameter, d, of the semicircle in which it soon forms itself, and 
its own sectional diameter. The product of these two quantities 
gives the effective area upon which the force 2Mg acts. If M is 
1 kg, d 10 cm, and the sectional diameter 0.05 cm, the pressure is 
given by 

2000 X 980 onov. , 

0.05 “ ^ dynes/cm*, 

or nearly four atmospheres. As one atmosphere lowers the melting 
point 0.0076 degree, the result is a lowering of about 0.03 d^ee. 
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The motion of glaciers under the tremendous pressure to which 
their lower portions are subjected is at least partly due to this phe- 
nomenon, while the liquefaction of rocks in forming lava under 
reduced pressure represents the reverse case. One theory of volcanic 
eruptions accounts for lava flows by supposing the rocks at a great 
depth to be at a temperature high onougli to melt them under ordinary 
conditions, but that the pressure of the strata above keeps them in the 
solid state. If this is relieved by a slipping, or other readjustment of 
the earth’s crust, the rocks melt, and their increased volume in the 
liquid state finds an outlet by way of a volcano. 

Under enormous pressures water freezes into several different sorts 
of ice, some of tlumi d(mser than water. Ice of such character is 
harder, instead of easier, to molt under pressure, so that its melting 
}X)int is raised. Professor P. W. Bridgman of Harvard University, 
who has examined the effects of enormous pressun^s on a great variety 
of substances, finds that under a pressure of nearly twenty thousand 
atmospher(»,s, the abnormal ice just mentioned must be heated to 
76° C to melt it. 

220. Heat of fusion. If a jar containing ice and water is placed 
on a stove, the ice begins to nuJt and this process continues until th(^ 
mixture is wholly liquid. If the contents of the jar are well stirred 
while the melting contin\u\s, a thermometer placed in the water 
rc'gisters exactly zero, and does not begin to rise until the ice has 
disappeared. Evidently the heat which was supplied has done 
something quitch different from its usual eff(^ct of raising the te^mpera- 
turc of the body being lu^atcxl. The energy of the heat thus supplied 
to change a body’s states from solid to liquid has been utilized in 
changing the molecular structure of the body, by giving the molecules 
the greater mobility which they exhibit in the liquid state. The 
amount of heat necessary to change one gram of a substance from the 
solid to the liquid state at constant temperature is designated by the 
letter L and has long bc^en knovrn as the latent heat of fusion. But it 
is now considered better to call it simply the heat of fusion without 
using the word “latent.” 

In the reverse process, L calories must be withdrawn from the 
liquid at the frtx^zing point to transform it into the solid state at the 
same temperature. Thus, since heat flows into a body when it melts, 
fusion tends to cool surrounding objects. The stove on which the 
ice is melted is kept cooler during the process than it would have been 
otherwise. Similarly freezing is a heating process, because heat flows 
out of a body while freezing is going on, and tends to maintain its 
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surroundings at the freezing point when they might otherwise become 
much cooler. 

We can now understand why the water formed from ice melted by 
pressure tends to be cooled. The heat of fusion must be supplied 
from somewhere, and if no external heat is available, the liquid prod- 
uct of the fusion itself supplies the needed calori(‘S, and is cooled in 
consequence. 

As an example of the reverse process, a tank of v/ater in an uuheated 
(cellar in winter maintains the temperature at the freezing point until 
it is frozen solid, because it is constantly giving off heat of fusion to 
its surroundings. 

221. Value of heat of fusion. It re'qiiires 79.6 calories to change 
one gram of ice at 0° C to water at the saints temperature, though in 
most calculations 80 calories is sufficiently accurate. The values of L 
in calories per gram for some other substances are given in the 
following table: 


Elenirnts 

/ (°C) 

L 

Compounds 

t (“C) 


Aluminum 

657 

77 

Ammonia 

-75 

108 

L«*ad 

327 

6 

Sulphuric A(;id .... 

10.3 

24 

Mercury 

~39 

3 

Benssene 

5.4 

30 

Silver 

960 

21 

Acetic Acid 

16.7 

43 

Tin 

232 

14 

Glycerine (pure).. . 

18 

1 

48 


Heats of fusion are frequently measured by the method of mixtures. 
In this case, in addition to the heat of the body gained or lost in its 
solid state, a similar item for its liquid state must be introduced, and 
a third involving the heat of fusion. Thus if represents the 
water equivalent of the calorimeter and its contents, nij, the mass 
of the body under examination, and Si its specific heats as solid 
and liquid, and L its heat of fusion, then 

2:(sm) X {h - k) = + Lm^ + - ^ 3 ), 

where is the temperature of the melting point. This assumes 
that the body x was at first liquid at a higher temperature k than the 
calorimeter. Then it would have to be poured into a container im- 
mersed in an oil or water bath whose original temperature was < 2 , 
and lower than its final temperature U- 
However, the measurement may be made the other way; for exam- 
ple, by putting a piece of ice into a bath of water, and noting the 
final temperature. If the ice was originally at ti below zero, its 
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absorption of boat up to 0° must b(» allowcnl for, and the equation 
becjomes 

2)(,m) X (^2 — h) = fitnitiO — ( — + Lffti + ““9), 

wliere the subscripts i and w indicate the state, and when^ the final 
temperature of tiie calorimet(‘r, is lower than the* initial temperatun* 
t 2 . Either of thes(j equations is (easily solved for L, so that it may 
be calculated when all tlu^ other quantities are known. 

222. Supercooling. Liquids which crystallize on freezing may be 
cooled below their normal freezing points, provided thc^y are 
k('pt very still during the process. Fahrenheit, who first discovered 
this fact, seal(‘d water in a glass bulb Ix^fon^ cooling it, and Gay- 
Lussac cooled water to — 12"^ Q) without tlu^ formation of ice, by 
covering it with a layer of oil. A sudden disturbance of the super- 
cooled liquid, however, or the introduction of a crystal of the solid 
substances, results in sudden freezing. 

When a supercooh'd liquid fn^ezes, the heat of fusion warms the 
whole mass till it r(»aches the normal melting point. Then the 
process of solidification ceases, with both solid and liquid states in 
(equilibrium with each other. Or if the initial temperature is sufR- 
ciently low, the entire mass may be frozen. 

Sinc(^ prc'ssure tends to produce solidification of most substances, 
(certain supercooled liquids may be frozen with a sudden evolution 
of heat by subjecting them to an increased pn^ssure. A solid like 
sodium hyposulphite, which normally melts at 49?5 C, may be 
supercooled to room temperature and kept indefinitely in the liquid 
state, but if compress(id, the mass solidifi(^s with an evolution of heat, 
and the temperature rises once more to th(^ melting point. Thus 
part of th(* heat which was supplied when the compound was first 
melted remains in the form of unstable potential energy ready to be 
released as the kinetic energy of heat, when dcisircd. 

223. Vaporization. The transformation of a liquid into the gaseous 
state is called vaporization, and the product is called a vapor. This 
is because gases near the point of liquefaction deviate so far from the 
laws of Boyle and Charles that they are given a different name to dis- 
tinguish them from the same substance at a much higher tempera- 
ture. If this process occurs only at the free surface of the liquid, it is 
called evaporation, but if it takes place all through it, the liquid is said 
to boil. The reverse of these processes, when the vapor becomes 
liquid, is called condensation. 

It is also possible for a solid to pass directly into the gaseous state 
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without first becoming liquid. It is then said to sublimey and the 
process is called sublimation. 

224. Evaporation. The molecules on the free surface of a liquid 
have more latitude of motion than those in its interior, and are con- 
stantly escaping into the space above it, away from the forces of 
cohesion which hold them back. This tendency increases with the 
temperature, which indicates a gain of kinetic energy and a higher 
probability of escape. The pressure exerted by these escaping mole- 
cules is exa(;tly like that of a gas within a container, and is known 
as vapor pressure. If it is in excess of the pressure of the same vapor 
in the space immediately above the liquid, the process of evaporation 
continues. But when these pressures are equal, as many molecules 
return per s(^cond to the liquid as are leaving it, and evaporation 
ceases. This state of things is knowm as statistical equilibrium, as 
in a town when the birth and death rates are equal. If this is true, 
the total population remains constant, though th(i individuals change. 

If the space above the liquid has a greater vapor prt^ssurc than the 
liquid itself, more molecules enter than leave the surface, and con- 
densation takes place. 

The exact conditions which determine these processes will be 
explained later, but enough has been said to account for the general 
mechanism of tliis kind of change of state. 

226. Boiling. In order to boil, the liquid must form vapor all 
through its mass. But vapor tends to occupy a much greater volume 
than the same mass of liquid. This means that the vapor has to 
push the liquid aside and form bubbles. But bubbles within the 
liquid are subjected to the atmospheric pressure acting on its surface 
plus the pressure due to the liquid itself at the depth where they are 
formed. Therefore if a bubble is to form, the vapor pressure (or 
vapor “tension^’) within it must exceed the total pressure at that 
point. As soon as this occurs, the vapor is disengaged all through 
the liquid, and the resulting bubbles rise and burst at the surface, 
so that vaporization is much more rapid than is possible when it 
occurs only at the free surface. 

226. The boiling point. The temperature at which the vapor 
pressure of the liquid just equals the pressure on its surface, 
is known as the boiling point. This differs widely with different 
liquids, and of course varies with the pressure. If the pressure over 
the liquid is lowered by an air pump, or by ascending to altitudes 
where the barometer stands lower than at sea level, the liquid boils 
at a lower temperature than its normal boiling point under a standard 
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atmosphere. On the other hand, liquids in a boiler under pressure 
boil at a higher temperature than their normal boiling points. 

The boiling points under normal atmos- 
pheric pressure of a numlx^r of liquids 
whose values are known with precision, 
are given in the a(^companying table. 

These are obtained from the temperature 
of the vapor just ov(*r the boiling liquid, 
because the liquid itself at points below 
the surface must be at a slightly higher 
temperature in order to form bubbles 
under a pressure a little greater than on 
its free surface. 

227. Superheating. When a liquid in a glass jar is brought gradu- 
ally to a boil, it is often noticeable that the bubbles S(»em to originate 
from certain particular points of the container, and if a few grains 
of sand are thrown in they are s(^en to act as nuclei for the formation 
of th(^ vapor, and so greatly facilitate the process of boiling. These 
centers are either minute air bubbles adlniring to the glass, or specks 
of dust, or other impurities, and it can be shown that without their 
aid the formation of a bubble in the liquid is much more difficult. 

Now suppose a liquid has Ixh^u freed from impurities and previously 
boiled to get rid of all dissolved air; then after cooling, it may be 
heated in a clean and smooth receptacle above the boiling point with- 
out ebullition taking place. In this way water may be superheated 
to 137° C before Iwiling begins. But then it takes places with the 
explosive violence which is called * ‘bumping.^’ 

Even without especial precautions water may fail to boil at exactly 
100°, provided it has been boiled before, and when this delayed 
boiling finally takers places at a few degn^es above 100°, the resulting 
bumping may throw some of the water out of the boiler. A spoon 
is sometimes put into a jar of water to prevent this effect, but the 
introduction of some porous substance like charcoal is the surest 
preventive of superheating. 

228. Heat of vaporization. The change of state from liquid to 
vapor requires a large amount of energy which must be supplied in 
the form of heat, just as in the case of fusion. But vaporization is a 
more radical change than fusion, not only in giving the molecules a 
much greater freedom of motion, but also in separating them jnuch 
more widely. Therefore, as we should expect, the heat of vapori- 
zation is in general much greater than that of fusion. The heat of 


Substance 

Boiling 

Point 

Oxygon 

-183® C 

Ammonia 

-38°5 

Ether 

34?6 

Alcohol 

78?3 

Glycerine 

290® 

Mercury 

356?7 

Zinc 

907® 
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vaporization, designated by L, is the number of calories required to 
evaporate one gram of a liquid ai constant temperaturCy and it varies 
with the temperature at which the vaporization takes place. 

According to Henning, the heat of vaporization of water is given 
approximat(‘ly by L = 538.86 + 0.5994(100 — t), for a range be- 
tween 30° and 100° C. Therefore if t = 100°, the heat required to 
evaporate one gram of wat('r at that temperature is 538.86 gram 
calories, though 540 is a more recent value. If Henning’s formula is 
assumed to hold good at 0°, th(^ heat required at that temperature 
is about 599 calories. It is actually about 596. 

The energy represented by L, as has been stated, gives the mole- 
cules greater freedom, and increases the volume they occupy when 
the liquid becomes a vapor. In the case of water boiling at 100°, 
about one thirteenth of the h(?at of vaporization is concerm^d in the 
work required to overcome the external pressure, while the remainder 
increases the intrinsic energy of the substance in giving the molecules 
greater freedom of movement. The former item disappears under 
zero pressure, which would seem to mean that L should then be less 
than before. This is contrary to fact, however, for under zero pres- 
sure, water boils very close to zero degrees, and L = 596 calories 
per gram instead of 540 when under atmospluTic pressure. This 
apparent contradiction is explained as follows: The gain in eliminat- 
ing the work done against the atmosphere is more than offset by the 
great increase in the change of intrinsic energy when cold wat(^r is 
vaporized, above that involved in vaporizing hot water. 

The following table gives in calories per gram the heats of vaporiza- 
tion, under atmospheric pressure, of some of the more familiar liquids, 
as well as of substances normally in the gaseous or solid state. 


Substancr. 

Temperature (°C') 

Heat of Vaporization 
(Calories per gram) 

Water 

100 

540 

Ammonia 

-38.5 

341 

Alcohol (ethyl) 

' 78.8 

208 

Ether i 

34.6 

91 

Hydrogen 

-253 

108 

Air (liquid) j 

-196 (Na) 

51 

Mercury 

356.7 

68 

Sulphur 

316 

362 


229. Condensation. If heat must be added to vaporize a liquid, 
it must be withdrawn to liquefy a vapor. The amount required per 
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gram is the same either way for bodies with fixed boiling points, so 
that when one gram of steam at 100° condenses to water at 100°, it 
gives out 540 calorics of heat. This principle is made use of in steam 
heating systems where the steam condenses in the radiator and gives 
up large amounts of heat in so doing. 

230. Cooling by evaporation. When a liquid evaporates, the en- 
ergy required by the transformation is withdrawn from its surround- 
ings, which are cooled in consequence, unless heat is supplied at the 
same tim(\ The cold sensation of the skin when wet, especially in a 
current of air, is diu^ to evaporation of the water, while a volatile 
liquid like ether held in the hand may feel painfully cold because of 
its rapid vaporization. 

In hot climates water is kept in porous earthenware jars, so that it 
“sweats” through thc^m and evaporates from the outer surface, thus 
(iooling the entire contcaits, while perspiration is nature^s method of 
lowering the t(‘mperature of the body, even below that of the sur- 
rounding air. 

231. Joly’s steam calorimeter. One of the most sensitive and 
accurate calorimeters was designed by Dr. Joly in 1886. It makes 



use of the condensation of steam and consequent liberation of heat 
of vaporization to determine specific heats. The essential principle 
is that a body of mass M at a temperature t low^er than 100° C, when 
surrounded by saturated steam at the boiling point, causes some of 
the steam to condense over its surface, thereby increasing its apparent 
weight. The amount m of water condensed multiplied by the heat 
of vaporization L gives the heat lost by the steam. This is equal to 
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the heat gained by the body in having its temperature raised to 100®. 
Therefore mL = Ms(100 — 0, where s is the specific heat required. 

The main features of the apparatus are shown in Fig. 14. The 
substance whose specific heat is to he measured is placed in a pan P 
and steam from the boiler B is admitted by the valve A, with D 
closed, into the calorimeter C. The increased weight is found by 
adding weights to the pan R first with P empty and then with the 
object added. The difference in the two weights of water condensed 
is due to the object. 

232. Sublimation. Certain solids under ordinary conditions pass 
directly into the gaseous state, that is, sublime, or may be made to 
do so by heating them. Camphor is a familiar substance having 
this property, for it remains perfectly dry while giving off the vapor 
used in protecting woolen fabrics from moths. Its mass steadily 
diminishes during this process, but if kept in a tightly closed vessel, 
the vapor may be condensed to form solid camphor again, just as 
ordinary vapor condenses to a liquid on being cooled. 

Iodine and mercuric chloride (corrosive sublimate) are other sub- 
stances which evaporate directly from the solid state when heated 
under ordinary atmospherics conditions. Even ice and snow evap- 
orate at temperatures below freezing, and solid carbonic acid (now 
marketed as ^^dry ice’^, when exposed to the atmosphere, passes 
rapidly into the gaseous states without liquefying. 

We shall see later that many other substances may be made to 
sublime under unusual conditions, while on the contrary, those 
named above may be liquefied by heat, provided the pressure exceeds 
a certain minimum value higher than that of normal atmosphere. 

SUPPLEMENTARY READING 

C. H. Draper, Heat (Chap. 8), Blackie & Son, London, 1911. 

P. W. Bridgman, The Physics of High Pressure ^ G. Bell & Sons, London, 1931. 

PROBLEMS 

1. A lump of ice at 0® C is dropped into 150 cm® of water at 80® C. 
When it is all melted the volume is 196 cm®. If the effect of the calorimeter is 
negligible, what is the final temperature? Ans, 42?4 C. 

2. A piece of ice at —20® C and weighing 57 g is dropped into 220 cm® of 
water at 75® C. The copper calorimeter containing the water weighs 240 g, 
and the final temperature is 43?5. What is the specific heat of the ice? 
Am, 0,50 calories per gram. 

3. Show that the heat of fusion of water is 144 B.t.u. per pound. 
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4. A shower of rain precipitates 6 cm on a frozen lake. The tem{)erature 
of the water is 12® C and that of the ice 0® C. What thickness of ice is 
melted? (The density of ice is 0.917 g/crn^) Arts. 9.8 mm. 

6 . An unheated shed in winter is kept at 0® C by the gradual freezing of 
a tank containing 1000 kg of water. If the shed loses heat through its walls 
at an average rate of 5000 calories jxjr minute, how long can it be kept 
at 0°? Ans, 11.1 days. 

6 . Two weights of 2.5 kg each are suspended by a wire passing over a 
block of ice, as in Fig. 13. The wire has a sectional diameter of 0.02 cm and 
forms a circular arc 8 cm in diameter. How much is the freezing point 
lowered under the wire? Ans. 0?23, nearly. 

7. How much heat is required to raise 240 g of water at atmospheric 
pressure from 20® C, and convert it into steam at 100® C? Arts, 148,800 
calories. 

8 . Calculate the latent heat of vaporization of water in B.t.u. per pound 
from its value in calorics per gram. Aiis, 972 B.t.u. per pound. 

9. How much heat is required to convert one pound of ice at 0® F to steam 
at 212® F? (The specific heat of ice is 0.5.) Ans. 1312 B.t.u. 

10. Steam at 100® C is passed into 344 g of water contained in a copper 
calorimeter at 20® C until its weight has increased 36 g, and the temperature 
is 76?5 C. The calorimeter weighs 120 g. What is the observed heat of 
vaporization? Ans. 535 calories per gram. 

11. Six liters of water at 30® C stand in a porous jar and “ sweat through 
the jar into air at the same temperature, (calculate the latent heat at 30® 
from Henning’s formula (Article 228). Calculate the temperature of the 
water, after 50 cm^ have evaporated, neglecting the effect of the jar itself 
and assuming L constant. Ans, 580.8 calories per gram; 25?2 C. 

12. How many calories are reciuired to evaporate 60 g of water under a 
pressure of 9.2 mrn of mercury? (Use table of Article 235.) Ans. 35,604 
calories. 

13. A boiler containing GO 1 of water at 120® C bursts. How much of the 
water is vaporized? (Take 532 as average value of L.) Ans. 2.261. 

14. The specific heat of air at constant pressure is 0.2417 at 20® C and its 
<lensity is 0.0012 at 20® C and 76 cm of mercury. How much is the air of a 
room, 3 X 4 X 6 m in size, warmed by the condensation of 600 g of steam to 
water at 100° C in a radiator, if losses are negligible? An«. 15?5. 

15. Using Henning’s formula, calculate the amount of heat required to 
bring a gram of water from 80® C to 100® C and vaporize it completely. Then 
compute the specific heat of the steam by setting this result equal to the heat 
required to vaporize the water at 80° and bring the resulting steam to 100® at 
atmospheric pressure. Aws. 558.86 calories; 0.4 calorie j^er gram. (Note: 
This is about halfway between the accepted constant pressure and constant 
volume values of water vapor.) 
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Vapors and Gases 

233. Saturated vapors. When a liquid evaporates into a confined 
spa(?e, the process continues until the vapor pressure within that space 
becomc'S (^qual to the pressure of evaporation from the free surface 
of the liquid. Th(i process then ceases, the vapor is said to be sat- 
urated, and its pressure is added to that of any other vapor or gas 
that may be tlu^re already, as will be explained more fully in Arti- 
cle 236. If now the liquid is heated, its vapor pressure rises, more 
vapor escapes, and the space once more becomes saturated at the new 
and higher tcmperatun^. Thus it is seen that saturation is a relative 
term, and that th(' higher th(‘ temperature, the more vapor is required 
to produce this condition. 

Let us now suppose that the temperature is kept constant, and that 
the confined space above the liquid is occupied by the vapor alone. 

Then imagine that the volume can be either increased 
or decreased, as by a piston sliding in a cylinder, as 
indicated in Fig. 15. If the piston is raised and the 
volume increased, the tendency to lower the pressure 
by expansion is quickly overcome by renewed evapo- 
ration from the free surface of the liquid, while if the 
piston is lowered, the tendency to raise the pressure 
results in condensation either on the free surface of 
the liquid, or on the walls of the enclosure. In 
either (?ase the pressure remains the same, and is thus 
shown to be independent of the volume, though it does depend upon 
th(? temperature which was supposed constant during the process. 

If there is sufficient liquid in the enclosure, so that it cannot com- 
pletely evaporate, neither changes of temperature nor volume can 
alter the final result of filling the space with saturated vapor, which 
is then in statistical equilibrium with its liquid. We may define 
saturated vapor as a gaseous body in equilibrium with its liquid when 
confined within a limited space. 

234. Measurement of temperature-pressure relations. Since the 
pressure of a saturated vapor depends only upon its temperature, it 
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Ls most important to know how it varies witli the temperature. This 
is especially true of steam because of its importance in st(iam engines. 

The classical determination of tii(‘se relations was made by Reg- 
nault, whose apparatus is sketclu'd in Fig. 16. Tht’: coppea* boiler A, 
partly filled with water, has four tub(‘S closed at their 1 ow(t ends, into 
which arc inserted four thermometers whicli arc thus kept from direct 



contact with the liquid, but whose average reading gives its tempera- 
ture. From the space above the water, a brass tube passes to the 
globe JS, which is surrounded by a water bath to keep its temperature 
constant. A water jacket C, through which runs a constant stream 
of cold water, serves to condense the steam as it passes up the inner 
tube. The manometer M shows the pressure in B and A, while a 
tube T equipped with a valve D is connected to an air pump so that 
the pressure within the apparatus may be lowered at will. 

Suppose the pressure has been reduced to 17.5 mm of mercury; 
then if the water is at 20® C, it begins to boil, while the resulting st( am 
is condensed by C, and runs back as water into the boiler. This 
could not continue unless heat were constantly supplied to the boiling 
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water, because the removal of the heat of vaporization tends to cool 
it below 20°, and the condensed steam returning to it may be cooler 
still. If, however, a small flame below the boiler is kept burning, 
the water will boil at 20° indefinitely. The heat thus supplied is 
taken up by the formation of steam and then given ovor to tlu^ 
cooling water in the condenser, when the steam is condensed. Thus 
the water escaping at b is warmer than at a where it enters tlie jacket, 
so that all the calories supplied by th(^ flame ultimately appear in 
the water collected in the tank Ej or are radiated from the boikir and 
tubes. 

To obtain tlu^ vapor pressure corresponding to a temperature 
above the initial one, air may be admitted through tin; valve D. 
This stops th(', boiling at once, but it is resumed as soon as the vapor 
tension of the water in A again equals that of the air above it. New 
readings of th(' manometer and thermomc'tt^rs are then taken, and 
so a succession of points on tlui temperature-pressurci curv(' may 
obtained up to a full atmosphere, or ev(m higher, if tlu^ apparatus is 
designed to withstand high internal pressure, and if an air compressor 
is substituted for the vacuum pump. 

236. The pressure-temperature curve. The results of the pre- 
ceding experiment are shown in the curve of Fig. 17. It does not 
begin quite at the origin because? both ice and water exert a small 
vapor pressure of 4.579 mm at 0°. After that the pressure rises at a 
steadily increasing rate pcfi degree, and at 100°, when the pressure? is 
one atmosph(?re, it is very steep, so that small temperature changes 
make large pressure? changes. The exact values of the pressure? for 
every ten degrees are given bc'low. Steam tables giving these values 

for every degree are available, and 
are of the utmost practical value to 
steam engineers. The relations 
shown by the curve and tables may 
be thought of as representing both 
the boiling points of the liquid under 
the atmospheric pressures assigned 
to them, and also the pressure of 
saturated vapor at the given tem- 
peratures. The first of these two aspects follows from the fact that 
when a liquid boils, its vapor pressure equals that exerted by the 
atmosphere above it. This is the case whether the atmosphere is of 
saturated vapor only, as in an engine boiler, or whether it consists 
of air and vapor combined, as when a liquid boils in an open pot. 


«(°C) 

p in mm 

<(°C) 

p in min 

0 

4.579 

60 

149.2 

10 

9.205 

70 

233.5 

20 

17.51 

80 

355.1 

30 

31.71 

90 

525.8 

40 

55.13 

100 

760.0 

50 

92.30 

110 

1074.5 
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The second aspect applies to saturated vapor pressure, cither with 
or without the presence of an excess of the liquid, and the latter 
need not boil to give off the vapor at a pressure corresponding to its 
temperature. 

Thus saturated steam at 50° has a vapor pressure of 92,3 mm. If 
the atmospheric pressure is greater than this, water prc'sent does not 
boil, but it evaporates with a pressure of 92.3 mm until the space 
above it is saturated. If the 

atmospheric pressure is lowered r- - '' - y 

to this value, the only change is 6ot>n,m / 

that the water now })oils and 7 

gives off vapor more rapidly in z/y/y/v/ 

S 'fOOnttn I / 

consequence. g 

In Fig. 17 the spacci above S y 

the curve is a liquid region ^ ^ 

where the pressures an* too high y 

for boiling at their corn^spond- , 

. . , Tr ii f)** 20'^ 3t>‘’ 40“ . 50 " to*' 70^ 80* wo’' 

mg temperatures. 11 the pres* temperature 

sure and temperature of a Fig. 17 . 

liquid arc given l)y the co- 
ordinates of the ix)int q', and if the vapor above it is saturated, it 
remains permanently in the liquiil state. In the space below the 
curve, only vapor can exist in equilibrium, for the pressure at q" with 
the same t(unperature as at q' is lower than at the boiling point a, 
and liquid then would boil violently and be all conv(!rted into vapor. 
Or we might say that q' represents the liquid state, because the 
temperature is too low for boiling under the existing pressure, while 
q" is in the vapor region because the pressure has been lowered 
below o, where boiling begins without chang(^ of temperature. Also, 
q”' is in the vapor region because the temperature has been raised 
above the boiling point h at the same pre.ssure. 

Saturated vapor, if raised to a temperature higher than that which 
corresponds to its pressure, as indicated by q'" , is said to be super - 
heated. This is the usual condition of the moisture in the air about 
us, for its pressure is usually less than would be required for saturation. 
On the other hand, a lowering of the temperature below that required 
for saturation results in supersaturation, with resulting condensation 
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in fog, dew, and so forth. 

236. Mixtures of vapors and gases. The pressure just referred 
to is only that of the vapor present in the air, and not that of the 
atmosphere as a whole. Variations of the former would affect con- 
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densation or evaporation, while the total pressure influences the 
boiling point only. This statement involves the important principle 
that the vapor pressure may be regarded as distinct from the pressure 
of the air into which the liquid evaporates. Dalton (1766-1844) 
investigated the pressure of mixtures of this sort, and formulated 
two laws, the first of which states that the partial pressures of one or 
more vapors mixed with a gas are the same as if each filled the sparse 
alone; and the second law states that the total pressure is the sum of 
all the partial pressures of gases and vapors present in an enclosure. 

These laws s('em somewhat paradoxical until we recall the fact 
that th(^ spaces between the molecules of a gas are so great compared 
to the volumes of the molecules themselves at ordinary pressures, 
that many more may be introduced without appreciably interfering 
with th(^ motions of those already there. Then if there is no inter- 
ferences, each acts as if the other wen^ not present, while the total 
pressure would be exactly the sum of the pressures exerted by each 
when pix^scnt alone. 

It makes, however, a decided difference whether a liquid evaporates 
into a vacuum or into a space already occupied. It fills the vacutim 
almost instantaneously while it boils with explosive violence. But 
wh(‘n a gas is already there, it takes some time to saturate the space, 
and the liejuid may or may not boil accjording to whether the pressure 
on the free surface is less or greater than its vapor tension. The 
ultimate vapor pressure is the same in either case, and after thci 
space has become saturated, the final pn^ssure is that of the air p^ plus 
the vapor pressure pp, and the total atmospheric pressure P = Pa + Pe- 
lf other gases or vapors are introduced, their partial pressures must 
be added, though each takes a little longer than its predecessor to 
reach saturation. 

It is now more easily understood why a glass of water at room 
temperatures usually evaporates. If the air is not already saturateni 
with water vapor, its pressun? p\ is less than the pressure pp exerted 
by the vapor at the surfaces of the liquid. Therefore, though the 
presence of the air prevents boiling and retards the process of saturat- 
ing the room, the water continues evaporating until the partial pres- 
sure of the water vap(3r in the air about it equals its own, which in 
this case mi^ans saturation, as both water and vapor are assumed to 
be at the same temperature. 

237. Condensation by expansion. If the bell jar of an air pump 
becomes saturated with water vapor at atmospheric pressure from a 
dish of water placed inside, a few strokes of the pump cause a cloud 
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to form which disapp(iars again when the air is allowed to rush in 
to fill the partial vacuum. Tliis is because the air is cooled by the 
sudden expansion, as we have seen in Article 201. Although the 
pressure is also reduced, the path follow(*d by the vapor, indicated 
by cf in Fig. 18, brings it with- 
in the liquid region, and it 
condenses on minute dust par- 
ticles in the air. When the 
original pressures is restored, 
the heat of compression warms 
th(^ droplets, following the 
curve from / to c where they 
evaporate. 

The cumulus clouds which 
form on a hot aftc^rnoon in 
summer are produced in this manner. Columns of moist heated air 
rise to a height of several miles, wh(‘re the expansion under reduced 
pressure cools them, and condensation results. But if the air is dust 
free and has no other nuchu on which moisture may deposit, the clouds 
form with difficulty, and then only when the change in pressure and 
consequent cooling are relatively great. 

238 . Humidity. If the air in a room is at 20° C, the space it 
occupiers is undersaturat(d when it contains vapor at the pressure 
corresponding to the point e shown in Fig. 18. But at 10° the same 
vapor at th(' same* pressure would saturate it, because d lies on the 
saturated vapor curve. This means that the same amount of vapor 
which saturates the space at a lower temperature fails to do so at a 
higher one, and \\c cannot tell how near a given vapor pressure comes 
to saturating a spacer until we know th(^ teinperatuni. 

In order to form a picture of the degn^e of saturation of the space, 
the idea of reloiive humidity has been introduced into the science of 
the Tveather known as meteorology. This is defined as the ratio of the 
amount of water vapor actually present in the airy to the am,ount necessary 
to saturate, it at the same temperature. As thes(i amounts or masses 
contained in a given volume vary almost exactly as their pressures, 
relative humidity may also be defined in terms of pressure, so that 
in Fig. 18, if e represents the condition of the vapor actually present 
in the air at 20°, the relative humidity is Pe/Pey for Pc is the pressure 
of saturated vapor at 20°. If the air were now cooled to 10°, its 
relative humidity would be pjpa = 1, or 100 per cent, as (compared 
to about 40 per cent in the previous case. 
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There are three general methods for measuring relative humidity. 
We may pass a known volume of air through drying tubes and weigh 
the total moisture removed from it, and compare this with the amount 
known to exist in the same volume when saturated. Or we may cool 
the air at constant pressure, following a course like ed in Fig. 18, and 
find the temperature when the air becomes saturated. This tempera- 
ture is called the dew point, because when d is reached, moisture 
begins to form on the surfaces in contact with the chilled air. Then 
the ratio of the dew-point vapor pressure to the saturation pn^ssure at 
the temperature of the unchilled air gives the desired result. The 
third method is to compare the readings of two thermometers, one of 
which is dry, while the bulb of the other is surrounded by a cloth or 
wick moistened with water whose evaporation lowers its temperature. 
The lower the relative humidity, the cooler the wet bulb becomes, and 
the desired value may be obtained from tables based on dew-point 
measurements, which give the relative humidity corresponding to the 
“wet and dry bulb’’ readings. Such instruments are known as 
hygrometers, and the science of measuring humidity is called hy- 
grometry. 

The comfort or discomfort wc experience as a result of climatic 
conditions depends quit(^ as much upun relative humidity as upon 
temperature. Wc suffer far more on a “muggy” day in summer when 
the thermometer reads 85° F than on a dry day at 95° F becaus(i the 
higher relative humidity at the lower temperature retards evaporation 
of moisture from the skin, and so retards the resulting lowering of 
body temperature. We are also more chill(‘d by a damp day in winter 
than by “dry cold” at the same or even a lower temperature, probably 
because moist skin is more sensitive to either heat or cold. 

On the other hand, a certain amount of moisture in the air is highly 
desirable. Without it evaporation from the pores is too rapid, the 
skin dries and cracks, and our general health is impaired. This 
state of things is common indoors in winter. Suppose the air outside 
has a relative humidity of 90 per cent at a temperature well below 
freezing. This is a high humidity, but when the same air is heated 
to room temperature, 20° C (or 68° F), its relative humidity may be 
as low as 30 per cent, although no moisture has been removed from 
it. It is not necessary to overheat a house to obtain tliis result, 
which depends rather upon the low temperature out of doors. Air 
as dry as 30 per cent relative humidity tends to take up moisture 
wherever it may be found, or rather, moist objects evaporate into it 
with great rapidity. So our furniture dries and cracks, and our hands 
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get chapped even if we never leave the warmth of the house. These 
conditions may be corrected by a spray of minute droplets of water 
injected into the hot air stream w'hich warms a house heated by hot 
air, or the spray may be produced in individual rooms. Such devices 
come under the head of ^^air conditioning' ' and are increasingly 
popular. 

SUPPLEMENTARY READING 

C. H. Draj^r, Heat (Chap. 9), Blackie & Son, London, 1911. 

Saha and Srivastava, A Textbook of Heal (Chap. 5), Indian Press, Allahabad, 
1981. 

T. A. Blair, Weaiher Elements (Chap. 3), Prentice-Hall, 1937. 

PROBLEMS 

1 . The volume swept out in one stroke of a certain steam pump is 300 1. 
The temperature of the steam (saturated) is 180° C. At this temperature, 
its pressure as found in the steam taldes is 10.216 kg/crnl Calculate tlie work 
done in one stroke of the piston, assuming constant pressure. Ans. 3.004 X 
10^ joules. 

2. The density of saturated steam at 180° C is 5.15 grams per liter. Cal- 
culate the heat required to produce the steam needed for one stroke of the 
pump in Problem 1, taking the latent heat of vaporization as 480.6 calories 
I)er gram. Ans, 742,527 calories. (Note: As will be seen farther on, this 
represents 31.07 X 10^ joules, or about ten times as much energy as the 
amount realized in the stroke of the piston.) 

3 . A dew-point hygrometer indicates condensation at 10° C. The sur- 
rounding air is at 30° C. Using the steam table in Article 235, calculate the 
relative humidity. Ans. 29 per cent. 

4 . How cold must a glass of water be to form moisture on its surface when 
the relative humidity is 57.5 per cent and the temperature is 104° F? 
Ans, 86° F. 
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Relations Between the States 

239. The triple point. Substances having definite freezing and 
boiling points may exist in all three states of solid, liquid, and vapor. 
These states are sharply dcifined, and on the pressure-temperature 

diagram their bounding conditions 
are indicated by lines such as the 
saturated vapor curve already dis- 
cussed. A similar line marks the 
boundary between solid and liquid, 
such as either ah or ac in Fig. 19. 
The line ah belongs to those bodies 
which, like water, expand on freez- 
ing and so have their melting point 
lowered by pressure, while ac repre- 
sents the more usual case where 
pressure raises the melting point. 

A line similar to the saturated 
vapor line defines the boundary 
between solid and vapor, as shown in Fig. 20. Here the pressures 
are extremely low, even in the case of such volatile substances as 
camphor. But the curve is concave upward, showing a tendency to 
reach much higher pressures if the solid state could be maintain(id at 
temperatures higher than those usually 
employed. 

These three curves — liquid-vapor, 
solid-liquid, and solid-vapor — meet at 
a common triple point where all three ^ 
may exist together in equilibrium at a 
definite temperature and pressure. In 
Fig. 21 the three curves which separate 
ice, water, and steam are shown for a 
small range around the freezing point, near which the triple point is 
located. The sublimation curve and curve of boiling form a nearly 
continuous smooth curve, though not quite, for the former is steeper 
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near P than the latter. The fusion line really slopes very slightly 
to the left, like ah in Fig. 19, but this is too slight to be seen in the 
diagram. The triple point P 
is at a pressure of 4.6 mm 
and a temperature of 0.0076° 
above zero ecmtigrade. 

The curves of Fig. 22 are 
drawn without reference to 
any scale, in order to bring 
out certain interesting 
features of the diagram. 

The line ah shows what 
happens if ic(‘ is heated 
under constant pressure 
higher than 4.6 mm. It turns to a liquid when the fusion line 
is crossed, and at a little higher temperature, ^i, the liquid boils and 
becomes vapor which is in the superheated state at h, A similar 
process at a pressure below 4.6 mm would result in vaporizing the 
ice without liquefaction when it crosses the sublimation curve at 
— ^ 2 . Lowering the pressun^ over a liquid from c at constant tem- 
perature <3 causes it to boil, when it crosses the curve of boiling, and 
to beeom(i a superheated vapor at d. But a similar process starting 
at a very high pressure indicated by c', and a temperature just 
below that of the triple point, would cause water first to freeze and 

then become vapor at d'. 

Owing to th(^ fact that 
the latent heat of vapori- 
zation diminishes with 
rising t(^mperature, and 
finally vanishes at 365° C 
in the case of water, boil- 
ing is impossible at tem- 
peratures higher than this. 
Therefore the curve of 
boiling comes to a definite 
end, as indicated in the 
diagram, and it is possible 
to carry a liquid over into the vapor region by the path ef. The 
liquid becomes increasingly gaseous until it has acquired all the 
properties of a vapor, without any abrupt change in its state. No 
such end of the other two curves has ever been found. 
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240. Freezing by boiling. A striking experiment may be performed 
which brings water to the triple point, where it boils and freezes 
simultaneously. A watch glass containing water is supported by a 

light wire “spider'^ over a dish 
containing concentrated sulphuric 
acid to absorb water vapor, as 
shown in Fig. 23 (a). This ar- 
rangement is covered by the bell 
jar of an air pump, and the pres- 
sure over the water progressively 
reduced. If the initial conditions 
are represented by a (Fig. 23 Q>)) 
the effect of working the pump 
quickly lowers the pressure to 5, 
when boiling begins. This lowers the temperature of the water, owing 
to the loss of the heat of vaporization, and it now follows the curve of 
boiling from h to P, with stciadily decreasing temperature and pres- 
sure. At P the ice phase is reached and freezing biggins, with bubbles 
bursting through the thin layer of ice as it forms. If the sulphuric acid 
were not used, the vapor formed from the boiling water would continu- 
ally tf^nd to raise the pressure again, and the rtquisite value of 
4.6 mm could not be obtained until all the water had be(m evaporated. 

241. The critical point. The temperature tc which marks the end 
of the curve of boiling is known as the critical temperature of th(i sub- 
stance, and the point C (Fig. 22) 
is the critical point. At a lower 
temperature than the critical, an 
increase of pressure upon th(i vapor 
causes it to pass from the vapor 
state, as at d, to the liquid state at 
some point c, after crossing the 
curve. But no amount of pressure 
can liquefy a gas or vapor if the 
temperature is maintained above tc- 

This important property of gas- 
eous bodies is better shown on the 
pressure-volume diagram. Fig. 24. 

The curves are all isothermals of 
ascending temperatures from ti to and tc is the critical temperature. 
If a vapor at a temperature ti below the critical value is compressed, 
its volume decreases as the pressure rises, until at a point a it becomes 




Fig. 23. 
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saturated and begins to liquefy. Since saturated vapor has only one 
pressure at a given temp<»rature, tlu^ pressure now remains constant 
and the volume diminishes until the })oint h is reacluHl. The sub- 
stance is now wholly liquid, and further increase of pressure results 
in very slight changes in volume as indicated by the nearly vertical 
line beyond that point. 

At higher temperatures hy and so forth, the same process takes 
place, but with the horizontal portion of the curve becoming shorter, 
and liqu(ifaction beginning with higher pressures and smaller specific 
volumes. Finally, with the critical temperature, the straight line 
vanishes at the point of inflection C. In the still higher curves the 
reverse curvature of the critical isothermal is gradually smoothed out, 
until at some much higher temperature the curve becomes approxi- 
mately the familiar re(‘-tangular hyperbola of the perfect gas isother- 
mal represented by pi; = b, 

242. Areas of the phase diagram. As shown in Fig. 24, there are 
three different regions for temperatures lower than the critical. The 
all-liquid region lies to the left of the critical isothermal and of 
the hill-shaped curve which encloses the constant-pr(‘ssure lines. The 
space inside this latter curve is one wher(‘ licjuid and vapor exist 
together in equilibrium, with an increasing proportion of liquid as 
we move toward the pressure axivS with decreasing volumes. To the 
right and above this curves lies the gaseous area of supc'rheated vapor. 
The boundary bf'tween this region and that of the liquid is marked 
by the critical isothermal abov(j C, though at pressures above the 
critical pressure Pcj the separation is not a sharp one. Thus, starting 
with gas at d, if the tempe^rature is lowered at constant pressure, we 
should find the specific volume steadily diminishing until at e there 
would be a true liquid, but no abrupt 
change would have occurred in crossing 
the critical isothermal, as would have 
hetm the case at a pressure lower than pc- 

243. Experimental demonstration of 
the critical point. It is possible to pass 
a liquid and its vapor through the criti- 
cal point provided the critical tempera- 
ture is not too high. If a small quantity 
of ether (tc == 193?8) is sealed up in a 
heavy-walled glass tube, as shown in Fig. 25 (a), so that the >pace 
above it contains only ether vapor, it may be cautiously heated to 
the critical temperature. The initial condition is shown at d (which 
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should be directly under C, as in Fig. 25 (5)), where the liquid and 
satiirated vapor are in f^quilibriuiu. Since the total volume remains 
constant, a rise in temperature results in only slightly changing the 
relative volumes of the t wo states, the liquid occupying a little more 
and the vapor a little k'ss, as the point C is approached. When the 
critical temperature is reached, the separating meniscus grows less 
marked and finally disappears, when there is no longer any distinc- 
tion between liquid and vaj3or. In fact, just abo ^^e C the substance 
partakes somewhat of the properties of both. 

On cooling, the vapor-liquid becomes cloudy as it approaches C ; 
th(ai the meniscus reappears, the liquid state becomes evident again, 
and gradually regains its original volume. 

244. Van der Waals’ equation. Various attempts have be(ui made 
to (express the isothermals we have been discussing by an ^k^quation 
of state” as it is called. The equation pv = RT/w ((1), Article 204), 
may be still further simplified by setting equal to the volume 
occupied by a gram molecule instead of a gram. Tlam = vw, and 

pv, = RT, (1) 

This is the simplest equation expressing the condition of an ideal gas, 
but it is approximately true only for real gases when tluar temperature 
is far above the^ critical value. Near and below this temperature it 
is wholly inadequate. 

In order to express the p, v, and T relations of a gas so as to plot 
isothcirmals which cover the process of liquefaction, certain now 
assumptions regarding the gas must be made. These must make 
allowance for the mutual attraction of its molecules, and for their 
finite volume which restricts complete liberty of motion. Several 
equations taking those facts into account have i)oen proposed, some of 
them giving isothermals which agree quite closely with those obtained 
from experiment. But none of these is exact, and it is probable that 
a rigorous equation based on theoretical considerations will never be 
found on account of the complexity of the problem. 

The most celebrated equation of state was devised by Van der 
Waals in 1872. It is not the most accurate, but has the advantage 
of simplicity, and is more easily explained than the others. It is 
stated thus: , . 

{p + ^^(v.-b) = RT, 

where R has the same value as in the simpler form applicable to ideal 
gases, and a and b are constants depending upon the nature of the gas. 
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The constant b is known as the covolume, and is regarded as the 
smallest space the molecules of a gram molecule of gas would occupy if 
crowded together. The quantity a/vi^ must represent a pressure, 
for it is added to a pressure, and the sum of quantities of different 
dimensions is meaningless. This pressure, or force per unit area, 
varies inversely as which would necessarily follow if it were to 
compensate for attractions between the molecules. When plotted, 
this equation gives a set of curves for different values of T, like those 
shown in Fig. 24, except inside* the liquid-vapor region, wliere a curve 
like the dotted line replaces the straight lines ah. 

245. Refrigeration. The fact that certain gases exist, under normal 
conditions, below their critical temperatures, and so arc readily 
liquefied by pressure, is made use 
of in commercial and domestic 
refrigeration. Ammonia (NHs) 
is one of these gases and the am- 
monia refrigerator is typical of 
several of the same kind. In Fig. 

26 is shown th(^ general scheme 
of such a machine. The gas is 
first compressed in Z) and forced 
through the valve a into the coil 
in B surrounded by running 
water, where it becom(*s liquid 
as the heat caused by the com- 
pression is removed. The valve 
A is then opened and the liquid 
rushes into the coil in C where, Fig. 20. 

under greatly reduced pressure, 

it becomes a gas once more, and the heat of vaporization is withdrawn 
from the surrounding liquid. This liquid must be one which freezes 
only at a low temperature, and is usually a strong solution of common 
salt, or brine. It is made to circulate through another tank or coil, 
not shown, wh(ire it absorbs heat from its surroundings, cooling them 
below the freezing point. This results in warming the brine, which 
then re-enters the tank C at its upper end to be cooled once more by 
the vaporization of the ammonia. Finally the gas from the coil in C 
is drawn into the pump through the valve h and is once more com- 
pressed and ejected through a. Thus the process is a closed cycle, 
which may be continued with the same ammonia and brine in- 
definitely. Large commercial machines of this type are capable of 
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producing 30 kilograms of ice per horsepower hour expended on 
the pump. 

246. Liquefaction of gases. The so-called “permanent gases” 
like oxygen and nitrogen (the chief constituents of air), and hydrogen 
and helium, are really no more permanent thati the ammonia just 
referred to, but their critical temperatures are so low that pressure 
alone will not cause them to liquefy. The critical temperature of 
nitrogen is — 147°C, while hydrogen must be cooled below —234° 
before it can be compressed into liquid form. 

The method ordinarily used to liquefy gases is called a rc^generative 
process, and was invented by Linde in 1895. The gas is first com- 
pressed in a pump to a pressure of several hundred atmospheres, and 
the heat of compression is removed, as in the ammonia refrigerator, 
by passing it through a coil surrounded by melting ice or a freezing 
mixture. It them passes through a spiral tube; to a needh; valve 
through which it expands to a pressure of about 15 atmosphenss, and 
its temperature falls in the process in accordance with the principle 
stated in Article 201. This low-temperature gas is now passed 
through a second tube surrounding the first one, so as to cool its con- 
tents, as a result of which, the next installment from the pump, after 
passing through the inner spiral, is much colder Avhen it expands 
than the first one was, and a still lower temperature is reached as a 
result of the expansion. Consequently the process might more 
properly be called a “degenerative” one, because it helps to produce 
progressively lower temperatures by a continuously reacting proc(5SS 
of heat absorption. 

Finally the gas in the inner tube reaches so low a temperature that 
its expansion results in liquefying a portion, and this is collected in a 
Dewar flask, resembling a thermos bottle. The portion not liquefied 
is carricid back through a third tube surrounding the other two, 
where it expands to atmospheric pressure, thus still fvirther cooling 
the gas in the two inner tubes. 
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Heat and Energy 

247. Heat as a form of motion. In studying the kinetic theory of 
gases, we saw that heat consists in the total kinetic energy of their 
molecules. This view of heat however is a comparatively recent one. 
During the first part of the 18th century it was supposed that when 
matter burned it liberated an elementary substance called phlogiston 
(fire substance) which the matter had contained in a latent form. 
This th(^ory was later discarded, and a different and more satisfactory 
one was developed which accounted for h(^at, whether associated with 
combustion or not, by supposing it to Ix^ an imi)onderable fluid called 
''caloric,’^ a name first used by Lavoisier in 1789. When this fluid 
entered a body, the body became warm, and when it flowed out the 
temperature of the body fell. The heat of friction was explained by 
assuming that when two bodices were rubbed together, small particles 
were rubbed off, and that this product of abrasion had less capacity 
for caloric than the original substance. Therefore some of its caloric 
fluid was liberated from the latent form and became sensible heat. 

The first to doubt this theory was Count Rumford. He was born 
in Woburn, Massachusetts, in 1753 and named Benjamin Thompson. 
After a most eventful career he entered the service of the Elector of 
Bavaria, where his advancement was rapid. He ultimately became 
Minister of War and was made a count, taking his title of Rumford 
from the name of his wife’s home, Rumford, now Concord, New 
Hampshire. 

As Minister of War, Rumford was associated with the arsenal at 
Munich, and was impressed with the great amount of heat developed 
in boring cannon. This seemed to him too great to be accounted 
for by the caloric hypothesis. Moreover he found by experiment 
that the metallic chips produced by the boring had the same capacity 
for heat as the original metal. Several experiments, in which the 
heat developed was measured, only confirmed his doubts, and he 
finally concluded that it could not be a material substance, but that 
motion alone was a possible explanation of heat. This however did 
not convince the supporters of the caloric theory, because Rumford 
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had not actually proved that heat could be produced in unlimited 
quantities by friction, although he believed this to be the case. 

The matter was finally settled by Sir Humphry Davy, who in 
1799 performed a conclusive experiment which put an end to the 
caloric hypothesis. This consisted in mbbing two pieces of ice to- 
gether, when the heat of friction melted them and produced water as 
the product of abrasion. The calorists admitted that water contained 
more heat than ice at the same temperature, because^ when water was 
formed from melting ice, it absorbed a gn^at deal of heat without 
rising in temperature. Therefore in this case the product of rubbing 
was a substance that contained more heat than the body from which 
it was derived, and there must have been an increase in the total 
amount of heat as a result of the friction. 

248. Heat a form of energy. Although Davy's experiment was a 
conclusive proof that heat was not a fluid contained in matter, the 
alternative view proposed by Rumford, that it was a mode of motion, 
was not wholly satisfactory, and it was not until 1842 that Mayer, a 
German physicist, definitely stated the equivalence of heat and en- 
ergy. Somewhat earlier than that, in 1840, Dr. James P. Joule had 
begun experiments in Manchester on the relationship between th(^ 
energy of chemical reactions and electrical energy, and was led to a 
similar conclusion. In 1843 he experimented with a dynamo whose 
current heated a conductor, and actually measured the work done in 
driving the dynamo, which he compared with the heat evolved. This 
comparison gave 838 foot-pounds of work as the mechanical equiva- 
lent of a British thermal unit, and Joule announced before the British 
Association his conclusions regarding the * ‘convertibility of heat and 
mechanical power'^ in either direction. 

249. The mechanical equivalent of heat. 1 n spite of a very skep- 
tical reception of his theory, Joule continued his experiments in the 
same direction with a view to obtaining even more conclusive evidence, 
as well as more accurate quantitative measurements. In 1845 he 
announced the result of an experiment in which measured ‘mechanical 
work was directly converted into measured heat. From this he cal- 
culated that the ratio of these values, or the mechanical equivalent 
of heat, was 798 foot-pounds per B.t.u. More recent measurements 
make this important constant 777.9, which corresponds to 4.185 joules 
per gram calorie, and is the accepted value today, though Birge in 
1929 announced one more significant figure giving the value of 
4.1852. This factor for converting heat units into units of work is 
usually denoted by the letter J, so that we may write W = JH, where 
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H is the heat developed by the work W. The numerical value of J 
differs of course, according to the units used to measure heat and 
mechanical energy, and the following table gives the conversion factor 



Gram 

calories 

B.t.u. 

Joules 

Foot- 

pounds 

Gram calorics 

1 

3.068 X 10-’ 

4.185 

3.087 

B.t.u 

252 

1 

1055 

777.0 

Joules 

0.2380 

0.482 X 10”^ 

1 

0.7376 

Foot-pounds 

0.3240 

1.286 X 10-3 

1.356 

1 . ’ 


for several cases, as well as its reciprocal, to be used in converting 
work into heat. Thus, to convert B.t.u. to joules, use J == 1055, 
while to convert joules to B.t.u., multiply the mechanical work by 
9.482 X 10- ^ 

260. Joule’s experiment. The classic experiment by which Joule 
determined the value of J consisted in driving a paddle wheel by 
means of descending weights which hung from cords wrapped around 
a spindle on the vertical axis of the paddles. When these were made 
to rotate, they churned up the water in a calorimeter, and the heat 
developc^d by the friction of the water was measured in British thermal 
units, as well as the foot-pounds of energy developed by the descend- 
ing weights. A comparison of these quantities gave the desired 
equivalent. 

In a later and bi^tt(;r form of the apparatus, t(m paddles, in two 
S('ts of five each, rotatc^d about a vertical axis within a calorimeter 
equipped with four stationary vanes to increascj the churning effect 
on the water, which rcjsulted in a large torque on the containing 
v(‘ssel . The latter was mounted so that it could rotate almost m- ithout 
friction, but rotation was prevented by two cords supporting weights, 
as shown in Fig. 27 (a). The shaft E which carried the paddles was 
driven by the operator, who turned the grooved wheel A belted to 
a smaller wheel B. The paddles d (Fig. 27 (5)) were enclosed in 
the calorimeter C, which was supported by a float contained in the 
tank S partly filled with water, and when rotated they set the water 
in C in motion, thus acting upon the vanes a to produce a torque 
upon the calorimeter case. This torque increased with the speed 
of rotation, and the operator turned A with the speed just necessary 
to keep the weights in equilibrium off the ground. When the speed 
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of rotation was exactly right, the torque on C was just equal and 
opposite to the couple due to the weights m. This couple is computed 
from the radius r of the circular groove around which the cords 
were wrapped, and the force mg exerted by each weight, giving 



L = 2mgr. But this is equal to the torque exerted on C by the) 
paddles, and the work they perform when turned through an angle d 
is Ld, After n revolutions, 6 = 27rn; therefore the total energy 
is TF = iriimgr. 

The heat developed was measured by observing the rise of tempera- 
ture of the water, paddles, and calorimeter, and calculated in the 
usual manner from the known specific heats of all the materials 
affected, so that the heat gained is given hy H = (fe — ti)Xsm. Then 
the equation of equivalence, W = JH, becomes 

iirnmgr = 

from which .7 may be calculated. 

A number of other mechanical methods for finding Joule’s equiva- 
lent have been used, and it has also been found from the heat devel- 
oped by an electric current flowing through a wire, and from the heat 
due to eddy currents in a mass of metal, caused by a rotating magnetic 
field. A purely calorimetric method was devised by Mayer ,«who used 
equation (2) of Article 214, J{8p — 8^) = R/w. Thus, if we take 
the specific heats of hydrogen, Sp — = 3.39 — 2.40 — 0.99. Its 

molecular weight is 2.016, and R = 8.313 X lO’'. Therefore 
J « 8.313 X 107(2.016 X 0.99) == 4.16 X 10^ ergs per calorie. 
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251. The first law of thermod 3 manucs. The science which deals 
with the relations between heat and other forms of energy is known 
as thermodjmamics. The principle of the equivalence of heat and 
energy, though it is incapable of a theoretical proof, is now accepted 
as a universal law, and is called the “first law of thermodynamics. '* 
As this law refers only to transformations of heat into other forms of 
energy, and vice versa, it may be stated as follows: When heat is 
transformed into some other form of energy ^ or some other form of energy 
is transformed into heaij there is an exact equivalence between the energy 
which disappears and that which is produced at its expense. 

252. Energy transformations. The transformation of mechanical 
energy into heat is a very easy and natural process, and is normally 
one hundred per cent (ifficient. It occurs whenever friction develops, 
as when two rough objects are rubbed together, a process which con- 
verts all the applied energy into heat. The heat due to the compres- 
sion of a gas is another illustration of complete conversion. Such 
transformations are so natural, indeed, that it is difficult to avoid 
them. We grease machiiuTy to reduce the heat loss of friction, and 
in transmitting electricity use wires of large section to minimize their 
resistance to the ehictric current, which causes a loss of energy through 
its transformation into heat. 

But the conversion of heat into higher forms of energy is essen- 
tially artificial, and is never complete, for even in ideal steam engines, 
the efficiency falls far short of unity. To effect such a transforma- 
tion, some kind of engine is necessary in which thermal energy, or 
its equivalent in the form of chemical combination, results in perform- 
ing some kind of useful work. Even water motors are types of such 
a conversion, for waterfalls are due to the sun*s heat, which causes 
water to evaporate from the sea to be condensed later as rain or snow 
and ultimately to flow as rivers back into the sea. 

We may sum up the foregoing in the genc^ral statement that all 
forms of energy tend toward heat, the lowest form of energy, and 
that such transformations may easily be made complete, while the 
reverse process is unnatural, incomplete, and requires special appara- 
tus. But, complete or incomplete, the amount of energy which is 
converted into another form reappears in that form in an exactly 
equivalent amount. 

253. Intrinsic energy. When heat is converted into work, the 
work is done at the expense of a portion of the heat energy which dis- 
appears in the process, in accordance with the first law* The re- 
mainder, which, as we have seen, cannot be so transformed, results 
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either in a rise of temperature of the working medium, or in a change 
of its molecular structure, or both. This molecular change might 
mean the vaporization of water, or the melting of ice, when heat 
apparently disappears, or becomes '^latent.'' In either case the body 
has gained intrinsic energy, which it possesses by virtue of its tempera- 
ture or molecular structure. That is, its internal kinetic or potential 
energy has been increased. 

If we represent intrinsic energy by the letter U, we may express 
the transformation of heat into mechanical energy or vice versa by 
the equation Aff = APT + At/, 

where the symbol A means a change in each of the three items. This 
is a general statement of the first law of thermodynamics, and is 
always applicable. When the working medium receives heat, AH is 
positive. When it docs work, AW is positive, and a positive value 
of All means a gain in intrinsic energy. If AU is small compared 
to AWj the conversion is highly eflB.cient. If it is large, the efficiency 
is correspondingly reduced. When no external work is done in the 
process, as when a body is heated in a vacuum, AH = A[7. It is also 
possible for a body to do work at the expense of its intrinsic energy 
without the application of external heat, as in an explosion resulting 
from chemical recombination. Then AH = 0 and AW = —AU. 
Finally, when work produces heat, AU — —AW, which means that 
mechanical energy has been wholly converted into a change of intrin- 
sic energy, as when ice is melted or water heated by friction. 

264. Isothermal and adiabatic processes. Wlien an ideal gas is 
compressed or allowed to expand isothermaliy, that is, without change 
of temperature, it follows Boyle’s law, and the pressure-volume curve 
is the familiar rectangular hyperbola which approaches the axes as 
asymptotes according to the equation pv = b. This is essentially an 
unnatural process, for as we have seen, compression tends to raise the 
temperature of a gas while expansion tends to lower it. Therefore, 
to maintain a constant temperature, the heat of compression must be 
removed, as by a water jacket, or during expansion the tendency to 
cool must be counteracted by supplying heat from outside. 

But instead of keeping the temperature constant, we may compress 
a gas so that none of the heat of compression is lost, or allow it to ex- 
pand without influx of external heat. Such a process is called 
adiabatic, meaning not flowing throngh, and is more natural and more 
easily realized than an isothermal process. If the cylinder in which 
the compression or expansion is to take place is surrounded by a 
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perfectly insulating medium, no heat can flow out from or into the 
working medium, and the process is adiabatic. The equation of such 
a process may be shown to be = b for ideal gases, where 7 is 
the ratio Sp/s^ of th(^ sp(^cific heats of the gas, and is always greater 
than unity. 

Actual expansions or compressions are ordinarily neither exactly 
adiabatic nor isothc^rmal, for it is difficult to maintain the tempera- 
ture constant, and though insulation is a much easier condition to 
achieve, it can never bo made absolutely perfect. But a very sudden 
change in volume is necessarily almost an adiabatic process, because 
there is not enough time for a perceptible flow of heat either in or out. 
On the other hand, a very slow change can be made almost isothermal, 
as the medium under these conditions maintains the temperature of 
its surroundings without especial precautions. 

265. Adiabatic curves. The curve of an adiabatic expansion or 
compression is not hyperbolic, but as can be seen from its equation 
pv'Y = 6, small changes in the vol- 
ume involve correspondingly larger 
changes in the pressure. This is 
shown in Fig. 28, 'whore the solid 
adiabatic curve CA is steeper than 
the dotted isothcrmals. 

The greater stf^epnc'ss of adiabat- 
ics is easily understood from purely 
physical considerations. Thus sup- 
pose a gas at the point A, whose 
specific volume and pressure are Vi 
and pi. Let it be compressed iso- 
thermally at the temperature h to the volume at B by removing 
the heat of compression during the process. This causes the pressure 
to rise to p'. Then starting at the same point A, let the gas be com- 
pressed adiabatically to the same volume as befon^ at C. During 
this process the gas is insulated, and the temperature rises to a higher 
value <2, so the adiabatic cuts the V 2 line at a higher pressure level, P 2 , 
on the U isothermal. Therefore the curve is steeper. 

256. Areas on the p-v diagram. Whenever points on a plane are 
referred to a system of rectangular co-ordinates, areas on such a plane 
are proportional to the products of these co-ordinates. 

On the pressure-volume diagram, areas measure the product pv, 
which has been shown to be work. ^ in Fig. 29, if a gas expands from 
the point (pi, vi) to (pz, vs), its smooth curve of expansion may be 
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broken up into minute steps, each indicating a change of volume Av 
and an amount of work equal to pAv, The total work done is the 
sum of all such steps, and if they are made vanishingly small, this is 
identical with the area between the curve, the axis of volumes, and 
the V 2 and Vi lines. 

One illustration of the use of areas on the p-v diagram is in con- 
nection with the specific heats of a pcirfi^ct gas. In Fig. 28, a gas 

heated under constant pressure 
from the temperature to at D to ii 
at A, expands from to Vi in the 
process and does work. The amount 
done is proportional to the shaded 
area din'ctly under the pi liii(\ 
Let <1 be one degree higher than 
the temperature Then the work 
represented by the shaded area 
accounts for the difference betwcum 
the specific heat at constant pressure and that at constant volume, 
for when heated at constant volume to the gas moves up the Vi line 
from D to J3. This involves no work done by the gas and the specific 
heat incjreases only its intrinsic energy. 

267. Isothermal and adiabatic elasticity. The elastic modulus 
of an ideal gas at constant temperature is nearly equal to the pres- 
sure, provided the change in volume is small. This is proved as 
follows: Suppose a small increase of pressure Ap results in a corre- 
spondingly small decrease in volume Av) then the product of the new 
pressure, p + Ap, times the new volume, v — Ar, equals the original 
product pv] then 

(p + Ap){v — Av) = pVj 

and pv + vAp — pAv — ApAv = pv. 

By canceling and collecting terms, we obtain 
vAp = Av{p + Ap), 

Ap _ 


or 


Av 


p + Ap. 


But the elastic modulus B is defined as the ratio of the change in 
pressure to the relative change in volume, or 
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which is therefore equal to p + Ap, as proved above. The small 
change in pressure, Ap, may be neglected in comparison with p; there- 
fore = p approximately, where the subscript t has been introduced 
to indicate the fact that the temperature was kept constant, and 
that Bt is the isothermal modulus of elasticity. 

If the compression is adiabatic, 

(p + Ap)(i» — A2>)'y = pv^. 

Expanding the second parentheses by the binomial theorem, we have 
(p + Ap){vy — yvy-^Av + . . . ) = 

where tlu‘ terms involving high(^r powers of Av are dropped as being 
negligibly small. Then 

pyy __ ypv^^Av + v^Ap — yvy~^AvAp = pv^. 

Dividing by vy~'^ and transposing, we obtain 

vAp = 7 (pAt; + AvAp)j 

Aj) 

or V = y{p + Ap), 


whence = yp, when Ap is negligible compared to p, and the sub- 
script 4) indicates an adiabatic modulus, which is greater than B| 
since 7 > 1 . 

268. Free expansion of gases. We have seen that when a gas ex- 
pands against some opposition and does work, it will be cooled if no 
heat flows in to warm it. But what should we expect if it expands 


in an insulated enclosure without 
doing work? To answer this 
question let us use the first law 
of thermodynamics expressed by 
A// = ATT + At/. Here both AH 
and ATF arc zero, because no heat 
flows in or out, and no work 
is done, by hypothesis. Therefore 
AU = 0, which means no change 



in intrinsic energy and no change 


Fig. 30. 


in temperature. To see if it were 

true that a freely expanding gas was not cooled, Joule in 1846 per- 


formed the celebrated experiment illustrated in Fig. 30. A gas 


compressed in chamber A was allowed to expand into a partial 
vacuum in B, The whole apparatus was immersed in water con- 



230 


HEAT 


[Chap. 20 


tained in a double-walled tank which acted as a fair insulator. In 
such a process no external work is done by the expanding gas, and 
since the process is almost wholly adiabatic, AH = 0 approximately. 
The experiment with a real gas seemed to be in accordance with this 
theory, for Joule was unable to detect any change of temperature 
in the surrounding water. 

When the vessels A and B were immersed in separate vessels, Joule 
found that the one containing A showed a fall of temperature due to 
the expansion, while that which contained B rose in temperature by 
an apparently equal amount because of the compression taking place 
there. But as the two effects seemed to balance each other. Joule 
again concluded that the intrinsic energy of the gas as a whole had 
not changed and was therefore independent of the volume it occupied, 
so that free expansion not involving external work was an isothermal 
process. This is now known to be true only of ideal gases, but it is 
only a very rough approximation in the case of a real gas, a fact which 
escaped Joule because the temperature changes in the gas were not 
enough to affect appreciably the rather large body of water around it. 

269. The porous-plug expeximent. In 1852 William Thomson 
(later Lord Kelvin) collaborated with Joule in a much more delicate 
test of the foregoing principle. They forced a gas under pressure 
slowly through a plug of cotton wool and measured its temperature 
before and after the expansion, which was practically adiabatic. Just 
outside the plug there was always a certain amount of cooling due to 
the eddies in the escaping gas, b(?cause their production entailed a 
loss of intrinsic energy. But at a sufficient distance from the plug, 
where the eddies had subsided. Joule and Thomson found a definite 
lowering of the temperature of all gases but hydrogen, which ex- 
hibited an unexpected rise. 

In the case of an ideal gas, such an experiment, ignoring the tem- 
porary cooling near the plug, should result in no change of tempera- 
ture of the expanding gas, because the work of compression on the 
high-pressure side of the plug would equal the work done by expansion 
on the low-pressure side; therefore AW == 0, and as the process is 
adiabatic, AH is zero also, and there could therefore be no change in t/. 
Since such a change was observed, the only possible conclusion was 
that AW could not be zero. In other words, the gas did not behave 
like an ideal one, and must have done internal work during the expan- 
sion. Then AW is positive and AU negative, showing that the 
internal mechanical work is done by the gas at the expense of intrinsic 
energy, so the temperature must fall. But if, as in the case of 
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hydrogen, expansion should involve internal work done on the> gas^ 
then AW is negative, AU positive, and the temperature rises. 

Further study of this anomalous behavior of hydrogen showed 
that if its temperature were below —80° C, it behaved like other gases, 
while they in turn exhibited the unexpected heating effect if their 
temperatures were above a certain critical value known as the tem- 
perature of inversion. 

The Joule-Thomson cooling plays an important part in the lique- 
faction of gases, for it becomes increasingly important under high 
pressure and at low temperature. As this condition is approached, 
the intrinsic energy of the gas is more and more influenced by its 
volume, because of the increasing attraction between the molecules as 
they are crowded closer together. If then the gas is allowed to 
expand adiabatically, the work need(id to separate the molecjules 
against their mutual attractions is taken from their kinetic energy, 
which results in a lowering of the temperature. 

260. Carnot’s cycle. The problem of how to convert heat into 
mechanical energy as efficiently as possible led Sadi Carnot, a French 
engineer, in 1824 at the age of 28, to devise an imaginary heat engine 
that has since become famous, because it stands for the ideal which 
may be approached in practice but never surpassed. In this hypo- 
thetical machine, a fluid, or ^Vorking substance,” which expands 
when heated, is put through a cycle of operations, at the end of which 
it is in its original state. This is known as a closed cycle, and may 
be represented by the series of changes which the water of a condens- 
ing engine undergoes; namely, vaporization, expansion, exhaust, 
condensation, and rt^turn to the boiler through the feed pump. But 
ideally, Carnot^s cycle, in addition to being closed, is also reversible. 
That is, it can be traced through in cither direction, which is impos- 
sible in most cycles. In the one just mentioned, for instance, reversi- 
bility would mean that water from the boiler must go back into the 
feed pump at a temperature below the boiling point, while the heat 
it has lost remains in the boiler at boiler temperature, which is 
impossible. 

Carnot supposed a cylinder fitted with a frictionless piston which 
encloses a gas or vapor. The walls of the cylinder and the piston are 
insulators, but the base of the cylinder is a perfect conductor of heat. 
Thus the gas may be heated by an inward flow through the base, or 
cooled by an outward flow, or the base may be protected by an 
insulator so that no flow of heat takes place. This arrangement is 
indicated in Fig. 31, where I is an insulating stand upon which C 
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may be placed when no flow of heat is desired during an adiabatic 
process. A generator, (7, supplies heat in unlimited quantity at some 
fixed temperature without becoming cooler as it delivers it; and R is 

a refrigerator supposed able to ab- 
sorb heat at a constant tempera- 
ture without becoming warmer. 
When G is resting on /, an expan- 
sion or a compression is adiabatic, 
while when resting on G or 7^, 
both processes are isothermal. 

Now, without further reference 
U) this imaginary mechanism, 
suppos(i the gas starts at a (Fig. 
32) with a pressure pi, specific 
volume Vi, and temperature h. Let it expand isothermally to 5, re- 
ceiving heat as it does so from the generator. During this process, 
it does -\-Wi units of work, measured by the area ahh'a'. Next 
the cylinder is insulated, and the gas allowed to expand adiabati- 
cally from h to c, doing work +^ 2 , proportional to the area heefb'. 
In this process its temperature falls to Uy so that if it is now com- 
pressed isothermally, it follows the U isothermal and delivers heat 
to the refrigerator in so 
doing. This compression ... \ 

requires work, and an 
amount — TFs, propor- 
tional to cc'd^dy is done Pi 
upon it. The point d is 
not an arbitrary one, for 
it must be chosen so that 
the original condition ^ 
may be reached by adi- ^ 
abatic compression. The 
final step then consists 
in compressing the gas P 3 
adiabatically, when an 
amount of work — TF 4 , 
proportional to the area Fig. 32 . 

dd'a'a, is done upon it. 

The net result of the cycle is Wi + W 2 — Ws — TF 4 , and this is 
proportional to the area abed, which has only vertical hatching 
in the diagram. The crosshatching indicates areas where work 
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done by the gas is neutralized by work done upon it. The area 
abed represents work done by the gas, because the areas representing 
positive work are clearly larger than those representing negative 
work. 

The Carnot cycle is perfectly reversible, for if gone through in the 
reverse direction, the adiabatic expansion ad delivers work propor- 
tional to add'a\ dc delivers dcc'd', ch requires cbVc\ and ba requires 
baa'b\ The net result is now — Wi — Tf'2, where the sub- 

scripts refer to the same areas as above. Therefore, since the areas 
representing negativ(i work (done on the gas) are now the largest, 
the net result is negative, and the amount of energy required to make 
the engine perform this reversed cycle is proportional to abed, 

261, Thermal changes in Carnot’s cycle. After the direct cycle 
is completed, it is clear that the generator G has lost the heat delivered 
to the medium during the isothermal expansion, while R has gained 
heat during the isotlu^rmal compression. Carnot supposed that heat 
was like a fluid and indestructible, so that in such an engine it did 
work as water does in running a mill wheel, by descending from the 
high temperature level fi of the generator to the lower level U of the 
refrigerator, where he supposed all the calorics taken from G were 
dumped, as into the tailrace of a water mill. But this hypothesis is 
contradictory to the first law of thermodynamics, because when work 
is done, an equivalent amount of#lieat must disappear. Therefore, 
if we repn^sent the heat taken from G by //i, and that delivered 
to R by H2, the total work is given by W = J{Hi — 7/2) . 

If the engine is run backward, the heat is removed from R during 
the expansion dc, and dc^livcrcd to G during the compression ab. 
But since work is done; on the gas instead of by it, heat must be 
created, so that more heat is delivered to G than was removed from R, 
and we have — TT = J{ — H\ + 7/2), where Hi > 

262. Refrigeration and heating by Carnot’s cycle. The reversed 
Carnot cycle is really a refrigerating machine, for R is constantly 
losing heat as a result of the work done upon the gas. Indeed, a 
similar device is actually used in one form of commercial refrigerator. 
But on the other hand, G gains more heat than R loses, so that the 
Carnot engine run backwards might be regarded as a device for lifting 
heat from a low temperature to a higher one, while increasing the total 
amount on the way, at the expense of mechanical energy supplied to 
it. Theoretically this would be an ideal way to heat a house, by 
taking heat from the cold outer air, and dumping an increased 
amount, at the desired room temperature, into the house. 
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263. The second law of thermodynamics. This important law is 
a statistical principle based on overwhelming probability. It can be 
formulated in a variety of ways, but all of them really mean that 
heat tends to flow from higher to lower temperaiures. 

Perhaps the most useful statement of the second law is due to 
Clausius, who announced that: **It is impossible for a self-acting ma- 
chine, unaided by any external agency, to convey heat from one body to 
another at a higher temperature,^^ That this is only statistically true 

may be shown :xs follows: Let us 
imagine two chambers A and B 
separated by a diaphragm with a 
small window c, as in Fig. 33. Let 
each chamber contain gas at the 
same pressure but at different tem- 
peratures, such that ti is higher than U. If the pressure is very low, 
indicating a relatively small number of molecules in each compart- 
ment, it is easy to imagine the chance that occasionally a particu- 
larly slow-moving molecule in A might pass through the window into 
B, Avhile a particularly fast one in B might thus get into A. If the 
more probable contrary exchange did not occur during the time we 
are considering, the result would be to make A warmer than before, 
and B cooler. But when countless millions of molecules are involved, 
this chance is vanishingly small, ^nd though an occasional accident 
like the above is bound to happen, it is overvvhelmed by the vast 
majority of cases where B rises and A falls in temperature. 

Maxwell suggested that intelligence might defeat the second law, 
and supposed an intelligent “demon,'^ sitting at the window c, con- 
trolling a frictionless trap door over the opening. With this he could 
“sort the molecules,'’ letting only exceptionally fast ones through 
from B to A, and exceptionally slow ones through from A to B, thus 
causing heat to flow “up hill" without expenditure of energy. It has 
even been suggested that certain inexplicable phenomena connected 
with living organisms may be accounted for on the assumption that 
living cells behave like Maxwell's demon. 

The second law is vitally concerned with the theory of thermo- 
dynamics, and has been taken for granted in much of what we have 
already learned about heat and energy in this chapter, as when it was 
assumed that heat flows unaided from hot to cold, and not from cold 
to hot. But there are many more uses for the second law in the more 
advanced development of thermodynamics, and a number of ways of 
stating it, besides those already mentioned. 



Fig. 33. 
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264. Efficiency of reversible cycles. In the Carnot cycle, the 
heat H\ supplied at the higher temperature U i^? the thermal energy 
supplied to the engine, while the output is the energy equivalent of 
that which disappears as heat and is transformed into mechanical 
work, or Hi — fh. Therefore the efficiency, output divided by input, 
is given by 

~~ 

//x 

Now it was proved in Article 200 that the mean kinetic energy of 
the molecules of a gas is proportional to the absolute temperature, so 
that W ca T. But the first law of thermodynamics states that tlu^ 
thermal energy H is proportional to W\ therefore H oz T. Conse- 
quently H^/Hi = T 2 /T 1 ) whence by “division*^ 

7\ - T 2 
H, - T^ ' 

The fact that the efficiency of a Carnot engine is given by this 
simple relation between the two extreme temperatures of the cycle is 
of great importance, and is true of all othc^r reversible heat cycles. 
It may also be proved that no other cycle operating between the same 
temperature limits can yield as high an efficiency as that of a reversi- 
ble cycle. This is known as Carnot^s principle. Carnot efficiency 
is an unattainable ideal which, for any conversion of heat into mechan- 
ical energy, can be only approximated in practice, since real cycles 
are necessarily more or less irreversible. 

It is evident that the Carnot efficiency increases as we raise the 
temperature Ti of the generator, or lower T 2 of the refrigerator, but 
it can never reach unity unless the refrigerator could be maintained 
at the absolute zero. Then T 2 = 0, and e == Ti/Ti = 1. 

266. Irreversible cycles. Whenever heat flows unaided from a 
hotter to a colder body, or motion develops heat of friction, the 
process is irreversible. As these processes occur in all real heat en- 
gines, the engines necessarily operate in irreversible cycles. If, for 
instance, the cycle involves the condensation of steam in contact with 
cold water pipes, the reverse process would call for a return of the 
heat of vaporization from those pipes, a flowing from cold to hot, 
which is impossible. The heat caused by friction also represents an 
irreversible transformation. Thus the rotation of a wheel on its axle 
results in heating the bearings, but, by turning the wheel the other 
way, we cannot restore the lost mechanical energy that this heat 
represents. 
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The irreversible loss of heat up the chimney of a power plant, or 
the heat which escapes into th(' boiler room, helps to prevent the 
realization of ideal efficiency. But care should he taken to avoid the 
common error that if there wen* no such losses and no friction, one 
hundred per cent efficiency could be obtained. This of course is not 
the case, for the Carnot engine, because of its perfect reversibility, 
and because no losses of any sort arc contemplated, puts an upper 
limit to the performance of any heat engine. Therefore an engine 
operating between, say, 200° C in the boiler, and 20° C in the con- 
denser can never exceed an efficiency of 


T 1 -T 2 473° - 293° 

Tx 473° 


38 per cent, approximately. 


266. Indicator cards. The variation of pressure and volume within 
the cylinder of a steam or internal coni])ustion engine may be repre- 
sented in diagrams called indicator cards. These are not true cycles 

in the sense in which we have 
been using that word, but 
they are extremely useful in 
studying the performance of 
such engines, and in de- 
termining the power they 
develop. A typical steam- 
engine indicator card is 
shown ill Fig. 34. The steam 
is admitted to the cylinder, 
where the “clearance'' vol- 
ume is Fi, under boiler pres- 
sure pi. As the piston goes 
out, the increasing space is 
filled with live steam from the boiler at the same pressure, until at 6, 
the admission valve is closed. After this “cutoff" it expands more 
or less adiabatically to c at the end of the stroke with a total volume 
F3. The exhaust valve then opens and the piston starts on its return 
stroke against a pressure p 2 which is that of the condenser in condens- 
ing engines, but is otherwise atmospheric, or nearly so. At cl the valve 
Is closed, and the piston compresses the remaining steam along the 
curve da, so that at the end of the stroke there is a cushion of steam 
filling the clearance, and already raised to boiler pressure. 

As in cycle diagrams, the work done is proportional to the closed 
area, but the efficiency of the engine as a whole, including boiler, 
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condenser, and so forth, cannot be obtained from it. The horsepower 
developed is calculated from the work per stroke, in foot-pounds, 
multiplied by the number of strokes per second and divided by 550. 
This is known as the ‘^indicated horsepower, and is always somewhat 
greater than the actual power output because of friction and other 
losses. 

SUPPLEMENTARY READING 

H. A. Perkins, An Introduction to General Thermodynamics (Chap. 2), 

Wiley, 1916. 

Enrico Fermi, Thermodynamics (Chapters 2, 3), Prentice-Hall, 1937. 

PROBLEMS 

1 . Calculate the amount of heat developed when a mass weighing 80 kg is 
moved 20 m along a rough horizontal surface where the coefficient of friction 
is 0.7. Ans. 2622 calorics. 

2 . A bullet weighing 6 oz. and moving with a speed of 1800 ft. /sec. 
strikes a target which stops it completely. How much heat is developed? 
Ans. 24.26 B.t.u. 

3 . Ten grams of air are heated from 0° C to 60° C under atmospheric 
pressure. Calculate the change in volume, the work done, and the heat 
which is thus converted into work, taking the density of air as 1.3 g per liter 
at 0° C. Ans. 1690 cm^; 171.25 joules; 40.9 calorics. 

4 . The specific heat of air at constant prcvssure is approximately 0.24. 
Calculate the heat supplied in Problem 3, the gain in intrinsic energy, and the 
specific heat at constant volume. Ans. 144 calories; 103.1 calories; 0.17 
calories per gram. 

5 . Calculate the efficiency of energy conversion in Problems 3 and 4. 
Ans. 28.4 per cent. 

6 . The density of saturated steam at 100° C is 0.606 g per liter. How 
much heat does the expansion from water represent, and what fraction of the 
total heat of vaporization? Ans. 39.94 calories; 7.4 per cent. 

7 . Saturated steam at 100° C in a large and thermally insulated cylinder 
pushes a frictionless piston against a pressure of 74 cm of mercury so as to 
increase its volume by 5000 cm^. How many grams are condensed? 
Ans. 0.219 g. 

8. Calculate the efficiency of an ideal reversible engine operating between 
the temperatures of 0° C and 141° C. Ans. 34 per cent. 

9. If the heat supplied to the engine in Problem 8 is produced by the 
combustion of one pound of coal per hour, and if this coal contains 3.5 X 10® 
calories per pound, what horsepower is developed? Ans. 1.86 hp. 

10 , A steam engine demands the combustion of 1.5 lb. of coal (specified 
in Problem 9) per horsepower hour. What is the thermodynamic efficiency 
of engine and boiler? Ans. 12.2 per cent. 
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* !!• A 600 hp, steam turbine and its boiler have an efficiency of 18 per cent. 
How much coal (specified in Problem 9) is burned in 24 hours? Ans. 6.1 tons. 

* 12 . A reversible engine develops 8 hp. The high temperature of the cycle 
is 140® C and the low temperature is 20® C, How many B.t.u. are drawn 
from the generator per second, and how many are delivered to the refrig- 
erator? Ans, 19.47 B.t.u.; 13.81 B.t.u. 

* 13. A reversible engine is run backwards to operate a refrigerator main- 
tained at — 15®C in a room whose temperature is 20° C. How many 
kilowatt-hours are needed to fonn 500 kg. of ice at —15° C from water at 
at 20° C? (Note: The specific heat of ice is about half that of water.) 
Ans. 8.48 kw, hr. 



CHAPTER 21 


Solutions 

267. Solutions in general. A true solution is a homogeneous 
mixture of two or more substances whosti proportions may be varied 
within certain limits, and which do not naturally become separated. 
There are nine possible types of solutions, all of which are known. 
These are : 

1. Solutions of 

(a) solids in solids (e.g., alloys) 

(b) liquids in solids (e.g., amalgams) 

(c) gases in solids (e.g., hydrogen in palladium) 

2. Solutions of 

(a) solids in liquids (e.g., salt in water) 

(b) liquids in liquids (e.g., water in alcohol) 

(c) gases in liquids (e.g., carbonated water) 

3. Solutions of 

(a) solids in gases (e.g., iodine vapor in air) 

(b) liquids in gasc^s (e.g., moist air) 

(c) gases in gases (e.g,, dry air) 

The last of these is the most ideal, for gas(is mix with each other in 
all proportions, and the laws of such mixturc^s have already been 
discussed. 

The solution of one liquid in another is sometimes as perfect as 
that of gases, as when alcohol and water are mixed, for one dissolves 
the other to any extent, but many liquids mix only in limited amounts, 
and some practically not at all, like oil and water. An illustration 
of limited solubility is given by ether and water. Water dissolves 
freely up to about 10 per cent of ether, while ether can hold only 
about 3 per cent of water in solution. In the first case, water (the 
larger component) is commonly called the solvent and then ether 
is called the solutej but in the second case ether would naturally be 
called the solvent and water the solute. However, it should be under- 
stood that solubility is mutual, and it is just as logical to say that 
water dissolves in a lump of sugar, as to make the more usual 
statement. In what follows, then, the word solvent will in general 
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be used for convenience to denote the constituent of larger quantity, 
and solute the constituent of smaller quantity. But in the case of 
solids or gases in liquid solutions, the liquid is usually considered the 
solvent regardless of quantity. 

268. Saturation. In such solutions as alcohol and water, there is no 
limit to the possible proportions, but when such a limit exists, a condi- 
tion known as saturation is arrived at as more and more of the solute 
is added to the solvent, and further addition is, so to speak, useless. 
A satturated solution, then, may be defined as oru whose concentration 
is unchanged by further addition of the saturating substance, or solute. 

In the case of ether and water, an excess of ether when it is added 
to water, regarded as the solvent, results in forming merely a layer of 
undissolved ether, which floats on the .surface without altering the 
concentration, while excess of water added to ethcT produces a layer 
of undissolved water at the bottom. If either of these systems is 
shaken up thoroughly, a condition of equilibrium nisults where the 
water layer is saturated with respect to ether, and the ether layer 
with respect to water. 

269. Gases dissolved in liquids. This case is somewhat more com- 
plicated, for the amount dissolved depends not only on the nature of 
the gas and liquid, and the temperature (which affects most solu- 
tions), but also upon the pressure of tin' gas. Water dissolves air in 
limited amounts, and it is this air that enables fish to live in water. 
They would drown for want of air to breathe, in water that had lost 
its dissolved air by boiling. Carbonic acid gas (CO 2 ) is relatively 
soluble in water, forming a solution commonly, but erroneously, 
called soda water. In fact, all effervescent beverages are solutions 
of this gas under pressure. Ammonia (NH 3 ) dissolves with immen.se 
freedom in water, forming a chemical compound known as ammonium 
hydroxide, the “aqua ammonia” of commeri-e. Water holds a dis- 
solved gas better at low temperatures than high, which accounts for 
the fact that a cold bottle of soda watfir may be uncorked with less 
risk of spurting, than a warm one; while the bubbling of a glass of 
such a liquid may be greatly stimulated by warming it. 

270. Solids as solvents. The solution of one solid in another is 
best accomplished when at least one of them is in the molten state. 
Thus carbon is readily dissolved in molten iron, forming steel. The 
various well-known alloys, such as brass (a mixture of copper and 
zinc), or bronze (a mixture of copper and tin), are made by Tnixing 
both metals as liquids. An illustration of a liquid dissolved in a solid 
is that of mercury, which alloys readily with solid gold, forming a 
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solution. This is called an amalgam, when the amount of mercury 
in solution is relatively small. Gases also may be absorbed by solids, 
forming a solution. Palladium absorbs hydrogen so vigorously as to 
grow red hot while its volume increases very perceptibly. Platinum 
also has this power, and one form of cigar lighter depends upon the 
adsorption of the vapor of wood alcohol by a platinum surface. 

271. Solids dissolved in liquids. This is the most interesting kind 
of solution and is apt to be regarded as the typical one. In such 
mixtures the solute is usually either a crystalline substance like com- 
mon salt, or a glutinous substance, known as a colloid, such as gelatine. 
The solvent may be water, alcohol, ether, benzine, or any one of a 
variety of liquids comnnonly used to dissolve different substances. 
Indeed, all liquids are to some extent solvents of something, though 
there is no “universal solvent” for everything. 

Water dissolves a great variety of solids, forming what are known 
as aqueous solutions. The amount of a solid that can be dissolved 
by a given quantity of water increases with the temperature in all 
but a few cases, such as lime, which is more soluble in cold than in 
warm water. 

When an excess of the solid is added to a saturated solution it 
remains in the solid state?; therefore, to insure saturation there should 
always be an excess of the solute. If a saturattid solution of the more 
usual type is warmed, it ceases to be saturated unless there is an excess 
of the solute, because at this higher temperature the solubility is 
liigher, and more of the solid is needed to saturate it. If, however, 
it is cooled, the solubility d(?creases, and some of the solute reappears 
in the solid state. This also occurs wh(»n the liquid evaporates, and 
the process may be carried on until nothing is left but the solute, a 
procedure known as “evaporating the solution to dryness.” If the 
solute is a crystalline substance like? salt, it forms solid crystals as a 
result of either evaporation or cooling, exccipt in those cases to be 
explained later where the solution becomes supersaturated. 

272. Heat of solution. When a solid dissolves in a liquid, work is 
done upon it in changing its structure from the solid to the more 
mobile liquid state. The energy required for this transformation is 
withdrawn from the solution, whose temperature is consequently 
lowered in the process. The heat corresponding to this energy taken 
from the solvent by one gram of the solute is known as the heat of 
solution. A consequence of this fact is the usual increased solubility 
with higher temperature. However, there are substances whose solu- 
bility decreases with rising temperature, and which evolve heat 
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during solution instead of absorbing it. In some cases extremely 
large heats of solution are observed, but the solutions so formed are 
not simply solutions but chemical or quasi-chemical unions whose 
constituents combine with a large evolution of heat in the process of 
forming a more or less stable compound. This is true, for instance, 
when lim(^ and water combine, forming a hydrate, with a vigorous 
evolution of heat. The same is tme of phosphorous pentoxido, which 
is a very powerful absorber of water and evolves much heat with the 
formation of phosphoric acid. Substances like these, which combine 
vigorously with water, arc called hygroscopic, and are very useful as 
drying agents in coniK'ction with air pumps and other apparatus where 
all moisture must be eliminated. 

273. Distillation. Liquids in solution may be separated from the 
solvent by a similar process. If one of the liquids A of the mixture 

has a higher vapor tension than 
the other component B, its boiling 
point is lower and the solution or- 
dinarily boils at a temperature 
somewhere between the two boil- 
ing points. The resulting vapor 
contains both liquids, but in gen- 
eral is richer in A, the more vola- 
tile component. If the vapor is 
then condensed by coming in con- 
tact with a surface kept cool by 
Fig. 36. running water, as shown in Fig. 

35, the liquid distillate, as it is 
called, is also richer in A. But as boiling continues, the solution be- 
comes more and more concentrated in D, while the boiling point 
steadily rises and the vapor itself becomes increasingly rich in this 
less volatile component. Therefore the process is stopped after a cer- 
tain fraction has been distilled, depending upon the original propor- 
tions of A and B. The resulting distillate is again distilled to obtain 
a still higher concentration, and by repeated fractioning a distillate 
very rich in A may be obtained. 

274. Freezing point of solutions. In general, solutions freeze at 
a lower temperature than the pure solvent. Sea water does not 
freeze at 0° C, and the stronger its salt content the lower the tempera- 
ture must be to form ice. A 10 per cent solution of common salt 
freezes at about —7° C, while the freezing point of a 20 per cent solu- 
tion is about — 17® C. 
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Raoult discovered that in the case of dilute solutions of non- 
electrolytes, the lowering of the freezing point varies as the concentra- 
tion and depends upon the number of molecules of the solute in 
a given weight of the solvent without regard to the nature of the 
molecule. This means that a gram molecule of all substances of this 
type, such as sugar, lowers the freezing point by the same amount. 

But when the solute is an electrolyte, that is, a carrier of elec- 
tricity by means of the process known as electrolysis, its molecules 
tend to split up or ‘^dissociate’’ into ions, or carriers of electricity, 
when in solution. The proportion of these ionized molecules to the 
total number of dissolved molecules increases with the dilution, so 
that with infinite dilution they are all split up. There are then n 
times as many dissolved particles as there would be in the case of a 
nonelectrolyte similarly diluted, where n is the number of ions formed 
from a single molecule. Therefore, in the case of electrolytes, the 
lowering of the freezing point is always considerably greater than that 
predicted by a literal interpretation of Raoult’s law. 

We may now restate Raoult’s law by saying that the same number 
of dissolved particles, whether they are uririonized molecules, ions, or 
associated groups of molecules, produce the same lowering of the freezing 
point in a given quantity of a given solvent, 

276. Cryohydrates. The typical behavior of a salt and water 
solution is shown by the diagram of Fig. 36. The curve AP gives the 
freezing point for various 
concentrations of sodium 
chloride, beginning with 
pure water, and ending 
with a 22.4 per cent solu- 
tion at P. Similarly BP 
shows the temperatures 
and concentrations of satu- 
rated solutions when crys- 
tallization is about to begin 
if the temperature is 
lowered or water evapo- 
rated. These curves intersect at the point P, known as the eutectic 
point, below which, along the line PE, both components appear, form- 
ing a sort of bisque of ice and salt known as a cryohydrate. To ob- 
tain the eutectic poinfrwe have only to cool a solution of a strength 
and temperature as indicated by the point C. At D it freezes, but 
the ice that forms is free from salt, so what remains unfrozen is more 
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concentrated than before. Further cooling carries the solution along 
the AP curve with steadily increasing concentration, until at P the 
residual unfrozen liquid solidifies to form the cryohydrate. This has 
a concentration of 22.42 per cent and forms at ^21?2C. 

With the exception of the line PE^ the space below the two curves 
repre^sents an impossible, or unstable situation. For example, a 
10 per cent solution of ice and this salt cannot be brought to — 13°, as 
at the point F, without freezing out some of the water, and thus 
changing the concentration to that of D, nor can a condition like G 
exist in equilibrium, because a 26 per cent concentration is super- 
saturated at —10°. As a matter of fact, such a condition may be 
realized with some substances by cooling a saturated solution, but 
it is unstable, and a minute crystal of the salt introduced into the 
mixture results in violent crystallization with an evolution of heat, 
carrying the temperature up to the BP curve. 

A second (iutectic point at B is due to a change in the type of 
crystal when the temperature is 0?15 C and the concentration 
26.34 per cent. Some solutions have several such points, but there 
is always one corresponding to a particular concentration which gives 
the lowejst possible freezing point of the combination. This principle 
applies also to alloys, which in general melt at a lower temperature 
than the solvent metal. Solder is an alloy of lead and tin in such 
proportions that it has a low'or melting point than either constituent. 
A fusible metal, invented by Lipowitz, consisting of 50 per cent bis- 
muth, 27 per cemt lead, 13 per cent tin, and 10 per cent cadmium, 
melts at 60° C, which is far below* the melting point of any of its 
constituent metals. 

276. Freezing mixtures. As we have seen, many solid substances 
(but not liquids or gases) produce a cooling of the mixture during the 
process of solution. This effect might be ust d to lower the tempera- 
ture of the surroundings, but a much more effective type of freezing 
mixture is one in which one constituent is changed from the solid to 
the liquid state during the process, when the absorption of the latent 
heat of fusion by the solution results in a very rapid lowering of the 
temperature. 

Common salt cools water hardly at all when dissolved, but if mixed 
with ice, the temperature may easily be lowered to — 18° C, corre- 
sponding to 0° F.f This is because the ice, when the air is above the 
freezing point, is always moist. This film of water dissolves some 

t Especial precautions are needed in order to reach the ideal minimum of 
-21?2 C. 
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salt, and the resulting brine melts more of the ice. For every gram 
melted, 80 calories are withdrawn from the mixture, and the tempera- 
ture steadily falls as long as both ice and salt remain in the solid form, 
or until the cryohydrate state is reached. 

Crystalline calcium chloride is even more effective than salt in 
producing a low temperature, for if 100 parts are mixed with 70 parts 
of snow at 0® C, the resulting temperature is — 54?9 C when all the 
snow is melted. This is due partly to the absorption of the heat of 
fusion of the ice, and partly to the withdrawal of the heat of solution 
of the salt. 

277, Boiling point of solutions. Salts and many other solids, 
when dissolved, raise the boiling point of the solution. This is 
because they reduce its vapor 
tension, and it must b(i heated 
above the boiling point of the 
pure solvent befor(‘ tlu* pressure 
of the vapor is equal to that of 
the atmosphere. This is shown 
in Fig. 37, where the solid curve 
is the steam line of pure water 
showing its boiling point at 100® 
under atmospheric pressure. 

The dotted line is the vapor- 
pressure curve after a salt has Fig. 37. 

been add(^d. At any given tem- 
perature the vapor pressure of the solution is obviously lower than 
that of the solvent, and it must be heated in order to boil. The 
diagram shows this condition under atmospheric pressure, when the 
temperature must rise from 100® at A to some higher value at B, 
before the vapor pressure of thc^ solution equals that of the atmosphere 
so that boiling can occur. At C, although the temperature is 100®, 
the pressure is less than one atmosphere'., and only slow evaporation 
can take place. Raoult found laws for this phenomenon similar to 
those of the lowering of the freezing point, and the lowering of the 
vapor pressure in dilute solutions of nonelectrolytes is proportional 
to the concentration. In electrolytic solutions there is an increased 
elevation of the boiling point due to dissociation. 

278. Diffusion of gases. The process by which two fluids, either 
liquid or gaseous, tend to interpenetrate each other by the motion of 
their molecules is called diffusion. If, for instance, two jars contain- 
ing different gases have their mouths in contact with each other, as 
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shown in Fig. 38, the two gases rapidly mix until each jar contains 
both gases in the same proportions as the other. This mixing occurs 
regardless of the relative densities of the gases. If B contains ihv 
heavy gas carbon dioxide, and A is filled with a much lighter gas like 
hydrogen, hydrogen descends, and the CO 2 ascends until 
each is distributed evenly throughout the total volume, 
exactly as if the other were not present, exerting its par- 
tial pressure in accordance with Dalton's law. 

The only appreciable effect of the pressure of the second 
gas is in the rate at which the first occupies the total 
volume. If one of the jars has been exhausted, the gas 
from the other would fill it with explosive violence, where- 
as the process of mixing just described may require many 
minutes if the volumes are fairly large. The obvious 
reason for this is that collisions are constantly occurring 
between the molecules, which limit their mean free path and so retard 
the process of diffusion. 

279. Diffusion through porous solids. If the giises referred to in 
the last paragraph had been separated by a sheet of paper, or any 
other porous body, the interpenetration would still have taken place, 
though at a slower rate. Also the gas of lower density would diffuses 
through the porous sheet more rapidly than the other. This is 
because the flow, or effusion^ through the minute holes of the separat- 
ing medium varies inversely as the 
square root of the density of the 
gas, as was proved in Article 158. 

Therefore if two gases are separated 
in this way, the ratio of velocities 
Ui and ua with which they pass into 
each othe r's do main is given by 
Ui/wi = 'v/daM, where d is the 
density. 

This results in unequal mixtures 
at first, as may be shown by the 
following experiment: A porous Fig. 39. 

earthenware jar A is fitted tightly 

with a stopper through which passes the bent glass tube of narrow 
bore r, shown in Fig. 39. This tube is partly filled with water, 
colored to make it easily seen, and standing normally at the level oa. 
An inverted glass beaker B is supported over the jar, and a pipe P 
attached to a gas-cock enters B from below. At first A and B con- 
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tain only air at atmospheric pressure. Then the gas is turned on 
for a few seconds, during which it rises because of its low density 
into temporarily driving out most of the air, and at once begins 
diffusing into the space A, while the air in A also diffuses into the 
gas contained in B, But the two rates of diffusion through the 
porous walls are not equal. The lighter illuminating gas passes 
more rapidly through the pores than the heavier air, so that for a 
short time the pressure in A is raised by an addition of the lighter 
gas, without a corresponding loss due to the slower outw^ard flow of 
the heavier air. This is indicated on the diagram by the two arrows 
of different lengths, and the result is an increased pressure in A which 
drives the liquid in the glass tube up to a new" level b, often several 
inches above a. This unbalanced condition lasts for only a short 
time, because, as we have seen, the ultimate proportions of the two 
gases tend to become the same in both regions, under atmospheric 
pressure. While this steady state is being realized, the pressure in A 
falls, and the liquid in the manometer returns to oa. 

Now if B is removed, a reverse process taktjs place. The porous 
jar contains a mixture of illuminating gas and air, but is surrounded 
by air only. The gas starts to diffuse outward more rapidly than air 
can enter to tak(^ its place. This results in a temporary fall of pres- 
sure in A, and the manometer level sinks to c, but ultimately returns 
to a when the inward diffusion of air has again restored atmospheric 
pressure. 

280. Diffusion of liquids. If two liquids which are soluble in 
each other are placed in contact, with the heavier one below, a slow 
process of diffusion takes place w hich ultiinal (iy results in a homoge- 
neous mixture of both. In principle this is identical with the diffu- 
sion of gases, but takes place much more slowly, owing to the much 
smaller mobility of the molecules. In fact it requires weeks or even 
months to diffuse completely, depending upon the nature of the 
liquids, their concentration, and the form of the containing vessel. 
A vertical tube containing water with a concentrated solution of 
copper sulphate at its lower end illustrates the diffusion of a salt. 
Its progress is indicated by a gradual rising of the blue color, and if 
the length of the tube is, say, ten times its diameter, many months 
elapse before the coloring becomes sensibly uniform. 

The common acids and solutions of crystalline bodies, such as min- 
eral salts, diffuse much more rapidly than the gummy substances 
known as colloids, and a mixture of the two types may be partially 
separated by making use of the different rates with which they diffuse 
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through a porous diaphragm. The molecules of the dissolved salt 
pass readily through the minute holes of some membranes such as 
parchment paper, while the much larger colloidal molecules are almost 
wholly stopped. The membrane thus acts like a sieve in separating 
colloids from crystalloids, and is much used in chemical analysis. 
The process is called dialysis. 

281, Osmosis. The diffusion of liquids, being due to the same 
cause as that of gasc^s, namely, the motion of their constituent mole- 
cules, must be expected to follow laws similar to those of gases. 
This has been found to be the case, though we must adapt our ideas 
regarding pressure, density, and so forth, to meet the conditions 
imposed by the solution of solids or liquids in liquids, instead of the 
more familiar and simpler conditions of gaseous mixtures. 

The pressure with which a solute tends to diffuse throughout a 
solvent is known as osmotic pressure, and the process by which this 
pressure is made evident is called osmosis. Certain 
membranes, like bladder, have the property of allow- 
ing free passage to water, while they greatly retard 
the molecules of a salt dissolved in it. These are 
called semiperraeable membranes. If such a mem- 
brane separates distilled water from a salt solution, 
the tendency to mix in equal proportions on either 
side takes place mainly in one direction, that is, by 
means of water passing into the solution and dilut- 
ing it progressively until, in theory, it reaches infi- 
nite dilution and so becomes pure water also. In 
doing this the dissolved salt occupies a larger and 
larger volume just as if it were a gas free to expand, and exerts a 
pressure which may be measured as follov/s: A thistle tube A (Fig. 40) 
has goldbeater’s skin tightly stretched over its mouth, and is filled to 
the level L with a concentrated solution of some salt like copper 
nitrate. It is then immersed in distilled water B as shown. The 
salt cannot readily get through into the water, but it is diffused none 
the less by the water that passes through the membrane and causes 
a gradual rise of the column in the stem. At some level I this process 
ceases, because the solution is steadily growing more dilute, and the 
hydrostatic pressure due to I ultimately balances the osmotic pressure, 
which decreases with increasing dilution. If the solution could be 
kept at its original strength, the final height h would measure the 
osmotic pressure of a concentrated solution according to the familiar 
equation p = hdg. 
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The apparatus just described is not very satisfactory except with 
very dilute solutions, because the membrane is so fragile that it is 
likely to break under the weight of a long column above it. Pfeffer, 
a German botanist, in 1877 succ^oeded in making very tough mem- 
branes by depositing copper ferrocyanidc as a film within the walls of 
porous jars. In this way he measured prcjssures as high as 307.5 mm 
of mercury, using a 6 per cent solution of sugar. As a result of those 
investigations, Pf(iff(?r concluded that osmotic pressures varied as the 
concentration, provided the solution was sufiiciently dilute. This is 
true for nonelectrolytes, but when dissociation takes place there is an 
abnormal increase in the osmotic pressure, just as in the case of the 
depression of the freezing point, and the elevation of the boiling point. 

In 1887 van’t Hoff showed that Pfeffer’s conclusion was equivalent 
to Boyle’s law for gases, since concentration varies inversely as the 
volume occupifid by unit mass of the solute; therefore^ p oc 1/v, or pv 
is constant at constant temperature. He also showed that osmotic 
pressure varies as the absolute temperature, which is equivalent to 
Charles’ law, and that osmotic pressures of different substances, not 
dissociated, when present in amounts proportional to their molecular 
weights, are all equal, which is analogous to Avogadro’s law. 

Thus dissolved substances behave in many respects like gases. 
They have th(i same gas constant li per mole in dilute solutions, and 
exert the same pressures, as would be expected of the same number of 
gas molecules in the same space at the same temperature, while their 
state is determined by the same equation pv = rT. 

Osmosis plays a very important part in both animal and vegetable 
physiology. This was first studied by DeVries who found that many 
coll walls are semipermeable and therefore enlarge or contract accord- 
ing to whether they contain a less or more concentrated salt solution 
than their surroundings. Oysters behave in this way, and swell 
when placed in fresh or brackish water, because when first taken from 
the ocean they contain salt water, and in less saline surroundings, 
fresh water passes through their membranes to dilute their more 
concentrated contents, thus making them appear fatter than before. 
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CHAPTER 22 


Propagation of Heat 

282. Modes of propagation. There are three ways in which heat 
may bo carried from one place to another. These are convection, 
condiKdion, and radiation. Convection means literally carrying with, 
and involves bodily transfer of heated substances, such as the feuer- 
werfer (fire-thrower) used in the World War, and the “Greek fire” of 
the ancients. Conduction (leading mth, or along) is the slow process 
by which heat is carried through a substance by molecular activity, 
the molecules of the hotter portions giving up .some of their kinetic 
energy to adjacent and less active molecules in the colder portions. 
Radiation is a transfer of heat in the same manner as light, and with 
the same velocity. The mechanism of this process is not fully under- 
stood, though wave motion plays an important part in it, as well as 
a quasi-corpuscular transmission of bundles of energy known as 
quanta. 

283. Convection in nature. This mode of heat transfer is the 
most obvious, and, except for the heai we get from the sun, the 
commonest in nature. The heat of the sun in equatorial regions 
warms the air, which rises. This causes the trade winds, which blow 
from higher and cooler latitudes toward the low-pressure region pro- 
duced by thiP expansion of the air in the tropics. But the heated air 
carries its warmth far north and south of the equator, and thus by 
convection helps maintain the equable climab- of the temperate zones. 

Ocean currents, like the Gulf Stream, are notable examples of con- 
vection. Whatever is their cause, they carry great masses of warm 
water from the tropical oceans into temperate and even arctic lati- 
tudes, thus greatly modifying the climate of the countries they 
approach. These warm streams are compensated by cold arctic 
currents like the Humboldt Current, which flows from the Antarctic 
Ocean up along the western coast of the United States, making the 
coast of southern California cooler than would be expected from its 
latitude. 

284. Convection in boilers. Before a pot of water boils, convec- 
tion currents are in constant circulation, carrying the hottest water 
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from the lower surface in contact with the fire up to the top, while 
water from the cooler upper layers descends to take its place. These 
currents are easily seen if the water contains small solid particles 
held in partial suspension, and they become increasingly marked as 
the boiling point is approached. The convection currents in boiling 
water are extremely vigorous. 

The boiler of a steam engine has to be carefully designed to allow 
for this kind of circulation, for if it did not occur, the layers nearest 
the grate would become superheated and form steam with explosive 
violence, blowing the cooler water far above its normal level and even 
wrecking the boiler. It is 
especially important to 
consider the circulation of 
convection currents in the 
design of water-tube 
boilers, where much of the 
liquid is contained in iron 
pipes of relatively small 
section. Such an arrange- 
ment is shown in Fig. 41, 
where the hot gases from 
the grate G pass upward 
through the system of wa- 
ter tubes r, and out by the 
back connection B to the 
chimney. The gases pass- 
ing under the drum D and past the tube E have already lost some heat, 
so that the water at the back of the boiler is cooler and denser than 
that in the front portion, and descends as indicated by the arrow 
through the back header H where it starts upward through T, meet- 
ing progressively hotter gases as it ascends. This ascending current 
grows steadily hotter and less dense until it reaches the front header 
from which it again enters the drum. The most vigorous boiling 
occurs under the steam dome F, where the pressure is always a little 
lower than elsewhere because of the outward flow of steam which 
occurs at that point by way of the steam pipe leading to the engine. 

286. Central heating. Houses heated by a furnace depend upon 
convection for the transfer of heat from the furnace to the air of the 
rooms. In hot-air furnaces the cold air from outdoors is warmed by 
contact with the hot iron of a box or other container heated by the 
fire. It expands, rises, and flows through pipes of large section with 
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as few bends as possible into the various rooms to be heated. The 
colder air from these rooms escapes through chimney, door, or window. 
But if no escape besides stray leakage is possible, the system is very 
ineffective. 

Hot-water furnaces employ a similar system using water as a con- 
veyor of heat instead of air. The water is heated in a boiler A (Fig. 
42) and flows upward through pipes to ‘‘radiators'^ B. These warm 
the air near them, causing it to rise and give place to cooker air which 
is itself warmed in turn. The water, having thus lost heat, now 
becomes denser and flows down through another pipe to the boiler 
to be heated over again. An expansion tank 
C connected to the hot-water system is a 
necessary part of the equipment. It allows 
for changes in volume of the circulating water 
and so prevents the pipes from bursting as the 
water expands. 

In steam-heating systems the water in the 
boiler actually boils, and the resulting steam, 
but not the water, is carried through the radi- 
ators, where it condenses in contact with the 
relatively cool metal, gives up its heat of vapo- 
rization, and runs down again as wat(*r to the 
boiler. This is a very efficient method, for 
when steam condenses it gives up just as many 
calories as were put into it when it was formed 
from water at the boiling point. However, 
steam heating suffers from the disadvantage that no heat is delivered 
until the water boils; consequently the radiator in condensing the 
steam is also generally raised to nearly 100" C, and lower tempera- 
tures for moderate heating are less easily obtained than with the hot- 
air or hot-water systems. 

286. Prevention of convection. In some cases, convection of heat 
is undesirable. We wear clothes to prevent the heat of the body 
from being conveyed away by air currents. Wool is particularly 
effective in this way because its kinky libers retain a layer of motion- 
less air near the skin, thus preventing convection currents, and also 
reducing conduction losses to a minimum, as we shall see later. 

Everyone knows that he chills much faster when the wind blows 
than when the air is still. This rapid removal of heat, due to con- 
vection currents set up even in woolen clothes, may be counteracted by 
wearing leather or closely woven canvas outside the woolen garments. 





Chap. 22] 


PROPAGATION OF HEAT 


253 


So-called ^^fireless cookers^^ work on a similar principle. The food 
is first partly cooked over a fire, and is then placed inside a container 
surrounded by straw, felt, or still better, a vacuum, so that little heat 
escapes and slow cooking continues for several hours. Thermos 
bottles function in the same way. They are made of double-walled 
glass with most of the air between the walls exhausted. Thus heat 
cannot pass in or out either by convection or conduction, while radi- 
ation is minimized by silvering the outer layer, according to a prin- 
ciple to be explkined later. 

Incandescent lamps are partly cxliausted to prevent the air from 
carrying heat away from the filament and to prevent its oxidation. 
If this were not done it could still be heated to incandescence by the 
current, but more electrical energy would be required to supply the 
increased loss, and its life would be shortened by oxidation. 

287. Conduction. This molecular process is very slow compared 
to the usual cases of convection. A silver spoon dipped into boiling 
water may be h(^ld in the hand for several minutes before becoming 
uncomfortably hot, while a stick of wood under the same circum- 
stances gets warm so slowly that one does not observe any rise of 
temperature. Evidently the rate of conduction is different with 
different substances. 

The reason why stone or metals feel hotter to the touch on a hot 
day, and colder on a cold day, than cork, wood, or cloth, is that 
stone and metal conduct heat to the skin, or carry it off more rapidly 
at a given temperature, than other substances of lower conductivity. 
Thus common experience teaches us that some bodies, especially 
metals, are good conductors of heat, while others, espc^cially those of 
animal or vegetable origin, arc poor conductors. 

Among the poor conductors are gases and liquids. It is difficult 
to prove this fact experimentally, because convection currents are 
generally set up unless great care is taken to prevent them, and the 
heat carried in this way masks their insulating property. However, 
the layer of motionless air held in the packing of a fireless cooker is 
an evidence of its insulating power. To prove that liquids act in the 
same way, we may heat the upper surface instead of the bottom of a 
liquid contained in a vessel, and thus eliminate convection currents. 
In this case the lower layers remain cold, even when an inflammable 
liquid like mineral oil is burning on the top of a beaker of water. 

288. Coefficient of conductivity. Experiment shows that when one 
portion of a bar of uniform section is heated, the total transfer of 
heat along it varies as the area of the section, as the time during which 
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it flows, as the temperature gradient, and as the nature of the sub- 
stance. This may be expressed by the following equation, which 
gives the amount of heat transferred past a given section of the bar 
in a given time : . 

H = IcaQ-^^y, ( 1 ) 

where {h — fe)/Z is the space rate of change of temperature, or gra- 
dient, assumed constant for a distance 1, a is the cross section, and r 
is the time, while /c is a constant known as the coefficient of conductiv- 
ity of the material in question. If the bar is a cube having one square 
centimeter cross section and is one centimeter long, and if a difference 
of one degree centigrade is maintained between opposite faces, then 
in one second the number of calories which flow through it is numer- 
ically equal to kj because everything else in the right-hand member 
of the equation is unity. The preceding definition assumes that 
there is no loss of heat from the sides of the conducting bar. If there 

is such a loss, the temperature 
gradient is variable, becoming 
less and less steep at increasing 
distances from the source of heat. 
At a given point it is then ex- 
pressed as dt/dL 
The flow of heat along a bar, 
with steady loss from all surfaces, 
may be studied by placing ther- 
mometers in small holes drilled at 
regular intervals along it, as shown in Fig. 43. The line numbered 1 
shows the initial condition when the thermometers are all at the 
same temperature. After heating the left-hand end for a short time, 
the temperature is shown by 2, while 3 and 4 illustrate conditions at 
later time intervals. Where the slope is steepest the heat is flowing 
most rapidly, as is to be expected from the equation (1). 

289. Measurement of conductivity of solids. In order to measure 
the conductivity, fc, of a solid, it is necessary to know all the other 
quantities involved in its defining equation. This may be accom- 
plished by the method devised by Searle, shown in Fig. 44. A short 
thick bar of the metal to be studied is packed in felt to minimize loss 
by convection or conduction from its surface. The relatively large 
cross section also contributes to this end, because the rate of flow 
depends upon a, which varies as the square of the diameter d, while 
the surface per unit length varies only as the first power of d. There- 
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fore, when d is made large, the effect of surface losses becomes less 
and less important in comparison with the amount of heat conducted 
through a. 

A steam chamber at one end is supplied with steam from a boiler 
not shown, while a coil through which water runs keeps the other 
end cool. Four thermometers arc placed as indicated, two to measure 



Fig. 44. 


the temperature gradient, and two more to measure the temperatures 
of the incoming and outgoing water. It takes some time to reach a 
steady state, or regime, after turning on the steam, but in time all 
the thermometers become almost steady, provided the steam and 
water flow at nearly uniform rates, and the latter enters at a constant 
temperature U- The temperature gradient is now a straight line as 
indicated on the diagram, and is readily obtained from h, fe, and the 
distance 1. The amount of heat which flows through during the 
time T is obtained from the measured amount of water delivered from 
the coil during this time multiplied by its rise in temperature h — 
The section a is readily measured, so that k may be calculated. 


1 

Substance 

k 

Substance 

k 


0.504 

German silver 

0.07 


0.918 

Glass 

0.0015 

Iron (pu^’e) - - 

0.161 

Oak wood 

0.0006 


0.083 

Pine wood 

0.0004 



IV^Arniirv 

0.0197 

Paper 

0.0003 

Silvpi" - . 

0.974 

Porcelain 

0.0025 


0.265 

Rubber i 

0.00045 



Prass 

0.260 

Ice 

0.005 
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As is seen from the conductivity equation, the dimensions of k are 
those of H divided by time, temperature, and the first power of a 
length, since a involves length squared while I is the first power only. 
Values of conductivity are then expressed in calories per centimeter 
per second per degree centigrade. On page 255 are given values of 
k for a few of the more important metals, alloys, and other materials 
at an average temperature of about 18° C. 

290. Measurement of conductivity of liquids and gases. Liquids 
may be heated in a manner similar in principle to that described above, 
but the h(jat should be applied at the upper surface of a shallow layer. 
Under these circumstances, convection currents are not set up to any 
appreciable extent. The heat is best supplied electrically, because of 
ease in regulation, and in calculating the amount generated from the 
measured current and resistances of the heating coil. Solids of such 
low conductivity that thin sheets must be used instead of bars, are 
examined in much the same way. Tlie sheet or slab is placed be- 
tween the electric heater and a metal plate, whose temperatures are 
measured after a steady state has been attained. 

It is much more difficult to measure the thermal conductivity of 
gases, for convection currents are unavoidable, and radiation also 
takes place across the space occupied by the gas. The general 
method is to measure the loss of heat by a body warmer than its 
surroundings and suspended in a vessel filled with the gas to be 
studied, which is reduced to a pressure low enough to eliminate con- 
vection currents. If it is not too low, both experiment and theory 
show that the conductivity is not affected by the pressure. 

Loss of heat due to convection currents is found to be negligible 
if the pressure is below 15 cm of mercury, so that at, say, 5 cm pres- 
sure, the cooling of the heated body is due only to conduction and 
radiation. The rate of cooling at this pressure is observed, and 
again when the space has been exhausted as completely as possible. 
In this condition the cooling is due to radiation alone. So having 
eliminated convection, and measured the radiation loss, we can 
calculate the conductivity. 

Conductivities for certain liquids at about 20° C and gases at 
about 0° C are given in the table on page 257. It will be seen 
that the order of magnitude of the latter is considerably smaller than 
that of the former, while in general, among gases, those of low mo- 
lecular weight are the best conductors. Thus carbon monoxide is a 
better conductor than carbon dioxide, and nitric oxide (NO) is better 
than nitrous oxide (N 2 O). 
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Liquid 

k 

Gas ! 

1 

k 

Alcohol 

0.00043 

! 

Hydrogon . . ! 

0.00032 

Glycerine 

0.00038 

Helium 

0.000.34 

Ether 

0.0003 

Owiren 

0.000053 

Mercury 

0.0152 

o' 

Air j 

0.000052 

Paraffin Oil 

0.00035 

CO ! 

0.00005 

Water 

0.00143 

C 02 

0.00003 






291. Rate of temperature rise. A familiar type of experiment used 
to illustrate comparative conductivity consists in coating rods of 
several metals with a paint that changes (jolor when hot. 

The rods, held vertically, are hc^ated simultaneously at their lower 
ends by boiling water, and the rate at which the exposed portions 
change color gives a rough ind(ix of their relative conductivity. This 
experiment, however, is somewhat misleading, because the rate at 
which the temperature rises along such a bar is not the same thing 
as the rate at which heat crosses a given section. The latter depends 
upon the value of k for a given temperature gradient and section, 
while the former involves in addition both the specific heat and 
density of the metal. Thus a substance of low specific heat would 
grow warm at the far end faster than another metal of high specific 
heat but having similar density and conductivity. This is because^ 
it takes less time for a given amount of the metal of low specific heat 
to acquire a stated temperature, when supplied with heat at the same 
rate, than a metal of higher specific heat. 

292. Radiation. Our most important illustration of this mode of 
heat transfer is the radiation of heat from the sun. It comes to us in 
exactly the same way as the sun^s light, and with the same velocity 
of 3 X lO'o cm/sec., or 186,000 mi./sec. It is the chief source 
of terrestrial heat, because the carth^s surface receives very little 
heat from the interior, and the amount we owe to th(^ stars is negligibly 
small. Such apparently different phenomena as radio broadcasting, 
radiant heat, light, X-rays, the gamma rays from radium, and pos- 
sibly the ^^cosmic rays'' from outer space, are all essentially the same, 
but differ from each other in wave length. “Radio" waves are the 
longest, those of radiant heat come next, and so on in the order 
named to the excessively short waves emitted by radium and other 
radioactive substances and the still shorter cosmic rays, if they are 
of a wave nature. 

These various forms of radiation travel best through empty space, 
but all can penetrate matter, even solids, with more or less freedom. 
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However, the laws describing their transmission, absorption, and other 
characteristic properties will b(^ discussed later under the sections of 
light and electricity. At present we need think of radiant heat only 
as a stream of energy flowing out from the radiating body with 
incredible speed, and stopped only when absorbed or reflected by 
matter whether in the gaseous, liquid, or solid form. 

293. Inverse square laws. When a body radiates heat, it loses 
energy. This radiant energy tends to spread out in all directions, as 
the very word radiation implies, but its total amount remains un- 
changed until it meets some material substance which absorbs a 
portion of it and in so doing reconverts this portion into heat. This 
is much the same as the absorption of the long waves of radio trans- 
mission by the antennae of a receiving station, where they are re- 
converted into electric currents similar to those that originally caused 
the radiation. 

If the radiator is a point or sphere, and surrounded by empty space 
or a homogeneous medium that is only slightly absorbent, like air, the 

energy spreads out equally in all directions, 
so that its intensity grows steadily less as th(» 
distance from the source increases. Inten- 
sity I is defined as the amount of energy 
which passes each second through a plane of 
unit area (one square centimeter) perpen- 
dicular to the direction of flow. Let the 
total energy radiated per second from a 
point 0 be H ergs/sec. Then circumscribe 
a sphere of unit radius about the point, as 
shown in Fig. 45. Since the area of such a unit sphere is 47r cm^, the 
rate of flow across the unit an^a a is given in ergs per second by / = 
This is the flow through a unit solid angle, and if H = 47r 
ergs/sec., the intensity over any part of the sphere is unity. 

Now consider a point p distant r cm from 0. The area of a sphere 
passing through p and centered on 0 is therefore the rate of flow 
across unit area (intensity) at p is = Ip. If we compare 



Fig. 45. 


Ip with / above, 


47rr2 ^ H 


This means that the intensity varies inversely as the square of the dis- 
tance from the source j provided there is no absorption. This is known 
as the inverse square law, and it enables us to compare the inten- 
sities at different distances from a common source. Thus if n and r 2 
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are the distances, since h = //n^ and h = //r 2 ^ it follows that 
/1//2 == r2Vn^. 

There is nothing in this law peculiar to heat or light for it is a 
geometrical property of three-dimensional space that areas of similar 
solids increase as the square of their linear dimensions. Hence any- 
thing which goes out from a point uniformly in all directions, spreads 
itself over areas which increase as the square of the distance from that 
point, so its intensity is diminished at the same rate. The spines of 
a sea urchin, assuming uniform radiation, would obey this law, so 
there is nothing mysterious about it unless we regard three-dimen- 
sional space as a mystery. If our space had four dimensions, radiant 
energy would fall off inversely as the cube of the distance, while in a 
plane it falls off as the first power, a fact observable in the expanding 
wave front which radiat(is from a stone thrown into a pond. But if 
the propagation of energy were confined to a straight line, and no 
absorption occurred, the intensity would remain constant to infinity. 

294. Measurement of thermal radiation. The most obvious way of 
measuring radiant h(iat is by absorbing it in some substance whose 
heat capacity is known, and then observing the rate at which its 
temperature rises. The problem is then purely calorimetric, and H 
is found from the usual reflation II = (Ssm)(f 2 — h). This is made 
use of in practice for measuring the rate at which solar energy reaches 
the earth. The apparatus is essentially a calorimeter containing 
water which is heated through a thin diaphragm of blackened metal. 
Thus the apparatus almost completely absorbs the radiant energy 
which falls \xpon it. If due corrections are made 
for the absorption of the atmosphere, the earth, 
when the sun is vertical, receives on an average 
1.937 calories per square centimeter per minute, 
or about 1 .8 horsepower per square meter. This 
figure S is known as the solar constant, al- 
though it is not constant, but varies with the sun 
spots over an eleven-year cycle, and must be 
gradually growing less as the sun loses energy. 

A much more delicate device for detecting and 
measuring radiant energy was invented by Sir 
William Crookes, and is called the radiometer. 

Its essential features are shown in Fig. 46, where 
A and B are two mica vanes at the ends of a light aluminum bar sup- 
ported by a quartz fiber in a highly exhausted vessel. If each vane is 
coated with lampblack on one face and silvered on the other, the 
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blackened surface will absorb the radiant heat that falls upon it and so 
grow warmer, while the polished face will reflect almost all it receives 
and remain cold. If now a beam of radiant heat falls upon the system, 
or, still better, is directed at the blackened face of A alone, the latter 
becomes warmer, and gas molecules striking it rebound with greater 
energy than those which strike its back or either face of B. This 
results in an unbalanced force tending to push A backward, and the 
resulting torque rotates the system, whicih carries a small mirror M. 
Then if a beam of light falling upon M is reflected to a scale, very 
minute angular displacements may be read and me^asured from the 
displacement of the spot of light. The degree of exhaustion is a 
most important consideration in this instrument. If it is not good 
enough, collisions between the molecules themselves, after impact 
with the black vane, result in a general rise of temperature of the gas, 
which neutralizes the effect desired, while if thc^ pressun? is too low a 
new effect, to be described later, appears and reverses the rotation. 

The whirling radiometers seen in opticians^ windows work on this 
plan but are not adapted to quantitative measurement. The 
bolometer, thermopile, and radiomicrometer are also very sensitive 
detectors of radiant heat, but as they are electrical in principle, an 
explanation of their behavior must be postponed. 

296. Prevost’s theory of exchanges. This fundamental principle 
was first formulated in 1792 by Pierre Pre^vost, a Swiss philosopher, 
man of letters, and physicist. Among other important contributions 
to the theory of radiation, h(? showed that all bodies are continually 
radiating heat, and at the same time absorbing it from their surround- 
ings. Thus there is set up a process of ^‘exchanges” of energy, resulting 
in warming objects that receive more than they give, while those that 
radiate more than they receive must lose heat. In the former case 
the temperature of the body rises, while in the latter case it falls. 
If wo combine this principle with the second law of thermodynamics, 
it is evident that hotter bodies, in the presence of cooler ones, tend to 
grow cooler by radiation alone, while the latter tend to grow warmer. 
This may be strikingly demonstrated by placing a block of ice in front 
of a whirling radiometer, with the result that the sense of rotation is 
reversed long before the highly exhausted gas in the bulb can have 
lost appreciable heat by conduction or convection. The ice, though 
radiating heat, receives much more from the radiometer (and other 
surroundings) than it sends out. The blackened surfaces of the vanes 
radiate more vigorously than the polished ones, without receiving 
compensation from the ice. They are cooled in consequence, and the 
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rebounding gas molecules are slowed down by impact with the cooling 
surface. 

If a body and its surroundings are at the same temperature, then 
the exchange .must be equal, for it Is a matter of common experience 
that their temperatures remain constant in accordance with the 
second law of thermodynamics. 

296. Absorption, transmission, and reflection. The ability of 
bodies to absorb or emit, transmit or reflect, radiant heat depends 
upon their physical properties. Some, like charcoal, absorb almost 
all they receive. Others, like rock salt, transmit with great freedom, 
while still others, like polished metal, do little of either, but reflect 
radiant heat almost undiminished. 

The absorptivity of a medium or substance is the ratio of the heat 
absorbed per second over a square centimeter by a thickness of one 
centimeter, to the total heat received in the same time by the same? 
area. If these rates are denoted by ha and respectively, the absorp- 
tivity is given by a = ha/h. But if there is no transmission, ha 
represents a purely surface absorption, and then a measures surface 
absorptivity rather than that of a medium. 

Reflectivity is measured in the same way by a coefficient defined 
by r = hr/h, where K is the rate at which energy is reflected from 
unit area which receives it at the rate h. 

Transmissivity, or diathennancy, measures the ability of media 
to transmit radiant heat even when they are opaque to visible light. 
It is defined by d = ha/h, where ha is the rate at which heat is trans- 
mitted through a centimeter thickness of the medium of unit area. 

Since the heat received by a body per second must be either ab- 
sorbed, reflected, or transmitted, and since all three actions usually 
occur to some extent, it is obvious that ha + K + ha — h. Therefore 

I I ] ^ 1 

a + r + d:=j+j + j = j^=\. 

If then; is no transmission, a + r = 1; similarly, in the unlikely case 
of negligible absorption, r d = 1. But the most interesting case is 
where r may be disregarded. Then a + d = 1, a result showing that 
all the radiant energy not absorbed must be transmitted. In this 
case, increasing thickness increases the total amount of heat absorbed, 
while decreasing the amount transmitted. Since d is the proportion 
transmitted by a centimeter thickness, two centimeters transmit 
d X d of the amount received, and n centimeters transmit only d" of 
the original energy. 
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297. Values of transmissivity. This property of substances is 
profoundly affected by the temperature of the source, so that a 
numerical value of d is not very significant unless that temperature is 
specified. The following table gives values of the proportion trans- 
mitted, as found by Melloni, for 
layers of substances 2.6 mm 
thick instead of one centimeter. 
It is evident from the figures 
that transparency to visible light 
is no index of the transmissive 
power of heat waves, for all the 
substances named are highly 
transparent in the usual sense 
of the word. We see also 
that with high temperatures 

transmissivity increases, except in the case of rock salt. Water is 
extremely opaque to radiant heat, while alcohol and kerosene are 
considerably less so, and carbon bisulphide is nearly six times as 
^^transparent^’ as water. If this fluid is colored with iodine so as to 
be nearly opaque to visible light, it still transmits so much heat that 
the beam from an arc light may be brought to a nearly dark focus by 
a spherical flask containing the solution, and a match may be ignited 
by holding it there, as indicated in Fig. 47. 

298. Emissive power. The ability to radiate heat, called emissive 
power, depends not only on the temperature of a body, but upon its 
nature, especially that of its surface. It may be defined as the total 
energy emitted per second per square centimeter of the radiating body, 
and will be denoted by jB'. A comparative idea of the emissive power 
of various metallic surfaces is easily obtained from the use of “Leslie's 
cube." This a cubical box with 
an opening at the top by which 
it is filled with boiling water. 

The four lateral faces are of dif- 
ferent metals differently treated, 
such as iron painted white, iron 
painted black, polished brass, 
and tarnished copper. A ther- 
mopile placed at the same distance from each face in turn serves to 
compare the radiation from these faces. In the case supposed, the 
polished brass is much the poorest radiator, with tarnished copper con- 
siderably better, while the two painted surfaces are almost alike, with 
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SubstaiMic 

Temp, of 
Source ("O 

Rel. Trans- 
mission (%) 

Rock Salt 

390 

92 

u u 

100 

92 

Plate Glass ... 

390 

6 

It tt 

100 

0 

Calcium 1 
Fluoride / 

390 

42 


100 

1 

33 
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the smoother one exhibiting the lower emissive power. This is quite 
as likely to be the black surface as the white one, because color is of 
little importance at such a low temperature. 

299. Emissivity. The ratio between the emissive power E' of a 
given surface to that of the perfect radiator E is called the emissivity 
of that surface. This quantity will be denoted by e = W/Ey and 
its value is obviously unity, or 100 per cent, in the case of a perfect 
radiator, for then J?' = E. 

300 , Kirchhoff’s law. This law, derived as a result of experiment, 
states that the ratio of emissive power of a body to its absorptivity, 
E': a, is the same for all bodies at the same temperature, but that its 
value depends upon the temperature of the source and upon the wave 
length of the radiation. In other words, E':a is a (joiistant for all 
bodies at the same temperature and emitting radiations of the same 
wave length. Hence good absorbers are good radiators, and poor 
absorbers are poor radiators in exact proportion to their absorptivity. 

The absorptivity a differs widely among different substances and 
differs in the same body with different wave lengths. Lampblack 
absorbs about 96 per cent of visible light, and 
platinum black 98 per cent. Therefore an ideal 
body, which absorbs 100 per cent of the energy 
of all wave lengths it receives, is known as a ' 

^^black body.’' This may be realized by using a 
hollow receptacle, preferably spherical, painted 
black inside, and with a hole to admit radia- Fig. 48. 

tions. These, after entering the enclosure, are 
completely absorbed because of the repeated internal reflections, as 
indicated in Fig. 48, and only those that enter axially, like the ray r, 
have any chance of emerging after a very imperfect reflection from 
the tip of the blackened cone at b. Therefore the absorption is 
practically perfect, and its coefficient a may be taken as unity. 

Now, since according to Kirchhoff’s law, W:a is a constant, it 
follows that a black body must be an ideal radiator because it is an 
ideal absorber. Its emissive power is therefore E by hypothesis, and 
its absorptivity is unity, or 100 per cent. Then the ratio E': a for 
any body must equal the same ratio for a black body where a = 1. 
Hence jr?/ jp 

( 1 ) 




This tells us that the numerical value of Kirchhoff’s ratio is precisely 
the emissive power of a black body at the same temperature. 
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Finally, since the emissivity is defined as JS'/J?, E' = eEy and sub- 
stituting in the equation above, we obtain 


eE E 

a 1 


( 2 ) 


or the absorptivity and emissivity of all bodies are equal at the same 
temperature insofar as they obey Kirchhoff^s law. From this it 
follows that if the hollow sphere shown in Fig. 48 were heated, it 
would emit more energy per square centimeter through the orifice 
than any body that was less perfectly “black.^^ 

301. Experimental demonstration. An experiment due to Ritchie 
demonstrates Kirchhoff^s law in a convincing maimer. A hollow 
cylindrical drum A (Fig. 49) mounted on a glass post, has one of its 

end faces of polished silver or 
nickel, and the other coated with 
lampblack. When filled with hot 
water, the former radiates very 
feebly, while the latter radiates 
nearly 100 per cent of black-body 
radiation at the same tempera- 
ture. The hollow drums B and C 
each have one polished and one 
black face also, and they are con- 
nected by a capillary tube T, 
partly filled with a colored liquid 
whose two free surfaces stand normally at t he common level LL', in- 
dicated by the scales S. If the air in either B or C is warmed, it ex- 
pands and forces the liquid index down on one s^Jde and up on the other. 
All three cylinders may be rotated about their supports as axes, so that 
either face may be presented to its opposite neighbor. Then if the 
blackened face of 5 is opposed to the blackened face of A, while two 
polished surfaces face each other between A and C, the result is a strong 
transfer of radiant heat from A to B, and almost none from A to C. 
This results in a falling of L and rising of L'. But if bright faces 
dark, from A to B, and dark faces bright from A to C, the levels of the 
liquid remain ai the same height. 

The fact that a strongly absorbing surface is therefore a good radia- 
tor may also be roughly shown by painting a spot of India ink on a 
strip of platinum foil. Its black color means that it is absorbing the 
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light which falls upon it. But if the foil is now heated to redness, the 
spot of ink becomes brightly incandescent, emitting much more light 
than the surrounding foil. This indicates a greater emissive power 
for the short waves of visible light, just as it previously absorbed 
them more completely at the lower temperature. 

302. Applications. Among the many interesting applications of 
the principles we have been discussing are the following: A thermos 
bottle has its outer surface silvered to prevent radiation, which would 
otherwise take place across the vacuum between its glass walls. 
Radiators in housc^s are purposely rather rough and unpolished so 
they may have a high emissivity, and the radiating surface is made as 
large as possible. A thermometer whose bulb has been coated with 
lampblack not only records a higher temperature in the sun than one 
not so treated, but it falls more rapidly to air temperature when 
placed in the shade. Smooth white duck clothes reflect the radiant 
heat of the tropical sun more effectually than dark rough woolens, 
which absorb it instead. The low transmissivity of glass to radiant 
heat makes it valuable as a fire screem, acting as a shield from the 
glare of an open fire. For the same reason it cuts off so much of the 
sun^s radiant heat that a ^^burning glass’^ does not work so well inside 
a glass window as out of doors. A ^‘cold frame^' for raising early 
vegetables, and a greenhouse, transmit mostly visible light from the 
sun through their glass panes, but this light, falling on the ground, 
is absorbed and warms it. The ground in turn radiates heat, which 
cannot readily escape because of the poor transmissivity of glass for 
thermal radiation. Dew forms on the grass on clear nights in summer 
because of rapid radiation from the heated soil. This radiation 
causes the temperature of the soil to fall below the dew point, and so 
condense the moisture in the air. But on cloudy nights the radiation 
is partly returned by the clouds to the earth, and the cooling process 
takes place too slowly to form dew. The glare of a fire on a cold 
night, or the sun at high altitudes, warms the body of an observer by 
its radiant energy, though the air itself may be very cold bccaus(i of 
its low coefficient of absorption; so when the fire goes out, or the sun 
goes under a cloud, the air is found to be almost as cold as before. 

303. Radiation and temperature. It is a matter of common ex- 
perience that hotter bodies lose heat more rapidly than cooler ones; 
also that a cooler body's temperature rises at a more rapid rate than 
a warmer one when exposed to radiant heat. These effects wen^ 
examined experimentally by Dulong and Petit, who devised an em- 
pirical formula which, however, is valid for only small differences of 
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temperature. An examination of their observations led Stefan to 
formulate a law which holds for any range of temperature, and 
appears to be fundamental for ideal black bodies. It is that the 
total rate of radiation emitted by unit area of a black body is proportional 
to the fourth power of its absolute temperaiure,] This may be expressed 
by the equation Ex = where fc is a constant that has been found 
to be 5.77 X erg per cm^ per second per (degree)S when E\ ivS 
measured in ergs per second radiated from one square centimeter. If 
this body is surrounded by black walls whose absolute temperature is 
T 2 , lower than Ti, they also radiate an amount of energy per second 
given by £2 = kT^^. But since the absorptivity of a black body is 
unity, each surface absorbs all that is radiated from the other, so 
that the net loss of energy by the hotter one is at the rate of 

£1 - £2 = £ = y { Tx ^ - 72^). (1) 

The constant fc' depends upon the areas involved, but if the hotter 
body has unit area, and is zero, then the equation reads £ = fcTi^ 
so that fc may be defined as the number of calories radiated per second 
per unit area by a black body whose temperature is one degree above 
surroundings at the absolute zero. 

In the case of bodies that are not perfect radiators, a different 
constant, fci, is called for, which depends upon the nature of the 
surfaces as well as on their area, and for certain bodies, such as gases, 
it is not even a constant. 

For small temperature differences, an approximate formula may b(i 
derived which is often useful. Factoring equation (1) above and 
taking fci as the constant for this case, we obtain 

£ = kx{Tx - T^Wx^ + Tx^T, + 

But by hypothesis Tx is approximately equal to 7^2 ; hence, setting 
Ti = T 2 in the various products of the second parenthesis, we obtain 
£ == fci(Ti — r2)4T'2*; or £ = hiTx — T 2 ) = k 2 AT, where fc 2 equals 
4:kxT2^f assuming T 2 to be constant during the process of cooling. 
This is known as Newton's law of cooling, which states that the rate 
is proportional to the temperature difference AT, provided this is 
small. 

304. Temperature of the sun. If the sun is regarded as an ideal 
black body, the temperature of its visible surface, known as the 

t A proof of this law due to Boltzmann and based on thermodynamic theory 
may be found in A Textbook of Heat by Saha and Srivastava, p. 619, or in Wood's 
Physical Optics^ third edition, p. 799. 
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photosphere, may be obtained approximately by the use of Stefan^s 
law as follows: If r is the sun's radius and T the absolute surface 
temperature, then the total heat in ergs radiated per second is given by 

E = 

At Rf the earth's distance from the sun, the same energy is spread 
over a sphere whose area is 47r/2^, and the amount h falling upon a 
square centimeter per second at that distance is or 

, _ 4iTrr%T^ 

The solar constant S (Article 294) is measured in calories per minute, 
while A is in ergs per second; therefore h = (4.185 X 10^S)/(60). 
The ratio r/R is half of the observed angle which the sun subtends 
at the earth and equals 4.649 X 10~® radians. The constant 
k ^ 5.77 X 10“’^ erg per cm^ per second per (degree)^, as stated in 
Article 303. Introducing these values, and 1.937 for S, we find the 
temperature to be 5737° K. This figure is somewhat too small, be- 
cause the sun does not radiate lik(^ an ideal black body and must there- 
fore be hotter than a black body radiating with the same intensity. 
Actually the sun's surface temperature appears to be about 300° high- 
er than the one just calculated, and in general, '^black-body tempera- 
tures" of incandescent bodies are lower than their actual values. 

306. Radiation pressure. Clerk Maxwell, a celebrated English 
mathematical physicist, author of the electromagnetic theory of 
light, showed that as a consequence of the theory, pressure must be 
exerted on all surfaces exposed to radiant energy. This pressure, 
acting on an ideal black body, he found equal to the energy of radia- 
tion contained in unit volume of the space through which it traveled, 
provided the exposed surface completely absorbed it, but that it 
would be twice as great if perfectly reflected. The doubling would 
also occur if the surface were bombarded with minute corpuscles 
having inertia, as in the case of an ideal gas whose behavior closely 
resembles diffuse black-body radiation. If these corpuscles were 
inelastic and did not rebound, the pressure exerted would be only 
half the value of that exerted under a perfectly elastic impact. 

The actual existence of this pressure was first established experi- 
mentally by Lebedew, a Russian physicist, in 1900, and measured 
quantitively by both Nichols and Hull in America the following year. 
Their results agreed with Maxwell's predictions, and greatly strength- 
ened his theory of radiation. The apparatus employed was essen- 
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tially a radiometer, but contained in such a high vacuum that the 
effect of bombardment by the gas molecules was reduced to a negli- 
gible value. In this case then, the vane having a polished surface 
experiences a larger pressure than the blackened one, and the result- 
ing torque is opposite to that produced in a poorer vacuum. This 
torque was measured, and the pressure which caused it calculated. 

When light falls upon a very small object, the force it exerts may 
exceed the force of gravity due to a luminous body like the sun. 
This is because the total force exerted by the light varies as the 
section of the particle, or Trr^, while the gravitational force varies as 
its volume |7rr^. As the radius decreases, the volume decreases more 
rapidly than the area, and if the particle is small enough it will be 
repelled rather than attracted by the sun. This is strikingly illus- 
trated by the tails of comets which are made of minute particles 
normally surrounding the “head.” As the comet nears the sun, 
these are driven backw^ard to form a tail which streams out in a 
direction opposite to the sun, and so precedes the comet's head as it 
again moves away into space. 

306. Comparison of radiation and gas pressures. Although 
they behave differently, there arc striking similarities between these 
pressures. A stream of gas molecules striking an absorbing surface 
exerts a pressure twice as great as that of a radiant beam of the same 
energy density. In a cylindrical stream of gas molecules, of unit 
section, let v be the velocity, m the mass of a molecule, and n their 
number per unit volume. The time t required to absorb a cubic 
centimeter is the time required to travel a linear centimeter, or 1/v, 
The momentum of the cube is nmVj and the time rate of change of this 
momentum is nmvlL Substituting t = 1/v, nmv/t = This is 

the force per unit area exerted on the surface, and is equal to the 
pressure. But the kinetic energy w is nmv^!2 per unit volume, there- 
fore p = 2wy whereas in radiation p = w. This means that although 
radiation must have momentum, the momentum is only half as great 
as that of a stream of particles having the same energy density. 

Another striking fact, demonstrated by Professor Hull, is that an 
enclosure whose walls emit black body radiation is similar to a vessel 
containing a gas. In both cases adiabatic changes in volume are 
related to changes in pressure according to pv'^ = b (Article 254). The 
calculated value of y for a monatomic gas is 6/3 (Article 214), but 
with radiation, 7 is 4/3. Therefore, an adiabatic reduction of volume 
increases radiation pressure, but less so than with a monatomic gas. 
If a gas is compressed isothermally, its pressure varies inversely as the 
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volume, but in the case of radiation, there is no change in pressure, 
becaUvSe p = it, and u? is a constant at constant temperature. 

367. Radiation and mass. The similarity between radiant energy 
and mass or inertia is strongly suggested by the preceding discussion. 
That energy has mass has long been thought probable, because an 
electric current has inertia by virtue of the energy stored up in the 
surrounding medium. This consideration led Hasenohrlf to investi- 
gate the exact relationship between mass and radiant energy. His 
theory was based upon an imaginary experiment on an enclosed 
space filled with ether waves. The energy required to accelerate the 
container depends upon its inertia, but this inertia is affected by the 
pressure of the enclosed radiation on its walls. This pressure may be 
found as explained in the last article. Then by a somew^hat compli- 
cated calculation, Haseiuihrl showed that the mass of energy equals 
the amount of the energy divided by the square of the velocity of 
light c, or m = W !&. 

Today the above relation (as shown by Einstein) is an important 
postulate of relativity, and an essential principle of quantum mechan- 
ics. In consequence of this postulate we must regard mass and 
radiant energy as different aspects of the same thing. In theory they 
can be interchanged, although we are only beginning to understand 
how such transformations are brought about. At any rate it is now 
believed that radiating bodies lose mass, and that extremely hot 
bodies like the stars, which radiate energy in enormous quantities, 
must be constantly losing mass. 

In the relation ni = TF/c^, or W = c^m, if we take c as 3 X 10^° 
cm/sec., and measure m in grams, then W is found in ergs. Thus the 
energy equivalent of one gram of matter is 9 X 10^ ergs, or 9 X 10^^ 
joules. This is about 34 million horsepower hours, so that the 
gradual destruction of a single gram of matter would furnish one 
horsepower for about 3800 years. The sun radiates energy at a rate 
that may be calculated from the solar constant, or 1.937 calories per 
square centimeter per minute at the earth. This energy streams 
across the surface of a sphere whose radius is 93 millions of miles, 
which means that the sun must be losing mass at the rate of 4.6 mil- 
lion tons per second, but it has so much mass to lose (2 X 10^^ tons), 
that it will be only one per cent less massive after a lapse of over 
140 billion years. 

t Friedrich Hasenohrl, 1874r-1916, an Austrian physicist killed in the World 
War. His discovery was published in the Wiener Berichte in 1904 and in the 
Annalen der Physik in 1904 and 1905. 
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The preceding calculation applies to all processes in which heat is 
created or destroyed. It applies, for instance, to chemical reactions. 
These are usually regarded as subject to the law of the conservation 
of mass, but actually changes in mass must occur, although they 
are far too minute to be observed. Thus when oxygon and hydrogen 
unite to form water, the heat of combination, W, of a gram molecule 
is 2.86 X 10^2 jtg mass equivalent, W/c^y is 3.18 X 10"® g. 

This is a loss of less than 2 parts in 10 billion of the 18 g produced. 
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PROBLEMS 

1. How much heat per hour passes through a layer of ice 6 cm thick cover- 
ing a pool 10 m 2 in area, if the water below it is at 0® C and the air above it 
at —20® C? Ans. 6 X 10® calories. 

2. An aluminum sauce pan has a diameter of 16 cm and its bottom is 4 mm 
thick. It contains 2 1 of water at 20® C and is placed on a stove which main- 
tains its lower surface at a temperature of 160® C. If no heat is lost, how 
long will it take to boil? How much water will boil away per minute? Ans. 
6.3 sec.; 1.695 kg. (Note: These results do not agree with experience be- 
cause actually there are very great losses through the sides of the sauce pan 
and from the upper surface of the water.) 

3. An icebox made of oak contains 8 kg of ice at 0® C. Its dimensions 
are 60 X 40 X 40 cm, and the wood is 5 cm thick. How long will it take the 
ice to melt if the surrounding temperature is 20® C? Ans, 5.79 hours, 

4 . If the air of a room just inside a glass window 140 X 80 cm area and 
3 mm thick is at 6® C, and just outside is at 4® C, how many pounds of coal 
must be burned per hour to supply the loss of heat? (Take 3.5 X 10® 
calories per pound.) Ans. 0.114 lb. 

5. If a woolen glove is regarded as being essentially a layer of quiescent 
air 2 mm thick, and if its total area is 150 cm*, how much heat does a person 
lose per minute from his hand on a winter ^s day at —5® C? (Take blood 
heat at 98® F.) Ans. 97.3 calories. 

6. Heat flows through a copper bar under a uniform gradient of 2.5® C 
per cm. If the loss from its lateral surface is negligible, what is the rate of 
flow per square centimeter of the bar's section? Ans. 2.295 calories per sec. 
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* 7 . The rise of temperature, per sec., per cm^, of the bar in Problem 6, is 
found by calculating the thermal (capacity of a crn^ of copper and then divid- 
ing the heat available (per sec., per crii^) by this quantity. Calculate the 
rate at which any portion of the bar rises in temperature. Ans, 2?82 C 
per sec. 

* 8 . If the solar constant when the sun is 60® above the horizon is 1.5 
calories/cm^-min. on a horizontal surface, what is its value on a vertical area? 
How many calories per minute pass through a plate glass window 150 X 80 cm 
in area and 2.5 mm thick, if the relative transmission to solar radiation is 
12 per cent? Ans. 0.866 calories/cm ‘^-min.; 4988 calories per min. 

* 9 . A jar coated with lampblack is filled with water at 60® C in a room 
at 20^^ C. The rate at which it loses heat, by Newton^s law of cooling (Arti- 
cle 303) is feAT, or 40 hi. This obviously equals its thermal capacity times 
the rate at which its temperature falls. If the same jar is now filled with 
another liquid the rate of kmperaiure change is altered, though the rate of 
heat loss is still 40 fe. The water cools to 55° in 8 minutes. The other liquid 
has a density of 0.6 and cools to 55® in 3 minutes. What is its specific heat? 
Ans. 0.625 calories/g. 




Part III 

WAVE MOTION AND SOUND 




CHAPTER 23 

Waves 


308. Definition. An elastic in odium behaves as if it were a suc- 
cession of adjoining particles between which are balanced forces of 
attraction and repulsion. If one of these particles is set vibrating, 
its neighbor follows with the same motion, though lagging behind 
the first in time. The resulting vibration of the medium is known as 
wave motion, and the instantaneous form of the disturbance as a 
whole is called a wave. 

309. A wave-motion model. As an illustration of such a system, 
imagine a series of metal balls connected by helical springs which 
resist both extension and compression, thus providing forces of attrac- 
tion and n^pulsion between the balls if they are displaced. Them if 
one ball is moved, its next neighbor moves the same way but a little 
later, because of its inertia reaction and other forces acting upon it 
from the yet undisturbed part of the series. The third ball is next 
displaced from its position of equilibrium, and it in turn acts upon 
the fourth, and so on. After a time the first returns to its position 
of rest, followed by the second and the others in succession, and then 
swings the other way, owing to its inertia, which forces a correspond- 
ing motion upon the rest in turn. In the meantime the original 
disturbance is traveling outward to more distant parts of the system. 
Thus, while each ball moves only a short distance from its point of 
rest, the wave travels as far as the system extends, unless its energy 
is previously dissipated by friction. So the wave advances, but the 
particles which constitute it do not. 

310. Transverse waves. The simplest form of wave motion is one 
in which the constituent particles perform harmonica vibrations at 
right angles to the line connecting them, which is the direction of the 
wave motion. 

We have already seen that the various positions of such a vibrating 
particle, if plotted with time as the axis of abscissas, form a sine curve 
resembling a wave. Now if the successive particles in a long straight 
row perform the same vibrations, but each lags a definite time behind 
its neighbor, then the points of the sine curve represent correctly the 
position of the particles at a given instant of time. Such a curve is 
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then an instantaneous picture of a wave traveling at a constant speed, 
and the X axis measures distance rather than time, as in Article 92. 
This is because the phases of the successive particles at a given instant 



vary with the distance from the origin, while in Article 92, only one 
particle is considered, and its phase depends only upon time. Suppose* 
the wave, shown in Fig. 1, originates in the harmonic vibration of the 
particle a which has just completed a cycle and is starting upward 
again with the maximum velocity which bfdongs to its mid-position. 
The front of the wave has reached the particle (?, which is just starting 
upward, and the intermediate particles have instantaneous velocities 
as indicated by the varying length of the arrows. The particle c has 
completed half a cycle and is just starting downward, while h and d 
are at the lower and upper ends of their paths, having zero velocity 
but maximum acceleration. 



If a continues to vibrate, it sends out a succession of such waves, 
and their subsequent appearance at the end of each of the next four 
quarter periods is shown in Fig. 2. A study of these diagrams shows 
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how the wave front advancers, picking up new particles, and causing 
them to vibrate in turn, while those behind it are in various phases of 
their cycles. As we trace the wave backward toward the origin, each 
particle is in a later phasii than the one to the right of it, so that a 
represents the latest or youngest aspect of the wave, just starting on 
its career, and i, in the lower curve, is in the phase which originally 
started from the origin two periods earlier. It is therefore the oldest 
portion of the wave, just as persons born earliest in a community 
are the oldest. 

For convenience, regions like ale and ghi in the lowest curves are 
calhid crests, while dbc and efg are called troughs. 

311. Wave length and velocity. The length of a wave is the distance 
measured parallel to the line of propagation between the two nearest 
particles that are in the same phase at the same time. By phase is 
meant not only position, but direction of motion, of a vibrating parti- 
cle. Thus in any of thc^ four curvcis of Fig. 2 the particles a and e are 
always in the same phase, doing th(^ same thing at the same time. 
So are b and /, c and g, and so on. But b and d are not in the same 
phase because om^ is going up while the other is going down. So c 
and e as W(dl as d and / are said to hi) in opposite phase. Therefore 
the horizontal distance between a and e is a wave length, as well as 
the distance between b and /, c and g, and so on, as indicated in the 
diagram. 

The velocity with which a wave travels depends upon the nature 
of the medium, its elasticity, density, and so forth. It may be cal- 
culated for some simple cases, as we shall see later, but the velocity 
is always equal to the wave length times the frequency, no matter what 
the medium or the mode of vibration may be. This is written 
V = \n where X is the wave length and n the frequency, a relation 
which is really self-evident. Imagine watching waves of the ocean 
rolling inward along a pier. If we can estimate their length X by 
comparison with a measured distance on the pier, and count the 
number N that pass in a minute, then their velocity is obviously 
\N feet per minute, or v = XiV/60 = Xn feet per second. The Greek 
letter lambda is always used to express wave length, a custom that 
offers the only difficulty in a very elementary relation which we 
recognize intuitively. This expression may also be written v = X/T, 
where the period T is the reciprocal of the frequency. In this form 
it is just as obvious and sometimes more convenient. 

312. Examples of transverse waves. The most important example 
of transverse waves is the propagation of light and radiant heat, 
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although the mechanism by which such w’^aves are carried through 
empty space is still far from clear. However, when they are travers- 
ing transparent matter such as the lenses and prisms of optical instru- 
ments, their transverse wave character is well established. The 
much longer waves used in radio transmission are of the same sort, 
and in this case the mechanism of their production, by oscillatory 
electrical currents, furnishes additional evidence, not only that they 
are transverse waves, but also of their electromagnetic character. 

Transverse w-aves can be set up mechanically in ponderable matter, 
provided it possesses elasticity of form, like solids. Gases cannot 
sustain transverse vibrations because they have no form rigidity, 
and liquids can do so only on their free surface, in a manner to be 
discussed iater. A long stretched wire has mass and elasticity, and 
transverse weaves can be produced in it by setting some portion of it 
in vibration. ‘They travel in general too fast for the eye to follow, 
but a long rubber tube filled with sand, when only slightly stretched, 
carries the wave slowly enough to allow it to be seen. A quick up- 
and-down motion of the hand holding one end sends a crest traveling 
along the tube toward the other end. 

313. Longitudinal waves. If a succession of particles in an elastic 
medium vibrate in the direction of the line joining them, instead of 
transversely, a longitudinal wave is set up in which each succeeding 
particle lags slightly in phase behind its predecessor, as has already 
been explained. This may be illustrated by a row of metal spheres 
separated by helical springs, such as was described in Article 309 as 
a model of waves in general. These are supposed to be supported 
by long threads whose influence on their motion is negligible. The 
row numbered 1 in Fig. 3 shows the system at rest. The spheres are 
subjected to attraction when the springs are stretched and to repulsion 
when they are compressed, as well as to inertia because of their mass. 
In all these respects they experience influences exactly like those that 
act upon the molecules of mediums having volume elasticity, such as 
gases, liquids, and elastic solids, although the mechanism by which 
this effect is achieved is of course not the same. 

Let the particle a be displaced from its position of equilibrium, 
shown in row 1, to the position occupied in 2. This compresses the 
spring between it and 6, driving b also to the right, but not immedi- 
ately so far, because of its inertia and because its motion is opposed 
by the spring between it and c. Now a is acted on by the pull of 
the spring behind it (assuming the row continues to the left), as well 
as a push from in front, and it returns during the next quarter period 
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to mid-position as shown in row 3, while the inertia of b has carried 
it much nearer c, displacing the latter in turn. In row 4, a quarter 
period later, the inertia of a has carried it backward to a displacement 
nearly as great as in 2, while 6, under the action of the springs, is 
in mid-position with a reversed momentum which carries it back- 
ward to a new position shown in row 5. 

A study of this series of diagrams shows that the advancing wave 
is marked by a compression, or condensation, between the two first 


a h r ri e 



Fig. 3. 


particles indicated by the compressed spring in row 2, which is then 
followed by a rarejaciion indicated by the extended spring. This 
again is followed by a second condensation which appears at first in 
row 5 and which has advanced one space in row 6. Thus such a wave 
advances, not by a successioix of crests and troughs, but by a suc- 
cession of condensations and rarefactions. 

Of course, such a macliine as the one described above is a very crude 
illustration of a medium whose particles are as nearly continuous as 
those of most ponderable bodies, including even gases under ordinary 
pressures. Actually in the transmission of such a wave through 
matter, the compressions shade off gradually into the rarefactions, so 
that it is not easy to say just where each begins and ends. 

314. Graphic representation. Since the forces of restitution acting 
upon the particles of a perfectly elastic .medium are proportional to 
their displacement, their vibrations are harmonic and may be repre- 
sented by sine curves. In a succession of such curves, each in 
slightly later phase than the preceding one, and placed side by side, 
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we may obtain as accurate a picture of a longitudinal wave as we 
wish, depending only upon the closeness of the particles whose vibra- 
tion is represented. In Fig. 4 the succession of different particles is 

shown by dots along 
any one of the hori- 
zontal lines, at any 
instant. The sine 
curves drawn with 
the vertical lines as 
their time axes show 
the succession of posi- 
tions of a single par- 
ticle during succes- 
sive time intervals. 
The progress of a 
compression followed 
by a raref action is S(H'ii 
as wc examine the 
successive horizontal 
rows, each row con- 
stituting, as it were, one of the instantanwus photographs of a cinema 
film. The time that elapses between one compression (or cond(msa- 
tion) and the next, at the same place, is (‘vidently a period, while the 
distance between two adjacent compressions (or condensations) is 
equal to the wave length, only half of which is shown. We may also see 
from a study of the diagram that the particles comprising a condensa- 
tion are all moving in the direction in which the wave is traveling (left to 
right), while those in a rarefaction are moving in the opposite direction. 

It is so difficult to exhibit a longitudinal wa^ e by a graph, that it is 
usually represcmted as a transverse wave, or sine curve. When this 




is done, it is always understood that the positive displacements a' 
(Fig. 5) are really displacements a in the direction of wave motion, 
while negative displacements V are really displacements toward the 
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source of the wave. This means that every alternate point of zero 
displacement is one of maximum condensation ^ at that instant, 
while the other points R of zero displacement are those of maximum 
rarefaction. Thus a longitudinal wave has the same wave length as 
its equivalent sine wave; that is, from R to R, or C to C. In either 
case it is the distances between the two nearest particles that ar(‘ 
doing the same thing at the same time. 

316. Equation of wave motion. From the diagram of Fig. 4 it is 

evident that the displacement of any of the j)articles that constitut(i 

the wave, whether it is longitudinal or transverse, depends upon both 

the time and th(^ distance from the origin. The displacement in 

harmonic motion as a function of the time has been shown (Article 91) 

to be given by . . • o 

y = r sin ($)t = r sin 27r</T. (1) 


But this refers to only a single point where the displacement is zero 
when time is zero, or at the beginning of any period. At some other 
point distant x from this origin of the waves, the phase of a vibrating 
particle is always earlier than at the origin wlu^re the latest phase is 
starting. To find this displacement at x, w(' must deduct from in 
equation (1), th(^ time the wave takes to travel the distance x. This 
time is x/v, so that (equation (1) becomes 

Vx., = r sin 25r(--^*') 

= rsin 

But vT = therefore 

Vz., = r sin 27r(~ - 5 )- ( 2 ) 


This is the equation of an harmonic wav(i (either longitudinal or 
transverse) traveling in the positive direction, where the phase angle 
6 is 2Tr[{t/T) ~ (x/X)] at a point whose distance from the origin is x, 
and when the time from the beginning is t 
316. Gravitational waves on liquid surfaces. There are two causes 
for waves on liquid surfaces. One is gravity, and the other is surface 
tension. In gravitational waves the weight of the liquid supplies 
the force of restitution necessary to produce a vibration, though in 
this case it is not simple harmonic. If a depression is made in the 
free surface of a liquid, as by lowering an object into a pail of water 
and then withdrawing it, the depressed layer tends to regain its normal 
level. This is due to the unbalanced pressure acting upon it from 
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all sides creatc^d by the temporary deficit, as shown in Fig. 6 (a). 
If the object A withdrawn rapidly, the inertia of the entire mass 
of liquid causes the central portion to overshoot the normal level L, 
while the outer portion sinks below it, as shown in Fig. 6 (b). This 

results in an up-and-down oscilla- 
tion which may be regarded as the 
source of gravitational waves. 

If instead of a pail, a long trough 
had been used, this disturbance 
w^ould travel along it, while if cre- 
ated at the center of a pond, circu- 
lar waves would travel out in all 
directions. Such waves, when the 
water is sufficiently deep, can be shown to be the result of two equal 
harmonic vibrations at right angles to each other. These produce? 
circular vibrations of the particles moving in vertical planes. They 
are thus simultaneously performing transverse? and longitudinal 
vibrations, but with a ninety-degree differemce of phase?. The parti- 
cl(?s in their circular orbits are each in an earlier phase of motion 
as we advance in the direction of propagation, as is seen in Fig. 7. 
The curve drawn through these points is not a sine curve, because it 
is evident that the instantaneous positions of the particle?s are closer 
together (horizontally) in the crest of the wave than in the trough, 
owing to the ^^condensation^’ caused by the longitudinal component 
of the vibration. This makes such waves resemble a succession of 
steep mountains with broad valleys between, and the liquid moves 
with the wave on the crest, but against it in the trough. 

In shallow water, whose depth is less than the wave length, the 
orbits of the particles become elliptical, with their major axes hori- 
zontal and their vertical axes diminishing with their depth, until at 
the bottom the motion is purely horizontal, as we should expect. 



Fig. 7. 


The tendency of deep sea waves to *‘break'^ is due to the fact that 
the water in the crest is moving forward, while that in front of it, 
in the trough, is moving backward. This constitutes a sort of shear 
tending to make the upper layers slide over the lower ones. The 
wave actually begins to break when the water of the crest is moving 
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as fast as the wave itself. This occurs if the amplitude is sufl&ciently 
large compared to the wave 
length, and the resulting con- 
dition is shown in Fig. 8, where 
the maximum horizontal com- 
ponent of the orbital velocity 
is Vof and the wave velocity is 
Vfg. If /i is the height of the crests above mean sea level, it is also 
the radius of the orbits of the particles; therefore 

= 2'irhn^ and = \n. 



Fig. 8. 


Henc(^ the condition for breaking is 


27r/m = Xn, OY h = 

aTT 


( 1 ) 


Crests then do not break (unless a strong wind forces them to) 
until their height is nearly one sixth of the distance between them. 

The velocity of gravitational waves is independent of the density, 
for the same reason that a pendulurn^s period is independent of its 
mass, and its value can be proved equal to 


Va == 


4 . 


2ir’ 


( 2 ) 


where X is the wave kmgth and depends upon the frecjuency according 
to the usual relation = Xn. Therefore, substituting for abov(», 
we find that „ 

^ - 2 ^.' <*> 


317. Surface-tension waves. We have* seen that the pressure 
under a curved surface film increases with its curvature. This pres- 
sure under the surface of short waves, called ripples, acts in a manner 
similar to gravity on long waves, but it is due instead to the elastic 
behavior of the surface membrane, and tends to smooth out the sur- 
face with an intensity which, for very short waves, far exceeds the 
pull of gravity. 

Since the surface tension supplies the force of restitution, as gravity 
does in the case of long waves, we should expect the velocity of short 
waves to depend upon the value of that tension, just as Vg depends 
upon g. This is actually the case, and it can be proved that 
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where T is the surface tension in dynes per centimeter and d is the 
density of the liquid. The fact that X is in the denominator shows 
that short ripples travel faster than long ones, in contrast to long 
waves whose velocity increases with the square root of the wave 
length, as is evident from equation (2) in Article 316. 

318. Comparison of waves and ripples. The distinction between 
waves and ripples is not a sharp one, and in the border land, with X 
between 10 cm and 3 mm, the effects of both surface tension and 
gravity have to be considered. A comparison of th(» two expressions 
for velocity show's that there must be a certain critical wave length 
which moves more slowly than any other over the surface of a given 
liquid, because Vg decreases with shorter waves, while Vt decreases 
with longer ones. This minimum occurs when the two velocities are 
equal, or 

g\ ^ ^ 

2t \(i ’ 

whence X = 

In the case of pure water at 15*^ C, T = 73 dynes/ern approximately, 
and d = 1; therefore X = 27rV7^80 = 2ir X 0.273 = 1.715 cm. 
This corresponds to a velocity of 23 cm/s^*c., wiiich is obtained from 
the equation combining both effects, when the resultant velocity is 
given by = Vg^ + 

319. General properties of waves. Waves of all types may be 
reflected, refracted, diffracted, and made to interfere with each other. 
Reflection occurs at the bounding surface between two media which 
differ in one or more physical properties, such as density, elasticity, 
and so on. The r(?flected wave is formed at th(i interface, or bounding 
surface, between the two media, and travels back into that which 
carried the incident wave. Refraction is an effect due to a change in 
the velocity of propagation of the wave when it passes through the 
bounding surface between two media. Interference occurs when 
two waves either reinforce or reduce each other according to whether 
the two vibrations they set up at a given point are in the same or 
opposite phase. It is closely associated with diffraction, which is the 
bending of waves around obstacles, and will be more particularly 
discussed in the section on light. 

320. Huygens’ principle. Though devised to help explain a wave 
theory of light, this principle is applicable to all kinds of waves, and 
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is extremely useful in simplifying the theory of many wave phenom- 
ena. It was published by the Dutch philosopher Huygens of Leyden 
in 1690 in a treatise on light considered as a wave motion, but was 
not then generally accepted because of the great prestige of Newton, 
who advocated a corpuscular theory. This was not finally replaced 
by the wave theory until 1818. When a vibrating source 0 (Fig. 9) 
sends out waves, the locus of the points pi, p 2 , Pa, • • • Vw which 
the disturbance reaches in the time t, 
is called a wave front. In a homogene- 
ous region around a vibrating point, or 
sphere, this wave front is a sphere, but 
it is a circle if the motion spreads out 
in only two dimensions, as over the 
surface of a liquid. 

Huygens affirmed that each of the 
points in the wave front might itself 
be regarded as a source of waves propa- 
gated beyond their common locus, and 
that at any later time the position 
of the new wav(j front was the en- 
velope of the wavelets sent out by 
all of the particles in the old wave 
front. Thus in Fig. 9 the circles E\, 

E 2 , and Es are the successive envt^lopes 
of the smaller circles that originate in 
the points p at the end of equal in- 
tervals of time. 

There are two difficulties with this principle. One is to account 
for the condition of the medmm between the original and the new 
wave front. This was explained by Stokes, who proved that the 
elementary wavelets destroy each other by interference, except along 
their common envelope. The other difficulty is in explaining w^hy 
the points p do not send a wave backward toward the origin, which 
would be the case if they were genuine sources. Then the wavelets 
would form complete circles (or spheres) as indicated by the inner 
portions of the small circles, whose envelope is E\ traveling toward 0. 
Of course this does not occur unless the points are the actual source 
of vibration. The wave does travel outward and not backward, and 
Huygens' principle takes this fact into account, and applies only to 
the medium lying beyond an instantaneous wave front in the direction 
of propagation. 
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Caurtetty Profe»$(nr A. L. Foley^ Indiatut University. 

Plate 1. 

Photograph of sound wave from a point source illustrating Huygens’ principle. 
Wavelets both transmitted and reflected by circular “grating” are shown. 


321. Reflection. The varioUvS wave phenomena are most easily 
explained by Huygens^ principle. In the case of reflection, let us con- 
sider the special case of a source a long way off. Then the wave fronts 
are practically plane surfaces which appear as straight lines in th(^ 
diagram and are called plane waves. Thus in Fig. 10 the incident 



wave fronts of a series 
of waves are shown 
as Oi, 02 , 03 , and 04 , 
separated by a dis- 
tance r. These would 
continue to o'l, a' 2 , 
o's, and o' 4 , if there 
were no interface. 
But when oi reached 
A, that point became 
the source of spherical 
waves which appear 
circular in the dia- 


gram. As Oi has advanced a distance 3r since it first touched A, and is 


now atD, the disturbance from A which travels with the same speed has 
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developed a spherical wave front whose radius is 3r. Then i>i, the 
tangent to this sphere at E and passing through Z), is the reflected 
wave front. This is also tangent to a sphere, centered at B with a 
radius 2 r, which started when ai touched JS, so it is the envelope of all 
the wavelets sent out from points in the interface. 

The smaller spheres not mentioned above may be regarded as caused 
by the other wave fronts 02 , as, and a 4 , in an exactly similar manner, 



Courtes% Professor A, L. Foley, Indiana University. 
Plate 2. 


Photograph of sound wave from point source reflected from a plane surface. 

giving rise to the reflected wave fronts bt, bi, and 64 - The angle a of 
the incident waves is known as the angle of incidence, and d is the 
angle of reflection. These are equal because the right-angled tri- 
angles ADE and ADE' have one side in common, and AE = AE' = 3 r 
by construction. Therefore the corresponding angles ADE and ADE' 
are equal, and ADE' = a, being vertical angles. 

322. Rays and images. A ray in an isotropic medium is any line 
drawn perpendicular to the wave front in the direction of propaga- 
tion. In spherical or circular waves it starts at the origin and is 
a radius of the wave surface. Images due to a plane surface may be 
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degrees. 


located by making use of rays, and of the law that the angle of inci- 
dence equals the angle of reflection. In Fig. 11 the ray Oa from 
the source 0 is perpendicular to a wave front at the point p. The 
tangent at p makes an angle a with ABy and this equals the angle Oab 
^ between the ray, and ha drawn per- 

Si I* ; pendicular to the surface, because their 

y sides are mutually perpendicular, 

j / The wave reflected at a is defined by 

^ which makes the angle cab 

d\ \ with aby and this angle is obviously 

j B equal to jS ( == a), between AB and the 

i / tangent to the reflected wave front nor- 

i / mal to oc. The origin of the reflected 

i / waves must lie on the line ac or ac pro- 

yj duced. Similarly the ray Od is reflected 

Pig II back upon itself, since the angle of inci- 

dence, and therefore of reflection, is zero 
degrees. This fact locates the origin as l 5 dng on Od produced, so that 
the image of 0 must be at the intersection of Od and ac, or at J. But 
Z dOa = Z Oaby since they are opposite interior angles, and Z dia = 
Abac (sides parallel). Then the right-angled triangles Oda and Ida 
are equal, having one side da in common and the angles opposite 
that side equal. Therefoni Od == Idy which means that the source of 
the waves, and its image are equidistant from the interfaccy which is at 
right angles to the straight line joining them, 

323. Change of phase at the interface. Longitudinal waves. 
When a longitudinal wave is reflected from a surface or a medium 
that tends to impede the vibrations of the particles more than the me- 
dium in which it was moving, a condensation is reflected as a con- 
densation and a rarefaction as a rarefaction. This is easy to account 
for with the aid of 

made use of in Article ^ ^ 

springs attached to a pjg 22 . 

solid wall. In Fig. 

12 (a), a compression has been started by forcing the two outer 
balls together. This is passed rapidly along the line to where the 
spring is compressed against the wall, which does not move, as 
shown in (6). This compression is therefore reflected, forcing 1 out 


Fig. 12. 
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again in phases opposite to its original motion. This particle acts 
upon 2, and so on down the line, a compressional wave having re- 
sulted from one of th(^ same kind. Similarly, a rarefaction created 
by pulling 5 away from 4 would ultimately result in pulling 1 away 
from the wall, but the wall cannot follow, and its reaction on 1 results in 
a recoil in phase opposite to its original motion. This pulls it away from 
2, causing a rarefaction that is passed back again to the farther end. 

If the ndection is from a surface beyond which vibrations take 
place more freiely than in the first medium, a condensation is reflected 
as a rarefaction, and vice versa. This may be scien with the same 
model, if we suppose the system laid out on a frictionless surface with 
both ends free. A compressional wave traveling down the line from 
left to right caus(is 5 to fly off farther than the other balls. This 
reflection then involves motion without change of phase. There is a 
rarefaction between 5 and 4, followed by one betweem 4 and 3, and 
so on back to the origin of the disturbance. On the other hand, a 
rarefaction started by pulling 1 to the left results in a pull on 5, 
which resi)onds more readily than any of the others because no spring 
excirts a t(uision on it from the right. It therefore compresses the 
spring between it and 4, as its inertia carries it without change of 
phase beyond its normal distance from that ball, and this compression 
travels back to 1 as the reflection of the original rarefaction. 

324. Change of phase at the interface. Transverse waves. In 
Fig. 13 we see the two cases of the reflection of transverse dis- 
placements. A cord hanging from a 
rigid support is shown in a as having 
had a hump impressed upon it by a 
quick lateral jerk of the free end. 

This hump has almost reached the 
support and is about to be reflected. 

A sidewise force acting to the left 
now tends to move the support that 
way, but as it resists, the cord recoils 
under the reaction, the displacement 
reverses phase, and comes down the 
cord, as shown in b. 

In c, a similar hump started at the top has just reached the bottom, 
and there, because of the inertia of each succeeding portion of the 
cord, it encounters no resistance such as it met higher up, so it flies, 
out farther than ever, as seen in d, and starts a reflected wave in the 
same phase back toward the support. 



Fig. 13. 
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We may summarize the foregoing conclusions as follows, using the 
term dense for properties that impede vibration and rare for properties 
that help it: 

When longitudinal waves are reflected against dense back into 
rare, there is a reversal of the phase of the particles, and condensa- 
tions and rarefactions are unchanged, but in reflection against 
rare back into dense, there is no change of phase of the vibrating 
particles, but condensations are reflected as rarefactions, and vice 
versa. 

When transverse waves are reflected against dense back into 
rare, there is a reversal of phase, a crest is reflectc^d as a trough, and 
vice versa, but in reflection against rare back into dense, there is 
no change of phase, and both crests and troughs are reflected 
unchanged. 

Long gravitational (water) waves, strictly speaking, are both 
transverse and longitudinal, and the conditions of reflection are unlike 
a pure transverse wave. On meeting an obstacle like a sea wall, a 
crest is reflected as a crest, and a trough as a trough. 

326. Interference. When two waves meet or cross each other at 
an angle, those portions wdiich are in opposite phase at any point tend 
to neutralize each other and are said to interfere. This can be accom- 
plished with water waves, sound and light, or any electromagnetic 
wave. Sound and light will be discussed as acoustic and optical 
phenomena, but we shall now examine the interference of water 
waves, which is typical of all other kinds. 

If an electrically driven tuning fork has wires fastened to both 
prongs at right angles so that they dip below the surface of a sheet of 
water under the horizontal fork, the vibrations set up in this way 
radiate from both points in concentric circles which cross each other 
and produce a striking interference pattern, shown in Fig. 14. The 
two vibrating wires, A and B, are the centers of concentric waves 
whose crests are indicated by solid lines and the troughs by dots. 
The vertical line a, bisecting at right angles the line joining A and B, 
is a locus of reinforcement where crest meets cre^t and trough meets 
trough. This is because every point in this line is equidistant from 
the two sources, and the portions of the wave fronts which approach 
it are sent out simultaneously in the same phase by the prongs as 
they alternately approach and recede from each other. The next 
two lines, bb, are continually loci of interference as indicated by the 
intersection of the crests and troughs through which they are drawn. 
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Any point on these curves is farther from one origin than the other 
by half a wave length, so that at any instant the disturbance from A 
must be in opposite phase from that due to B, If we call these 
distances and dj^, then the lines bb are defined by the equation 
d^ — ds = X/2. Since 
this is the well-known 
definition of an hyper- 
bola, the curves are hy- 
perbolic, and A and B 
are the foci. 

In like manner the 
curves cc are hyperbolic 
loci of reinforcement de- 
fined by dji — ds — X. 

The curves dd are loci of 
interference defined by 
d^ — da = 3X/2. So in 
general the curves de- 
noting reinforcement arc defined by d^ — d^ = 2nX/2, where n is any 
integer, so that 2n is always even, and 2nX/2 represents a succession of 
path differences equal to multiples of whole wave lengths X, 2X, 3X, . . . 
nX. Similarly, curves denoting interference are defined by (2n — l)X/2, 
where 2n — 1 is always odd, and the whole expression gives the suc- 
cessive path differences equal to X/2, 3X/2, 5X/2, . . . {2n — l)X/2, 
or an odd number of half vrave lengths. 

The interference of two waves does not involve loss of energy, as 
might be expect(^d. The fact that the amplitude is much reduced, if 
not destroyed, wherever the waves meet in opposite phase, is counter- 
balanced by an increased amplitude in regions of reinforcement. If 
the two waves have the same amplitude, the resultant amplitude is 
zero where they interfere, but twice that of either where they meet 
in the same phase. This actually means four times the energy of 
either wave acting independently at such points, while the energy 
of the system as a whole may be proved to be equal to the sum of 
the energies of the two waves taken separately. 

326. Stationary waves. The lines a, 6, c, and so on, defined above, 
intersect the line joining A and B at a row of points as indicated in 
Fig. 15, and we may confine our attention to what goes on at these 
points without considering the hyperbolae as a whole. Starting at A, 
which is always in vibration, we come to the point d on a curve de- 
noting interference where the disturbance is a minimum. At c the 
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vibration is once more a maximum, at h again a minimum, and at a 
another maximum. Moreover if two troughs meet at a, two crests 
must be meeting at r, and so on, so that a is always in opposite phase 
to either point c, A view of this wave formation taken from E look- 
ing along the surface would ap- 
pear like Fig. 16 (a). If the 
situation were as just supposed, 
but half a period later, Fig. 16 
(5) represents the case, with a 
crest at a instead of a trough, 
and with troughs at c. These 
are called stationary or standing 
waves, because they do not ad- 
vance, but vibrate up and down 
with alternate segments in op- 
posite phase. Between these 
maxima are points like h and d, 
which vibrate very little or not at all. These are called nodal points, or 
nodes, while the segments between them, like 6d, are called loops, and 
their centers a, c, and so forth, antinodal points. These terms are appli- 
cable only to standing waves, and should not be confounded with the 
crests and troughs of traveling waves. A loop may be either a crest 
or a trough at a given instant, while a node does not vary, remaining 
fixed both in time and space. The term should therefore not be 
used to describe the point midway between crest and trough of a 
traveling wave, because this point moves along with the wave, and 
is in no sense at rest. 

Longitudinal waves of the same frequency, and traveling in opposite 
directions, also produce standing waves. As has been noticed in 
Article 314, the particles of 
a condensation are traveling 
with the wave, and those of 
a rarefaction, against it. 

Therefore when condensation 
meets condensation, the mo- 
tions of the particles, being 
opposed, neutralize each other, and so for rarefaction meeting rarefac- 
tion. But when a rarefaction meets a condensation traveling in the 
opposite direction, the motions of the particles are in the same sense. 
They reinforce each other, and the result is an increased amplitude of 
vibration. Thus a node is the point at which condensations meet 
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condensations, or rarefactions meet rarefactions, while an antinode is 
the point at which condensations meet rarefactions. 

327. Stationary waves caused by reflection. In the case of gravi- 
tational water waves meeting a solid wall, the reflection is without 
change of phase, while in a stretched string th(? transverse vibrations 
are reflected in opposite phase. In the first case the reflecting sur- 
face is a region of maximum vibration, while in the second it is a 
region of zero vibration, or a node. But in both cases we have waves 
of the same length traveling with the same velocity in opposite direc- 
tions, which is the condition necessary for creating stationary waves. 
Similarly, longitudinal waves may be reflected and so develop stand- 
ing waves through interference between the original and reflected 
waves. If they are reflected against a denser back into a rarer 
medium, the reversal of phase at the interface results in destructive 
interference and there is a nodal region. Half a wave length away 
from the interface the original and refU^cted waves are in the same 
phase and there is an antinode. 

To sum up, longitudinal and transverse standing waves, caused by 
reflection against dense back into rare, have nodes at the interface. 
If against rare into dense, they have antinodes at the interface. If 
water waves arci reflected against a solid obstacle, the interface marks 
an antinode. This is easily seen when ocean rollers are reflected from 
a sea wall. The “choppy water^’ which results from the interference 
of the two wave systems constitutes a standing wave and has its 
greatest vertical motion at the wall. 

328. Refraction. When a train of waves reaches an interface be- 
tween two media in each of wliich it travels with a different speed, 
the wave front is swung around and 
the direction in which it is moving is 
altered. This is strikingly represented 
by the waves of the ocean, which, ^ 
when well off shore, may be inclined to 
it, as shown in Fig. 17, where a is the 
angle between the wave front and the j 
line of the beach AB, But as the 
waves get into shallow water at ab, 
they travel more slowly and ultimately approach the beach in lines 
almost parallel to it. This is because the part of the wave indicated 
by p reaches shallow water first, and is retarded before g, which keeps 
on at its old speed for a time. This tends to swing the wave front 
around to face the beach, and its whole direction is altered. 



Fig. 17. 
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The laws of refraction may be readily derived from Huygens' con- 
struction as follows: The plane wave front ABC is shown in Fig. 18 
just reaching the interface between the two media Q and 72. In Q 
it travels a distance = CC' per second, while in R it moves more 
slowly over a distance r per second, where r is less than CC'. During 

the two seconds it takes for C 
to reach C", the disturbance, 
regarded as starting at A, 
travels a distance 2r, the ra- 
dius of the spherical wave 
drawn about A as a center. 
Similarly, after the lapse of 
one second, JB' becomes the 
center of another spherical 
wave of radius r. Now accord- 
ing to Huygens' principle the 
envelope of these wavelets, 
as well as others which proceed in the same manner from other points 
between A and C", is the new wave front. It is therefore a plane 
represented by the line A"5"C" drawn tangent to the circles, and is 
said to have been refracted. 

The angle a between AC and the interface is the angle of incidence, 
and p between A"C" and the interface is the angle of refraction. Or 
these angles may be defined with reference to a line N drawn normal 
to the siirface, so that a and are4.he angles between this normal and 
the rays PA and AA" of the incident and refracted wave systems. 

329. Law of refraction. Now consider the triangles ACC" and 
AA"C" in Fig. 18. Both are right angled, one at C and the 
other at A", by construction. Therefore CC" = AC" sin a, and 
AA" == AC" sin /3. Dividing the first of these equations by the 
second, we obtain CC"/AA" = sin a/sin jS. But CC" is equal to 
the distance traveled by the original waves in the time t (assumed 
as two seconds) with the velocity Vi, and AA" is the distance 
traveled in the same time by the refracted system with a lower 
velocity V 2 » Therefore 

CC _ 51 _ sin a 
AA" "" vt sin jS 

or the velocities before and after refraction are to each other as the 
sines of the angles of incidence and refraction respectively. This 
ratio of the velocities in the two media is of the greatest importance 
in the theory of light. It is known as the index of refraction, and is 
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usually designated by the letter n. It is greater than unity when 
Vi > V2, as assumed above. 

If the second medium R had permitted a higher velocity than the 
first, then r would be greater than CC', the wave would have been 
swung the other way, and a given ray, instead of bending toward the 
perpendicular, as shown above, would have been bent away from it. 
In this case the index n would be less than unity, because Vi would 
be less than v^. However it is always customary to measure the 
index on the assumption that the waves are entering a denser medium, 
which really defines n as the ratio of the higher to the lower velocity 
in all cases. The index of refraction is often defined as the ratio 
of the sine of the angle of incidence to the sine of the angle of refrac- 
tion, but this should be qualified by specifying the direction as from 
“rare^* to ^^dense.” 

330. Free vibrations and resonance. The vibrating source of the 
waves we have been considering has in general a natural frequency 
like that of a pendulum or tuning fork, and when allowed to vibrate 
in its own way, it is said to perform free vibrations. In order to 
maintain these vibrations and the waves which they send out, a 
periodic forces must be applied as in a clock, where the escapement 
causes the spring or weights to give an impulse during every oscilla- 
tion. If this is timed correctly, only a very small force is necessary 
to maintain the vibration, since it has to supply only the energy lost 
ill friction during each period. Thus a small impulse applied during 
the first part of each swing is suflScient to keep a pendulum or balance 
wheel executing free vibrations indefinitely. If the impulse were 
increased even a little, the amplitude would build up apparently out 
of all proportion to the cause, because the energy in excess of that 
required to take care of friction losses is cumulative, and is continually 
stored up, as it were, in the increasing energy of vibration. In this 
way prolonged repetition of a small periodic impulse may produce 
astonishing results due to what are called ‘‘superimposed vibrations.^’ 
The rhythmic marching of troops over a suspension bridge sets it 
swinging if the natural period of the bridge is an integral multiple of 
that of the marching tempo. Then the impulses always occur in the 
same phases of the swing of the bridge, and it oscillates more and 
more violently till its amplitude assumes dangerous proportions. On 
this account the order to break step is usually given to troops when 
marching over such a bridge. In the same way portions of a building 
may be set in strong vibration by the continued production of one 
or more particular tones of an organ. 
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Wherever a series of periodic impulses coincide in frequency with 
the frequency of a vibrating body, the two are said to be in resonance. 
This word is used particularly to apply to sound when one sounding 
body causes another having the same natural period as the first 
(that is, in resonance with it) to develop what may be called sym- 
pathetic vibrations. 

331. Damped vibrations. If a pciiidulum or other vibrating body 
is left to itself after having been set swinging, its vibrations tend to die 

down as a result of friction, air re- 
sistance, and so on . This gradual 
decrease of the amplitude results 
in what is known as a damped vi- 
bration, and if such a body is 
sending out a train of waves, they 
are damped also, and their ampli- 
tude gradually grows smaller with 
the time. A linear train of waves, caused by an undamped vibrating 
source, may be damped themselves as they advan(H\ This occurs 
when the medium is not perfectly elastic and so uses up energy. The 
amplitude of the wav(?s then diminishes progressively, as signals in 
an ocean cable, which grow fainter at increasing distances from the 
source. Damped vibrations or a damped wave train may bo repre- 
sented by a sinusoidal curve whose amplitude decreases with the time 
or distance according to which case it represents. This is shown in 
Fig. 19, where the V axis measures displacements, and the X axis 
measures time when the vibrating source is considered, and distance 
when the wave train is damped. In the first case the period T is a 
constant, being independent of the amplitude when the vibration is 
simple harmonic. In the second case, the wave length X is also 
constant under similar conditions. 

This fact is a very important one 
in the theory of damped vibrations, 
and seems at first sight paradoxical. 

It may be roughly explained by 
considering the case of a vibrating 
body whose amplitude decreases 
steadily with the values Ui > a 2 > 
as > 04 > . . . a„. Although in 
swinging from 02 to as it does not go as far as it did in the swing from Oi 
to 02 , and therefore would seem to require less time to go a shorter 
distance, its average velocity is also less, since the accelerations at the 
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end of each swing are proportional to the amplitudes, and thus 
slower speed compensates for the decreased distance. 

If the damping is too great and exceeds a critical value, an initial 
displacement a' results in a gradual return to zero along a logarithmic 
curve asymptotic to the time axis, as shown in Fig. 20. This occurs 
when there is not sufficient kinetic energy to carry the vibrating mass 
over the point of rest to a displacement in the other direction. 

SUPPLEMENTARY READING 

J. A. Fleming, Waves and Ripples^ Royal Institution Lecture, London, 1902. 
J. W. Capstick, Sound (Chapters 1, 2, 3), Cambridge University Press, 1927. 

PROBLEMS 

1. It is 20 ft. from crest to trough of a train of water waves that pass a 
given point at the rate of 45 waves |)er min. What is their velocity in miles 
per hour? Ans. 20.5 mi./hr. 

2 . The displacement of a wave train 20 cm from its source and half a 
second after it started is — 12 cm. The wave length is 60 cm, and the period 
of vibration is a quarter of a second. What is the amplitude? Ans, 13.9 cm. 

3. A train of waves has a frequency of 20 v.p.s. Their amplitude is 8 cm, 
and their velocity 10 m per second. What is the disj)lacement at a point 
30 cm from their source one quarter of a second after the train started? 
Ans. 4.7 cm. 

4. What are the velocity and the period of water waves 40 ft. between 
crests? Ans. 14,3 ft./sec.; 2.8 sec. 

6. What are the velocity and frequency of ripples on mercury 2 mm 
between crests at 20° C? (Consult tables in Aiticles 145 and 171.) Ans. 
V = 32.8 cm/sec.; n = 164 v,p.s. 



CHAPTER 24 


Sound and Its Transmission 

332. Nature of sound. Sound may be defined in two ways — objec- 
tively and subjectively. Objective sound is a particular form of 
wave motion taking place in ponderable matter, whether gaseous, 
liquid, or solid, due to an original vibration or disturbance set up in 
the sounding body. Subjectively it is a sensory experience in the 
brain, conveyed to it from the ear. In this latter sense there is no 
sound when a tree falls in the forest, with no one to hear it. But in 
the objective meaning of the word there is always sound in such a 
case, regardless of its perception by any or no ear. Thus this ancient 
quibble, like most otluTs, is seen to be wholly a question of definition. 

It is objective sound which will be almost exclusively considered 
in the following chapters, for its subjective aspect belongs to the 
province of physiology and psychology. 

333. Production of sound. Sound is invariably produced by mo- 
tion of some sort set up in a gaseous, liquid, or solid body. If the 
motion is abrupt and discontinuous, the sound is sharp like the crack 
of a w^hip. If it continues, the sound may be harsh and unmusical 
like that produced by rubbing tw^o stones together, or smooth and 
more or less pleasing, such as the tones of a musical instrument. The 
former is due to vibrations of no reg»ilar form or frequency; the 
latter to vibrations which are more or less defined, and have one or 
more definite frequencies. It is these periodic vibrations which are 
most interesting, and they will form the chief subject matter of what 
follows. 

The vibrations whicih set up the sound waves may be of several 
possible types. The sounding body may vibrate transversely, longi- 
tudinally, or perform torsional vibrations by rapidly twisting back 
and forth around an axis. In any of these cases it must act upon 
some medium with which it is in contact, in order to set up in that 
medium the vibrations characteristic of sound. Without such a me- 
dium there is no sound, even in the objective sense of that word. 

334. Propagation of sound. The medium which conveys sound 
must be a ponderable material. Sound cannot travel across empty 
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space, as is readily demonstrated by ringing a bell in an exhausted 
bell jar. The sound, which must travel through the air within the 
jar to reach the ear, bc^comes gradually fainter as that air is ex- 
hausted, and finally fades out almost entirely when a fairly high 
vacuum has been attained. 

The fact that sound travels through gases gives us at once a clue 
to the nature of the motion which the sounding body sets up in th(^ 
medium that carries the sound. Gases (and liquids except at or near 
their free surfaces) can vibrate only longitudinally, for transverse 
vibrations demand either rigidity (if they are to occur within a 
medium), or tension, as in a stretch(*d string or surface film. Sound 
then consists of longitudinal vibrations of the conducting medium, 
and these are passed along from particle to particle, forming longitu- 
dinal waves such as have already b(Hm discussed. This mode of 
propagation has been established by innumerable experiments, some 
of which will be described farther on, so that no one need doubt 
the reality of sound waves. 

Care should be taken to distinguish between the modes of produc- 
tion of sound and of its propagation. Any kind of vibration may be 
a source of sound, but only one kind constitutes sound itself and 
carries it from one point to another, and that kind is longitudinal 
vibration which results in a succession of condensations and rarefac- 
tions of the particles of the medium that carries it. 

335. Reception of sound. Sound may be received not only by the 
ear, but by any device which absorbs vibrations and converts them 
into some other form of energy or motion. If absorbed by an inelastic 
substance like felt or sand, it must be converted into a minute quan- 
tity of heat, the lowest form of energy. It may however actuate a 
diaphragm equipped with a style which records the vibration on a 
moving disc, and thus it produces a phonographic record. The moving 
diaphragm may also cause variations in the electrical resistanc() of a 
telephone transmitter, thus setting up fluctuations in the current 
from a battery, and so originate corresponding vibrations at the 
receiving end of the line. I'hese various receivers of sound waves 
convert the sound into some other kind of disturbance which is no 
longer sound, but may retain its characteristics translated into some 
other kind of vibration, such as the electromagnetic waves sent out 
by a broadcasting station. These are not sound at all, but are 
capable of re-creating sound waves at the receiving station. 

336. The velocity of sound. The fact has long been known that 
sound takes a very perceptible time to reach the ear from a source 
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that is not too near, and is an experience familiar to everyone. Al- 
though light, as well as sound, has a finite velocity, it travels so fast 
that a light signal may be regarded as taking no appreciable time to 
travel the short distances over which sound may be heard. Therefore 
when we see a lightning flash and hear the thunder several seconds 
later, we infer correctly that the sound took just that time interval 
to reach us. When a distant locomotive whistles, wo see the puff 
of steam before we hear the sound, and the report of a gun reaches 
us after the flash from the muzzle. 

All the earlier attempts to measure the velocity of sound were 
based on timing this difference between the arrival of the sound and 
light signals of the same event, which had come over a sufficiently 
long distance to make it possible to measure this time interval with 
reasonable precision. The earliest of these attempts was made by 
Mersenne in 1640, w'ho obtained a velocity of 448 m/sec. This is 
much too large, but only sixteen years later two Florentine academi- 
cians, Borelli and Viviani, obtained the surprisingly accurate value 
of 361 in/sec. Since then, with steadily improving methods, the 
results have shown a tendency to give an increasingly smaller velocity 
approaching the theoretical value based on calculation. This, as we 
shall see later, is 331.2 m/sec. at 0® C, and under standard atmospheric 
conditions. 

The best experimental detcjrminatior of the velocity of sound in 
free air was made at Sandy Hook by Dayton C. Miller, an American 
physicist, and the results were published in 1934. Coast-defense guns 
were the source of the sound, and the time of its arrival at a series of 
stations at measured distances up to four miles was accurately 
recorded. The receiver was a microphone like those used in broad- 
casting, and the electric current operated ‘ ‘string^ ^ galvanometer 
whose deflections were recorded on a moving photographic film which 
registered the exact time the impulse arrived. The results gave a 
velocity of 1,087.13 ft./sec, at 0° C, or 331.36 m/sec., which is very 
close to the theoretical value. 

Other dett^rminations have been made by indirect methods, such 
as by Kundt^s tube, to be described later, but these are chiefly valu- 
able as methods for measuring the velocity of sound in gases other 
than air, or in liquids or solids. In any case they do not apply to 
the velocity of sound in free air. 

337. Regnault’s experiments. Regnault was the first to eliminate 
the ‘^personal equation'^ of the observer of sound velocity. This he 
accomplished by recording automatically on a chronograph the 
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moment of firing a pistol, while the reception of the sound was also 
recorded when it impinged upon a flexible diaphragm. The firing 
of the pistol broke a fine wire which was part of an electric circuit 
reaching to the distant receiving station. This circuit' contained an 
electromagnet which held a needle down upon the revolving drum 
of a chronograph, so that breaking the circuit released the needle 
and interrupted the roaord. The sound was received upon a flexible 
diaphragm, behind which was a very narrow gap between platinum 
contacts. The sound wave, acting on the diaphragm, closed this 
gap and completed a second circuit in parallel with the first. This 
again “made’’ the magnet, the needle was depressed, and the inter- 
rupted record was resumed. As the rate at which the chronograph 
dnim revolved was known, the length of the interruption measured 
the time required for the sound to reach the diaphragm. 

The chief interest in Regnault’s experiments lies in his conclusions 
as to how certain conditions affect the velocity and intensity of 
sound in tunnels. He found : 

(а) That sound diminishes in intensity as the distance it travels 
increases, and that this decrease was greatest in tunnels of small 
diameter. 

(б) That the velocity of sound depends partly upon its intensity. 
Very loud sounds travel considerably faster than faint ones. 

(c) That sound travels faster in large tunnels than in small ones, 
and apparently reaches a maximum in free air. 

(d) That the velocity of sound is not affected by its mode of pro- 
duction. High-pitched sounds, for instance, travel as fast as those 
of low pitch. Conclusions (h) and (d) are especially significant. The 
greater speed of very loud sounds has occasionally been noticed, 
without any measuring device, when atmospheric conditions were 
such as to carry faint sounds far enough. In this way the report of 
a cannon has been heard before the command to fire. 

The absence of any effect of th(i nature of the sound (except its 
loudness) is evident when we arc listening to a band playing at a 
distance. The notes played simultaneously by the different instru- 
ments reach the ear together. If they did not, the effect would be 
most unpleasant, and indeed any music would be hopelessly distorted 
by distance. 

338. Newton’s formula. The theoretical velocity of a longitudinal 
wave in an elastic medium was derived by Newton, but as his metliod 
is rather difficult, the following simple proof is given in its place: 

Since, as Regnault discovered, the nature of sound (really meaning 
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its wave form and frequency) does not influence velocity, we are at 
liberty to assume any kind of wave in calculating its speed. Let us 
then assume one whose compressions of constant pressure change 
abruptly to rarefactions of constant pressure also. The problem 
then really resolves itself into one of obtaining the velocity of a zone 
of compression which begins abruptly and then remains constant for 
its entire length. In Fig. 21 the shaded area represents the com- 
pressed medium having a specific volume v\ This compression (not 

the medium) is moving to the 
right with a velocity V along a rod 
or tube of section area a. Let I 
repnjsent the distance it will 
move in one second into the un- 
compressed medium whose spe- 
cific volume is v. Evidently the 
distance I is numerically equal to 
the velocity V. Now as the compression advances, the mass of each 
cubic centimeter increases, and this motion of increasing mass is the 
same thing as momentum. The total increase of mass per second 
is the increase within the volume Zu, but each cubic centimeter gains 
ef' — d = {l/v') — {l/v) grams, where d' and d are the densities. 
Therefore the total gain of mass per second is ia(l/v' — l/i>), and 
the time rate of change of momentum is 

FJa(lA' - \/v) = VMv - v^)/vv\ ( 1 ) 



Fig. 21. 


since F == Z numerically. But the time rate^ of change of momentum 
is force, and the force in this case must be the difference between the 
total molecular forces F' and F acting at the boundary of the com- 
pression wave front, as shown in the diagram, where F' measures its 
forward push, and F the opposition of the undisturbed medium. 


Therefore 



( 2 ) 


Since pressure is force per unit area, we may divide by a giving 



By definition the right-hand member equals the elastic bulk modulus, 
By of the medium. Then V^/v' = B. But in the left-hand mem- 
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ber (the specific volume of the compressed medium) may now be set 
equal to the specific volume of the undisturbed medium. This is 
legitimate when changes of density arc small, as is always the case 
when sound travels through liquids and solids, and usually so in air. 
Also, a compression is followed by a rarefaction where the value of v' 
is as much larger than v as it is smaller in a condensation, so the 
two approximations neutralize each other in calculating the velocity 
of the whole wave. Therefore V- = Bv, or 

V = vw, (4) 

where d is the density of the undisturbed medium. This is Newton^s 
formula, and it is applicable to all types of longitudinal waves in 
elastic homogeneous media, provided the propcir modulus of elas- 
ticity is used. 

339. Laplace’s formula. We have seen in Article 257 that for small 
changes of volume the elastic modulus is approximately equal to the 
pressure provided Boyle’s law applies. Therefore, making thi s as- 
sumption once more, we find that Newton’s formula V = y/B/d 
becomes V = \/pAi. If then this equation is used to obtain the 
velocity of sound in air, and the calculation is made for standard 
conditions, when p = 1,011,330 dynes/cm^ and d = 0.001293 g/cm^ 
then V = 280.26 m/sec. This is obviously much too low, and was 
n^cognized as such by Newton himself. However, the difficulty was 
not explained until 1816, when Laplace pointed out that in deriving 
p = it was assumed that the temperature was constant and that 
Boyle’s law was applicable. This is not the case, because the com- 
pressions of a sound wave heat the air, and the rarefactions cool it. 

The reasons why these heatings and coolings do not neutralize each 
other, thus producing isothermal conditions, is explained as follows: 
In order to counteract the cooling of a rarefied region, heat from an 
adjoining region of compression must travel by conduction half a 
wave length during the time of half a vibration, X/2y. From the 
theory of conduction we find that the distance through w'hich an 
appreciable change in temperature is conducted varies as the square 
root of the time. It follows that the velocity of the conducted heat 
wave varies inversely as the square root of the time, so that the time 
required to travel half a wave length is longer with long waves and low 
frequencies than with short waves and high frequencies. Therefore, 
only in the case of very short waves could the process be isothermal. 
With ordinary sound waves it is adiabatic. Condont has shown that 

t E. U. Condon, The American Physics Teacher (Vol. 1, No. 1), February, 1983. 
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heat conduction becomes effective only when the wave length is 
comparable to the mean free path (lO"^ cm) of the molecules of a gas. 
Thus the reason we have adiabatic rather than isothermal conditions 
is that the wave lengths of ordinary sounds are too great for effective 
conduction. 

Under adiabatic conditions, is a constant, where 7 is the ratio 
of the specific heats. Then, as proved in Article 257, = 7 p, 

where is the adiabatic modulus of elasticity. This is in contrast 
with Bty the isothermal modulus, which simply equals the pressure. 
If then we use B^ instead of B^j Newton^s equation reads 

V = vsjrf = Vy^, 

and since 7 = 1.40 for air, 

V = VTm^- 

With this important correction, the calculation of V agrees ex- 
tremely well with the observed value. But in the case of most 
liquids and solids, the compressibility is so small that B^ is practically 
equal to jB,, which means that 7=1 approximately, so that the 
distinction between the two moduli is unimportant. 

340. Comparison of the velocities of sound in different media. 
Because of their high elastic moduli, metals and liquids conduct sound 
faster than gases, in spite of their greater densities which tend to 
lower V. Thus, whereas the adiabatic modulus of air at atmospheric 
pressure is given by B^ ^ py — 1,011,330 X 1.40 = 14.3 X 10^ ap- 
proximately, the volume modulus of copper is 14.3 X 10^‘, which 
is 10® times larger. The density of copper is 8.9, which is about 
6900 times as great as that of air, so that the reduction of V because 
of increased density is much more than offset by its high elas ticity. 
The calculation of V for copper from V = \/l4.3 X 10^78.9 gives 
a value of 4 X 10® cm/sec. very nearly, wliich is more than twelve 
times the velocity of sound in air. 

In the case of water, we find its elastic modulus by taking the recip- 
rocal of its compressibility. This is 48.9 X 10“® per megabar 
(10® dynes per cm^). Therefore B = 10®/ (48.9 X 10“®) = 2 X 10^® 
approxi mately. But the density ^of water is unity; therefore 
V = v^2 X 10^® = 1.4 X 10® cm/sec. This is more than four times 
as fast as the velocity in air. 

341. Effect of temperature on the velocity of sound. Since the 
density of the medium enters into both Newton's and Laplace's 
formulae, temperature must affect the velocity of sound in all media. 
The expansion caused by heating means a decrease of density, and 
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a consequent increase of velocity. But in solids and liquids this 
effect is so small that it may usually be neglected. In air and other 
gases however it is very important. 

The relation due to Charles, Vt = t;o(l + af)^ may be converted into 
one between densities, because d = 1 / ?;. T herefore dt = do/(l + oti). 
Then the velocity of sound, F, = \/ yp!di, in a medium whose tem- 
perature is t and density dt, may be c^xpressc^d in terms of the standard 
density, do, by substituting for dt in the velocity equation, so that 

But y/ypldo = Fo; therefore 

F, = Fo\/l + a7, 
and this is approximately equal to 

Vt = Fo(l + \oLi) 

for tennperatures not too far from 0® C. Thus we may calculate the 
A’elocity at any temperature if a and the vc^locity at 0° C are known. 

In the case of air, a = 0.003665, and if we set ^ = 1® C, and take 
F() = 331.36 meters per second, F, = 331.967, which shows an increase 
of 60.7 centim('t(;rs per second pc^r degree rise of temperature in air. 

342. Velocity of loud sounds. The effect of the atmospheric 
pressure on sound velo city is zero, because, though it appears in the 
equation F = A/yp/d, the density varies directly as the pressure, 
and the ratio p:d is constant at constant tcMuperature. But the 
rapid changes in pressure, owing to the condensations and rarefactions 
of a sound wave, may influence F, if they are large enough. In 
proving = p it is assumed that these changes are small compared 
to the pressure of the atmosphere, but if they are not, and Ap is 
relatively large, then p + Ap must Ih^ used instead of p to replace 
the elastic modulus in the equations for the velocity. Newton’s 
(equation then read s F = V(p + Ap)/d, or if we introduce Laplace’s 
correction, F = \/ 7 (p + Ap)/d. 

When very large guns are fired, Ap may be actually as large or even 
larger than p, which would mean compressions of two or more atmos- 
pheres, diminishing of course with the distance. At any point 
where Ap = p, the velocity would be \/2 times as great as it would 
be for faint sounds where Ap is negligible. 

343. Sound ranging. The position of an enemy gun in the World 
War was frequently located with remarkable precision by the use of 
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a range finder based on sound instead of light. This was accomplished 
by recording the exact time at which the report of the gun reached 
three receiving stations located at some distance from each other. 
Thus in Fig. 22 the gun is located at P, with a r(iceiving station at 
Af at By and at C, where by means of microphones and chronographs 

the time of the sound^s arrival is 
recorded. Suppose that the time 
of arrival at A is ti seconds after it 
reaches P, and that it reaches C h 
seconds later than P. Then draw 
(;ircles around A and C whose radii, 
ri and 7 * 2 , are equal to the distances 
the sound travels in the times ti and 
< 2 . That is, ri = Vtiy and 7*2 = Vk, 
where V is the velocity of sound. 
The circular wave front abc must 
be at a distance Vi from A and ri from C at the moment it reaches 
P. Consequently abc is the arc of a circle drawn tangent to the 
two smaller circles and passing through P. The gun P, which is 
obviously at the center of this arc, is thert^fore located. 
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PROBLEMS 

1. Calculate the velocity of sound in steel (density 7.8 g/enp) from New- 
ton's formula. Ana, 4822.2 m/sec. 

2 . Calculate the velocity of sound in oxygen at 0 ® C and normal atmos- 
pheric pressure. (7 = 1.40). Ana. 315.1 m/sec. 

3. What is the exact velocity of sound in air at a temperature of 30®, 
taking Fo = 332 m/sec.? Ana. 349.8 ra/sec. 

4. The flash of a gun precedes the report by 8 sec. in air at 59 ® F. Taking 
the velocity of sound at 32® F as 1210 ft./sec., what is the actual velocity, 
and how far off is the cannon? Ana^ 1243 ft./sec.; 9944 ft. 

6 . The velocity of sound is found to be 1385 m/sec. in mercury. What is 
its modulus of volume elasticity? Ana. 2.6 X 10'^ dynes/cm^. 


CHAPTER 25 


Properties of Sound 

344. How sounds dider. Sounds differ fundamentally in three 
ways. They differ in intensity (and consequently in loudness), in 
pitchj and in timbre^ or ^‘tone color.^* Intensity depends upon the 
energy contained in unit volume of the medium at any instant and 
is defined as the time rate of flow of energy across a square centimeter 
at right angles to the direction of propagation. In the case of a plane 
wave, this is equal to energy density times the velocity of the sound. 
Pitch depcmds upon the frequency of vibration of the sounding body, 
that is, on the number of vibrations it executes per ^second. And timbre, 
in a complex tone like that of the violin, depends upon the resultant 
wave due to a combination of frequencies. 

346. Intensity. The energy of any harmonic vibration, and 
therefore the intensity of sound, varies as the square of the 
amplitude and the square of the frequency. This may be proved 
as follow^s: If a mass m is execmting simple harmonic vibrations, 
its velocity at any instant may be found (equation (2) Ar- 
ticle 93), from v = — wr(sin cot), where r is the amplitude. This 
is a maximum w^hen t ^ T/i or ST/i, for then sin cot = 1. There- 
fore v,n = 

Now such a mass has its maximum kinetic energy when its veloc- 
ity is a maximum, and this occurs in mid-swing. At this point 
the potential energy is zero, and therefore the kinetic energy repre- 
sents the total amount W. Substituting for v,n in W = mv^/2, we 
obtain 

W - mwV/2. (1) 

Then since m = du, where d is the density of the undisturbed me- 
dium, and u is the volume occupied by m, the energy per unit volume 

B give, by >/„.„VW2, W 

and the rate of flow across unit cross section, or intensity, is 

WV/u = 7 = «V»Fd/2, 
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when V is the velocity of sound. Substituting w = 2im, we have 

I = 2r^^r‘Vd. (4) 

Since then m or d are supposed constant, the intensity of a given sound 
varies diredly as the squares of the amplitude and of the frequency. 

It may also be shown that the intensity is given by 



or 


Vd’ 


( 6 ) 


where P is the maximum value of the increase in pressure due to the 
sound, or “excess pressure,’’ and p, which equals P/\/2, is its “effec- 
tive,” or square-root-of-mean-square, value, denoted by r.m.s. 
Equation (5) is convenient in calculating the sound produced by a 
vibrating diaphragm which produces the compression, as in the 
telephone receiver, phonograph, and so forth. 

The intensity of sound of a given frequency and in a given medium, 
which determines d and V (equation (4)), varies only with the square* 
of the amplitude. But this depends upon three factors. The first 
is the amplitude of vibration of the source of the sound, which is 
sufficiently obvious. The second is the area of the sounding body, 
which has the same influence upon the intensity at a distance as the 
area of a heated body has upon the intensity of heat radiation at a 
distance. The third is the fact that the intensity varies inversely 
as the square of the distance. 

The influence of area cannot easily be proved, but the general 
principle is demonstrated by placing the shank of a vibrating tuning 
fork upon a table top. The vibrations, rather faint before, are now 
quite loud, owing to the greater area set in vibration. The fork, 
however, stops sounding much sooner tlian if held in the hand, because 
its energy is partly communicated to the table, thus producing more 
sound, but for a shorter time. 

The inverse square law, which applies rigorously only to a point 
or spherical source and a homogeneous medium, has already been 
derived for the general case of radiant energy, and it is therefore not 
necessary to prove it for the particular case of longitudinal vibra- 
tions. If the source is not a point, but a vibrating string, for instance, 
the law is far from true near the string, but becomes increasingly 
exact at increasing distances, when the dimensions of the vibrating 
object become small in comparison. 

346. Pitch. The frequency of vibration determines whether a 
sound is pitched high or low. A high pitched sound is said to be 
acute, and a low pitched sound, grave. 
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The fact that the pitch of sound depends upon the frequency is 
easily demonstrated by holding a card against the teeth of a rapidly 
rotating gear wheel. The resulting tone rises in pitch as the wheel 
speeds up. Another method is to direct an air blast through a nozzle 
against a rotating disc in which equally spaced holes have been 
punched, as shown in the outer circle of Fig. 23. If the blast is 
directed against the iniKT row of unequally spaced holes, the sound 
has no definite pitch, and is in the 
nature of an iinmelodious roar. 

The human ear is limited in the 
range of frequencies which it can 
pere^eive as sound. Investigations 
in this field conducted by the great 
German physicist Hermann von 
Helmholtz (1821-1894) led him 
to conclude that sounds of fre- 
quencies lower than 16 to 20 vibrations per seejond (v.p.s.) could 
not be perceived as a definite' tone, but merely as a throbbing 
sensation in the ear. The uppe^r limit of audibility by the human 
ear is between 20,000 and 25,000 v.p.s., while many persons of 
normal hearing at ordinary frequencies, cannot perceive sounds higher 
than 10,000 v.p.s. 

Very acute tones cannot be clearly distinguished from each other 
as regards pitch; therefore the range available for an orchestra is 
limited to tones b(4ow about 5000 v.p.s. Actually the highest note 
commonly employed in orchestral music (disregarding overtones) is 
the high d of the piccolo, whose frequency is 4702 v.p.s., while the 
lowest is the E string of the double bass with 41 v.p.s. This range 
lies between wave lengths of 8.4 meters at the bottom and 7.3 centi- 
meters at the top. 

347. Timbre. The peculiar quality of a sound, which enables us 
to distinguish between different sources giving the same pitch, as 
between the A of a violin and of a flute, depends upon the overtones 
present. Overtones are vibrations of a frequency higher than that 
of the principal tone, or fundamental, upon which they are imposed 
by complex vibrations of the sounding body. These overtones are 
harmonic vibrations and the quality or timbre of the tone depends 
upon their frequencies and amplitudes. 

The earliest careful investigation of the causes of timbre was by 
von Helmholtz, who made a qualitative analysis of complex tones. 
This was done by means of resonators, each of which responded to 
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but one frequency. He also effected the synthesis of complex tones 
out of simple harmonic vibrations by means of a kind of organ made 
of electrically driven txming forks whose pitches were the harmonics 
of a single fundamental. Different combinations of these produced 
different tone colors. 

More recently Professor Miller has analyzed complex sound vibra- 
tions by means of an ingenious device which he named the phonodeik 
(sound exhibitor). The essential parts of this instrument are a horn 

and diaphragm to receive the sound, 
and a small mirror which rocks upon a 
horizontal axis and rotates back and 
forth as a result of the diaphragm's vi- 
brations. A beam of light reflected from 
the mirror then moves in a vertical 
plane upon a moving photographic film 
drawn horizontally. The resulting 
“waves" traced upon the film are similar 
to the dotted curves shown in Fig. 24, 
though more complicated, and they 
may be analyzed into their simple har- 
monic components. The frequency and 
amplitude of these components are 
found, and it is thus possible to deter- 
mine the “ingredients" which give the tones of a violin or a flute, or any 
other instrument, their characteristic tone colors. The wave forms of 
the different vowels are also separated into their components and the 
voices of singers analyzed, as well as many other kinds of sound.f 

348. Complex periodic vibrations. If a complex tone is to be 
strictly periodic and suitable for music, that is, having a definite 
wave form or series of wave forms which are always identically 
repeated, the frequencies of the overtones must be definite multiples 
of some fundamental frequency. 

In the usual case, where the waves all have the same form, the 
overtones are integral multiples of the fundamental. If its frequency 
is rty then the lowest possible overtone (or partial) has a frequency 
of 2n, and is known as the second harmonic. The next possible 
overtone, 3n, is the third harmonic, and so on. If the complex tone 
contains the fundamental, or first harmonic, of frequency n, and the 

t The most modem and accurate method of analyzing sound-wave forms in- 
volves the use of a microphone and analysis of the electric currents set up by the 
motion of the diaphragm caused by the sound waves acting upon it. 



Fig, 24. 




(a) 

(6) 

Middle F of flute 

Middle F of flute 



ie) if) 

Low G of oboe Low F of horn (melophone) 

Plate 3. 


Photographs of “wave forms” made with condenser microphone and oscillograph. 
Both (a) and (b) show weak second harmonics, but as only the phase has shifted, both 
sound alike. Waves (c) and id) show that low tones of a wind instrument are richer in 
harmonics than those in the upper registers. Wave (/) exhibits a very strong second 
harmonic Gdightly out of phase with the fundamental. 
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odd overtones, 3n, 5n, and so forth, the third harmonic, 3^ is the 
first overtone. But if both even and odd harmonics are present, 
3n is the second overtone. 

The perception of timbre is due to an analysis of the complex tone 
by the ear, which breaks it down into its component vibrations. 
These are then transmitted to the brain, where a partial synthesis is 
effected, giving us the sense perception of the tone as a whole. The 
resulting sensation therefore depends upon the particular overtones 
present and their relative amplitudes, but not upon their phase 
relations. 

349. Graphical summation of harmonics. Although the quality 
of a complex tone as perceived by the ear appears to be independent of 

phase relations, these do alter the 
resulting form of the vibration 
w^hen depicted as a transverse 
wave. In Fig. 24 (o) the funda- 
mental and second harmonic arc 
shown in phase with each other, 
but having different amplitudes. 
Their resultant is indicated by the 
dot ted line. The second loop of 
th() resultant is like the first, ex- 
cept that it is both inverted (up- 
side down) ancTpervcrted (turned 
left for right). In (6) is seen the 
effect of a third harmonic in phase 
with the fundamental, and in (c) the third harmonic is 90° out of 
phase. In these two cases the second loop is only inverted, for in (c) 
it is evident that right and left have not been interchanged. This is a 
general property of all odd harmonics, because, as is shown in (6) and 
(c), the component sine curves are identically related in two successive 
half periods when reversed, while in (a) they are not, and even har- 
monics therefore produce perversion of the wave form. 

By combining with the fundamental enough harmonics having the 
requisite amplitudes, frequencies, and phase relations, any con- 
ceivable wave form may be produced. A few such wave forms are 
shown in Fig. 25. The lower one with almost perfectly rectangular 
teeth would require one hundred or more harmonics properly arranged 
to produce it. 

360. Reflection of sound. We have already seen how a longi- 
tudinal wave is reflected at an interface between two media of different 




Chap. 25] 


PROPERTIES OF SOUND 


313 


density. The most striking case of this kind of reflection is the echo. 
In order to have the reflect(^d sound sufficiently separated from the 
original to distinguish it, the source must be at a considerable distance 
from the reflecting surface, otherwise the two will merge into a 
confused jumble. 

The echo from a picket fence stretching beyond an observer may 
be made to yield a tone of some duration and definite pitch as a 
result of a single sharp sound, such as that produced by clapping the 
hands together. The succcissive echoes from individual pickets 
arrives each a little later than the other, and are nearly equally spaced 
in ^ime, thus producing the effect of a definite vibration frequency. 
The prolonged roll of distant thunder is due to repeated reflections of 
the original '*clap’' from layers of air of different densities and at 
different distances from the observer. 

R('flected sound may be both an advantage and a disadvantage 
in churches, lecture halls, and theaters. In many churches a sound- 
ing board is placed behind the pulpit for two reasons. The part of 
the sound of the preacher^s voice which w^ould otherwise travel away 
from the congregation is caught and reflected toward them, together 
with those waves which started forward in the first place. These 
two beams of sound are slightly out of step, but not enough so to 
produce confusion. Without the sounding board, the reflection 
would occur from walls and other surfaces farther back. If the 
reflecting surface is a smooth wall which does not ^^break up^' the 
sound as pillars and arches would, the echo may be quite distinct 
from the original sound, and as it has farther to go, the two sounds 
may be so much out of step as to cause serious confusion. This 
depends upon the distance between the speaker and the reflecting 
surface, which should not exceed twenty-five feet. There would then 
be a fifty-foot difference of path between the sound and its echo, and 
this results in a retardation of about one twentieth of a second, which 
is the longest interval permissible if the separate syllables of speech 
are not to overlap in a confusing manner. Thus a sounding board 
serves the double purpose of amplifying the sound by increasing the 
energy transmitted forward and of cutting off an undesirable echo. 

In halls of complicated form, another source of trouble is the tend- 
ency for the reflected waves to concentrate at some points or regions 
known as/oci, while other regions are left almost void of sound. This 
may be illustrated experimentally by two parabolic reflectors vv ith 
the source of sound in the focus of one of them and the ear at the focus 
of the other. It is a well-known property of the parabola that a line 
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drawn parallel to its axis to meet the curve at the point p (Fig. 26) 
makes the same angle with the normal, w, to that point as a line 

drawn between p and the focus s. Thus 
t.he angles i and r are equal, so that all 
sound (or light) rays proceeding from 
the focus are reflected as rays parallel 
to the axis. The second parabolic re- 
flector receives this beam and focuses 
it in the reverse manner on the focus E. 
Therefore a very feeble sound like the 
ticking of a watch may be heard at E, 
when the reflectors are so far apart that the sound would otherwise 
be quite inaudible. 

361. Refraction of sound. Like all other waves, the front of a 
sound wave is altered, in shape or direction or both, when it enters a 
medium where it travels at a speed different from that which it had 
before. This may be shown by making 
a lens of thin sheet rubber filled with 
the heavy gas carbon dioxide, in which 
sound travels more slowly than in air. 

If sound, from such a distance? that 
its wave front is almost plane, strikes 
such a lens, the center of the beam 
whose diameter is d (Fig. 27) reaches 
the lens first and is slowed down as 
indicated by the dotted lines. This retarding process progressively 
deforms the plane front into a curved one, concave forward. Then 
when these wave fronts begin to emerge, their exterior zones come 
out first and speed up, while the central portion which gets out last 
is still further retarded, thus increasing the concavity. Finally these 



Fig. 27. 




Fig. 28. 


concave wave fronts converge at a 
point, or focusy /, where the sound is 
much more intense than it would be 
but for the lens. 

As sound travels faster in warm 
air than cold, the different layers 
of air over the earth’s surface cause 
a bending of a plane wave front 


such as has already been discussed. The air near a cold body of water 
is often cooler than that above. Then the upper strata are progres- 
sively less dense, and sound moving parallel to the water’s surface at 
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higher levels travels more rapidly than it does down below in air of 
greater density. This results in a bending forward of the wave front, 
as indicated in Fig. 28, and the sound tends to cling, as it were, to 
the surface of the water, so that it may be heard a long way off. If, 
on the other hand, the air is warmer below than above, as over a 
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Plate 4, 


Photograph of sound waA^e passing through a lens filled with sulphur dioxide gas. 
The circular wave near the left of the source is the wave front reflected from the lens. 
The double curve on the right is the original wave front diffracted around the lens. 
The short curve concave outward is the converging wave refracted by the lens. 

desert, the reverse effect takes place. The wave fronts are tilted 
backward as they advance, and the sound tends to rise above the 
earth’s surface. 

The same effect may be observed when a gentle breeze is blowing 
over the earth. Near the surface it moves more slowly than it does 
higher up, because; of the earth’s roughness and resulting friction. 
Thus if the sound travels with the breeze, its wave front bends for- 
ward, as in Fig. 28, and so keeps to the ground and carries farther. 
Sound traveling against the breeze is more retarded by the more 
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rapidly moving air at the higher levels. Its wave front bends back- 
ward, carrying it away from the ground, and it becomes inaudible at 
a short distance from the source. It is thus clear that wind does 
not blow the sound to or from us to any great extent, for even a 
hurricane traveling at 100 miles an hour is moving slowly compared 
to sound, which goes 742 miles an hour. So sound is certainly not 
much slowed down or speeded up by an ordinary wind. 

352. Interference of sound. Sound waves interfere in the same 
way as water waves already described, though of course in this case 

condensation and rarefaction take 
the place of crest and trough. In 
both cases when waves from tw^o 
(exactly similar sources combine, 
they produce hyperbolic loci of 
minimum and maximum inten- 
sity, or nodal and antinodal lines. 
This may be shown by enclosing 
a source of sound, such as a 
whistle, in a box from which tlu^ 
sound issues through two hol(\s, 
the common source insuring tlu^ 
identity of frequencies which is 
absolutely necessary. Such a device is illustrated in Fig. 29 with a 
part of the wave diagram. According to Huygens^ principle, the two 
holes may be regarded as independent sources of sound, and as they 
are equidistant from the whistle W, the waves issuing from them 
are in the same phase, although that is necessary only if a symmetri- 
cal pattern of nodal and antinodal curves is desired. 

353. Beats. If two notes of equal intensity but of slightly different 
pitch are sounded together, the resultant sound produces a succession 
of pulsations known as beats, which are due to the two wave trains 



Fig. 30. 


getting into and out of step at regular intervals. This may be under- 
stood from Fig. 30, where the two dotted curves represent the vibra- 
tions of the two tones reaching the ear. One of them. A, has a shorter 
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wave length than the other one, R, and drops behind it in phase*, 
until after a number of vibrations it has lost half a wave length, and 
the two are then in opposite phase at the end of half a period of the 
beats. Half a period later, B has lost an entire vibration, is again 
in phase with A, and the two sounds reinforce each other as at the 
beginning. The resultant, or sum, of the two vibrations is indicated 
by the heavy line*. Their decreasing amplitude followed by a corre- 
sponding increase represents the heating of the two notes. 

If the frequeiKjy of A is n\ vibrations per second, and if n 2 is the 
frequency of R, then A gains Ui — rh vibrations over R in one s(*cond. 
Each time it gains a complete vibration, the two sounds are in the 
same phase and reinforce each other. There are then rii — 712 maxima 
per second, or the frequency of the beats equals the dijff(jrence of the 
fr(*quencies of the two notes. 

When the notes are nearly in tune, the beats are slow, but as the 
diffenmee of frequency increases, the beats become increasingly 
rapid and may ultimately merge into a continuous tone known as a 
difference tone, which is much lower than either of the two which 
produced it. This phenomenon is made use of in certain organ stops 
which give very grave tones by using pairs of relatively short pipes of 
slightly different pitch. 

364. Doppler’s principle — Moving source. If the distance betweeii 
the ear and the sounding body changes at a constant rate, the ear 
perceives a different pitch from that which it would with both at 
rest. The whistle of an approaching locomotive sounds more shrill 
than if it w’cre at rest, and its pitch falls after it passes the observer. 
There are two cases of Doppler’s principle, first formulated in 1842 
by Christian Doppler of Prague. These are: (^.ase I, when the sound- 
ing body moves tow^ard or away from the ear; and Case II, when the 
ear moves toward or away from the sound. 

Let us suppose the sounding body to be moving toward the ear 
with a velocity v. Then each su(;cessive compression \i emits is nearer 
the preceding one than it would be if it w^ere at rest. This decrease in 
the wave length is equal to the velocity v divided by the frequency; 
therefore the modified wave length X' is v/n shorter than it was before 
the motion began; hence 


But the frequency of these shortened waves must be correspondingly 
raised according to the relation n' = V /\% where V is the velocity 
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of the sound. Therefore, substituting for X' its value from equa- 
tion (1), we obtain 

' = ^ 

X — vjn \n — V 

But Xn = F; /. n' = 

where V/{V — v) is the correction factor by which this case of the 
Doppler effect is to be calculated. Since tlu^ correction factor is 
greater than unity, n' is greater than n, which means that a not(‘ 
emitted by a body approaching the ear sounds more acute than if it 
were at rest, and the pitch rises with increasing velocity of the source. 

But if the source of sound were 
receding, v is negative and the 
factor becomes V/(V+ v)y which 
is less than unity and shows that 
the pitch of the note perceived 
by the ear is lowered. 

Both possibilities of Case I are 
shown in Fig. 31, where a mov- 
ing body S is sending out spheri- 
cal weaves. Owing to its motion 
they are seen to be crowded to- 
gether in front of it, and length- 
ened behind. In other directions 
the wave length has intermediate 
values, and in the directions di and 
d 2 f X is the same as if the body 
were not moving. The circles represent successive^ wave fronts sent 
out when S was at the equally spaced points pi, po, Ph, p*, and so forth. 
Therefore their radii differ by the same amount. This difference is 
the distance sound travels while the source moves between two ad- 
jacent points, and is equal to the radius of the circle around ps. 

366. Doppler’s principle — Moving observer. If the ear moves in- 
stead of the source, the case is different. Here there is no change in 
X, but the ear encounters the waves at a different rate. Let v be 
the velocity of an ear approaching the source; then the increase in the 
number of waves received per second is obviously v/\. Therefore the 
total number n' received per second is n + v/\. Then 

n' = n + 



( 1 ) 
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n\ -{■ V 


Multiplying numerator and denominator by n, and sotting nX 
we obtain yy , . 


( 2 ) 

(S) 


Here the Doppler effect is calculated by the factor (F + 2 ^)/F, which 
is not the same as F/(F — although both are greater than unity 
and are nearly equal if v is small compared to F. Thus if F == 100 
and = 1, (F + v)/V = 101/100, while F/(F - v) = 100/99. But 
the first value is l(\ss than the second; hence the Doppler effect is a 
little greater when the source is approaching the ear than when th(‘ 
ear is approaching the source with the same velocity. 

In Case II, if the ear is receding from the source, v is again to b(} 
regarded as negative and the correction factor is (F — y)/F, which in 
turn may be compared with F/(F + v), the factor for a receding 
source. The^se also will be seen to be slightly different. 

The difference between the two easels of the Doppler effect is due 
to the fact that the air furnishes a ‘fframe’^ to which the motion may 
be refern^d. Tlu'refore motion betw(Km the two objects is not a rela- 
tive affair in such a case, and fixity with respect to the air has a real 
meaning. But in a vacuum, as in interstellar space, if we assume it 
could carry sound, this distinction would not exist. 

Any kind of w'ave motion has a Doppler effect, but in the case of 
light, whose velocity through space cannot be referred to any fixed 
medium of refertuice, there is no difference between the cases of a 
moving source and moving observer. In (‘ither case the motion is 
wholly relative. 
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PROBLEMS 

1. Calculate the flow of energy across a square centimeter of a very loud 
sound in air, whose frequency is 256 v.p.s. and whose amplitude is 5 mm 
when the temperature is 0®C. Ans. 1.39 watts per cm’-*. 

2. The whistle of an approaching locomotive has an actual pitch of 320 
v.p.s., but its apparent pitch is 360 v.p.s. How fast is the locomotive 
going? Ans. 36.9 m/sec. 

3. If the whistle in Problem 2 is at rest and the observer is approaching it 
in an automobile at the rate of 36.9 m/sec., what would be the apparent 
pitch of the sound? Ans, 355.6 v.p.s. 



CHAPTER 26 


Hearing and Acoustics 

366. The human ear. Our bearing mechanism is extremely com- 
plicated and not fully understood. The ear is made up of three 
principal parts — the external, middle, and inner ear. In Fig. 32 is 
shown its structure much exaggerated, and with part of the bony 
covering of the inner ear cut away to lay bare its convolutions. 



Sound waves falling on the visible part of the outer ear pass through 
the auditory canal M and cause the drum T to vibrate. These 
vibrations set in motion a aeries of little bones — the hammer, anvil, 
and stirrup, m, i, and s — which pass along the vibrations across the 
middle ear to a membrane, 0, called the oval mndow, communicating 
with the labyrifUh, or inner ear. The middle ear connects with the 
mouth by means of the Eustachian tube, E, which serves to equalize 
the pressure on each side of the drum. Its lower end is closed by 
a valve which opens when we swallow, so that rapidly changing 
pressure on the drum, as experienced in a moving elevator, with a 
consequent “bubble in the ear,” is equalized by swallowing. 

The inner ear consists of three parts — the semicircular canals, S, 
the vestibule, V, and the cochlea, C. It is filled with a watery fluid 
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known as endolymph. The semicircular canals are connected with the 
brain by a branch of t\m auditory nerve, A, and are the source of our 
sense of equilibrium. Theses canals lie in three planes — one horizon- 
tal, and two vertical at right angles to each other. They thus repre- 
sent the three spatial dimensions in which they act somewhat like 
spirit levels. 

The vestibule is equipped with many tiny elastic hairs projecting 
from its inner walls, and when the lymph is set in motion from the 
oval window, they respond and probably sc^rve to give us a sense of 
sound in general, but dcjvoid of tonal quality, such as scraping or 
hissing sounds. 

As the endolymph, like all liquids, is highly incompressible, it can 
be set in vibration only if it is in contact with somc^ body more 
flexible than the bony cavity surrounding the labyrinth. This need 
is supplied by It, the round wimlow, which is closed by a membranci 
similar to that of the oval window, and this 
bulges out when the oval window bulges in, 
and vice versa. 

The cochlea is a spiral tube of about 
two and a half turns, resembling a snail 
shell, from which it is named. It is 
separated for nearly its entire length into three 
long galleries, v, c, and t, as shown in Fig. 33. 

These are formed by a bony partition, P, reaching part way across, 
to which are attached two membranes stretched out to the opposite 
wall of the cochlea. Nerve fibers pass through th(^ bony partition 
to the lower membrane, vb, indicated also by B in Fig. 32. The 
upper gallery ends in the vestibule, and the lower gallery at the 
round window. Thus these two diaphragms are separated by the 
membranes except at the apex of the cochlea, where there is an open- 
ing, the helicotrema, which connects the galleries. 

The membrane vb is called the basilar membrane. It increases in 
width from about 0.04 mm at the base of the spiral to nearly 0.5 mm 
at its apex, and is composed of thousands of transverse fibers stretched 
tightly across it like the strings of a harp. These fibers are supposed 
to respond to different pitches when set in vibration by the vibrating 
lymph; and as the longest are near the apex and farthest from the 
round window, it is by these that low tones are perceived, while high- 
pitched notes act upon the shorter fibers near the base of the cochlea. 
This is in accordance also with the hydraulic features of the mech- 
anism, for on account of the inertia of the fluid, high-frequency 
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fluctuations would not easily be transmitted through its entire length. 
Thus high-pitched vibrations are transmitted across the membranes 
from the upper to the lower gallery, leaving the lymph higher up in 
the cochlea undisturbed. But notes of low pitch set the entire mass 
of the fluid into vibrations which are passed along from one gallery 
to the other by way of the helicotrema at the upper end of the spiral 
where the longer fibers are located. 

Mounted on the basilar membrane are about 3000 pairs of fibers, 
or ^‘rods,’' indicated at c in Fig. 33. These are known as the arches 
of Corti, Their function is not clear, but they may serve to pick up 
the vibrations of the endolymph and communicate it to the fibers 
of the basilar membrane, or they may simply help to tune the fibers 
which they partially span. 

367. Loudness. This is a psychological experience, and depends 
upon the mechanism of the ear and brain. It increases with the in- 
tensity of the vibrations received, but there is no simple law express- 
ing the relation between loudness and intensity. However, there is 
an equation based on a principle known as Fechner^s law which makes 
it possible to calculate S, the sensation of loudness. This is given in 
terms of the maximum value P of the excess pressure of the sound 
wave, which means the maximum inen^ase in pressure in a condensa- 
tion over and above the pressure of the undisturbed medium. The 
equation is 

S — c logic P + a, 

where c and a are constants depending on the frequency, though a is 
also a function of the ^‘threshold pressure^^ to be defined. Its value 
is small compared to c logic P, when the sound is loud, so that we 
may compare loud sounds by comparing the logarithms of their 
excess pressures. 

Comparing the loudness of two sounds by means of the logarithms 
of their excess pressures amounts to comparing the logarithms of 
their intensities, because since I oc (equation (5) Article 345), 
log J oc 2 log P, or log I oc log P. The difference, S, between two 
loudnesses is then measured by the difference between the logarithms 
of their intensities. That is, B = log Ii — log I 2 , or JS = log (/ 1 /J 2 ). 
If h = 10 / 2 , and if the logarithm is taken to the base of 10, then 
jB *= 1. This unit difference is known as the bel So, measured in 
bels, B = logic (/ 1 // 2 ). 

The bel is obviously a large unit, and the more convenient decibel 
(one tenth of a bel) is preferred, especially as it measures about the 
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minimum difference in loudness which the ear can distinguish. Then, 

measured in decibels, , ^ , zr /r ^ 

b = 10 logic (/ 1 // 2 ). 

When b is one decibel, h/h = log"^ 0.1 = 1.259. This means that 
if one sound is a decibel louder than another, the intensity of one is 
26 per cent greater than that of th(^ other, a difference barely observ- 
able by the ear. If the sounds differ by three decibels, the intensity 
ratio is 1.995, or nearly two to one. If they differ by twenty decibels, 
h = 100 1 2 , and thirty decibels means that Ii == 1000 I 2 . 

In order to be audible at all, a sound must exceed a certain minimum 
intensity. In recent investigations conducted in the Bell Telephone 
Laboratories, the intensities required to pass the threshold of audible 



perception have been determined by measuring the effective value po 
of the excess threshold pressure and then calculating lo Irom equa- 
tion (5) cited above. The value of po falls rapidly with rising fre- 
quency, from 0.12 dyne/cm^, when the frequency is 64 v.p.s., to 
0.00042 dyne/cm^, with 4096 v.p.s. 

For purposes of comparison of sounds of different pitch, the thresh- 
old pressure is taken as 0.001 dyne/cm^, or one millibar. This 
corresponds to a sound intensity of about 24 X 10 watt/cm^ under 
standard atmospheric pressure at 20® C, as is readily calculated from 
equation (5) referred to above. 

The curves of Fig. 34, due to Wegcl of the Bell Telephone Labora- 
tories, show both the upper and lower limits of the “auditory sensation 
area.’’ The effective (r.m.s.) value of the pressure changes which 
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afifect the ear as sound are plotted against frequency, using a loga- 
rithmic scale. From an inspection of the lower, or threshold curve, 
it is evident that the pressure of one millibar assumed above corre- 
sponds to a frequency of the note c", or 512 v.p.s., and is close to the 
middle of the normal range of audibility. Then taking this fre- 
quency, we may calculate the amplitude of vibration of the air from 
equation (4), Article 345, or I — 2Tr^nhWd, whore, from equation 
(5), 7 = 24 X 10“® erg/cm“ sec.; V = 344 m/sec. at 20® C, d = 
1.2 X 10”^ g/cm* at 20® C, and n = 512 v.p.s. The resulting ampli- 
tude is 1.05 X 10“® cm. This is of the order of magnitude of atomic di- 
ameters and gives an idea of the amazing sensitivity of the human ear. 

There is also a sup(?rior limit to audibility, when the sound becomes 
so intense as to cause pain, and is no longer sound in the usual sense. 
This limit is associated with a vibration amplitude and excess pressure 
that for a tom^ of frequency 512 v.p.s. are about five million times th(ur 
threshold values. The amplitude is about 2.5 mm, and the excess 
pressure is about 5 mm of mercury. Both the upper and lower limits 
of audibility vary greatly with the pitch, as we have seen, and differ 
with different individuals. 

The following experimental values of sounds, measured in decibels 
above the average threshold value of sound, are quoted from a table 
by Dr. E. E. Free.! 



(Decibels) 


(Decibels) 

Painful sounds 

Pneumatic riveter 

Thunder 

130-140 

100-110 

80-110 

95 

Vacuum cleaner 

Average conversation . . . 
Whispering. 

70 

65-75 

25-30 

10-15 

Niagara Falls 

Heart, heat 


368. Architectural acoustics. There are two principal causes of 
“bad acoustics^' in an auditorium. One of these is the concentration 
of sound, due to one or more definite echoes, in certain regions and 
not in others. This depends upon the shape of the hall, and if it is 
complicated, as in a theater or gothic church, it is practically impos- 
sible to avoid such echoes deliberately, in the original design. But 
early in this century. Professor W. C. Sabine of Harvard University 
undertook the first really scientific study of acoustics, and succeeded 
in measuring the formation of echoes by means of a sectional model 
of the auditorium he wished to investigate. He used a device due to 

t Review of Scientific ImtrumentSy July, 1933. 
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Professor A. L. Foley of Indiana, by which one actually photographs 
the sound waves caused by a loud electric spark discharge at any 
desired time thereafter. The photograph is taken by the light of a 
second spark and is practically instantaneous. The wave creates an 
image on the plate, because wherever the air is compressed or rarefied, 
as the wave advances there is a distortion of the light from the spark 
source. In this way Sabine demonstrated the source of confusing 
echoes in the model, and thus the actual auditorium could be modified 
to eliminate them. 

The second, and much more important cause of bad acoustics is 
reverberation^ caused by so many (echoes and re-echoes combining that 
they build up into what seems like a single continuous sound. If the 
walls of a room did not absorb some of the sound, a steady source 
would set up steadily increasing vibrations without limit. Actually 
there is such a limit, and a steady state is reached in a few seconds 
when the rate of absorption becomes equal to the rate of emission. 
Th(m if the source of sound is stoppc^d, the reverberation dies down 
from its maximum value, following a logarithmic decay curve like 
the curve shown in Fig. 20, Article 331. 

The reverberation time T required for a sound of definite energy 
density to die down to threshold value was investigated by Sabine, 
using a formula based on one discovered by W. S. Franklin in 1903. 
Sabine^s standard source of sound developed an energy density (ergs 
per unit volume) one million times thc^ threshold value, and the result- 
ing equation was y, ^ ( 1 ) 

where T is the reverberation time in seconds, u the volume of the 
room in cubic feet, S the areas of the various kinds of surface, and a 
is the absorption coefficient of each of these surfaces/ This coefficient 
is defined as the ratio of the absorption of a given surface to that of 
an equal area of a perfect absorber such as an open window, which 
does not reflect, and may therefore be regarded as absorbing all the 
sound which reaches it. An open window thus has an absorption 
coefficient of unity. 

The obs(;rved results agree remarkably well with the theory in all 
but very “dead” rooms where the total absorption is very large. 
The shape of the room has very little influence on the reverberation 
time, as Franklin had originally assumed, but T varies directly 
as the volume. This can be readily understood when we remember 
that absorption causing the original energy to decay occurs only when 
the sound waves meet the walls, ceiling, and so forth, and as the waves 
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are reflected back and forth between them, the larger the room is, the 
fewer are the reflections in a given time. 

369. Calculations of reverberation time. It is often desirable to 
calculate T from the specifications of the auditorium before it is 
built. In this case we must know ai, a 2 , as, • • • for the various 
surfaces, as well as their areas Si, S^, 8$, ... Then S(aS) = 
aiSi + a 2 S 2 + aiiS’i + . . . as explained in the preceding article. 

The values of a for different substances depend upon the pitch of 
the sound, and these hav(^ been determined for a great variety of 
materials at different frequencies by Dr. P. E. Sabine of the River- 
bank Laboratories. As an illustration, for smooth lime plaster on 
wood lath, a increases rather steadily from 0.024, with a tone of 
frequency of 128 v.p.s., to 0.037 at 1024 v.p.s. It then decreases to 
0.019 an octave higher, but at 4096 v.p.s. it has increased again 
to 0.034. 

Values of a determined by W. C. Sabine with constant pitch of 
average frequency are as follows: 


Wood sheathing 

0.061 

Brick set in cement 

0.026 

Window glass 

0.027 

Audience, compact 

0.96 

Plaster on lath 

O.OJ54 

Carpet (average) 

0.18 


The absorption by a great variety of other surfaces has been 
measured, so that if the individual areas are known, it is possible to 
calculate the total average absorption, and consequently T, with 
some precision. 

The ideal time of reverberation depends upon what the auditorium 
is to be used for. As a result of actual tests with musicians as judges, 
Sabine concluded that 1.1 second is the best value when listening to 
a piano in a rather small room. But F. R. Watson has shown that 
this may be increased in large halls. Watson also demonstrated 
that the best results are obtained when most of the absorption due 
to hangings or other absorbent material is near the audience, leaving 
the walls near the source of sound to create most of the allowable, 
and in fact desirable, reverberation. 

If a hall is to be used for speaking, the consecutive syllables, if 
blended by reverberation, build up an increasing volume of sound 
by a succession of impulses until the steady state is reached, when the 
energy curve looks like the teeth on a broad saw, with very slight 
decrease of sound between syllables. This shows why they become 
blurred and indistinguishable. According to V. 0. Knudsen, who 
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experimented in five (‘mi)ty high-sehool auditoriums, 2.75 seconds is 
the maximum reverberation time allowable in halls of this size, 
though it should be remarked that an audience, by increasing the 
total absorption, would have considerably reduced the reverberation 
time actually observed. 

SUPPLEMENTARY READING 
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F. R. Watson, Sound (Chapters 15, 16), Wiley, 1935. 

, Acoustics of Buildings, Wiley, 1930. 

Steward and Lindsay, Acoustics (Chapters 9 and 1 1), Van Nostrand, 1930. 
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PROBLEMS 

1. The faintest audible sound having a fre(iuency of 512 v.p.s. has an in- 
tensity of about 24 X lO"^® watt/cnP. How much louder is a sound whose 
intensity is 0.012 watt/cm‘^? Am. 127 decibels. 

2. The effective value of the excess pressure of a certain sound is 0.05 
dyne/cm^. Calculate its intensity, and its loudness compared to standard 
threshold excess pressure at 20° C, using e(iuation (5) of Article 345. (Take 
Vn) = 344 rn/sec.) Ans. I - 6.05 X 10 “ watt/cm^; 6 = 34 decibels. 

3. Calculate the reverberation time in a room 20' X 30' X 10' finished as 
follows: The walls are sheathed with wood halfway up, and plaster on lath 
covers the rest of the walls and ceiling. There are five open windows measur- 
ing 4' X 3' in the upper half of the walls. The entire floor is carpeted. 
Ans, Ij sec. 



CHAPTER 27 


The Physical Basis of Music 

360. Musical intervals. The ratio of the fundamental frequencies 
of two musical tones is called an interval, and it is customary in 
physics always to put the higher frequency in the numerator, so that 
intervals are never less than unity. If one note has a fn^quency 
71 = 72 v.p.s., and the other n' = 80 v.p.s., the interval between them 
is n' /n = 10/9. In music, then, an interval never means a differ- 
ence, such as n' — n. The simplest possible interval is 1/1 or unison. 
The next is 2/1, when n' = 2w, and this interval is called an octave. 
If w(‘ continue using integral intervals, we obtain a series of fre- 
quencies n, 2n, 3n, 4n, and so forth. The interval 4/1 is a double 
octave, because it is an octave above 2n, which in turn is the octave 
of n. The wave lengths of these tones vary inversely as n; therefore 
if X is the wave length of the lowest tone, X/2 is the wave length of 
its octave, X/3 of the next higher in the s(;ri<^s, and so on. This 
series, X, X/2, X/3, X/4, . . . X/n, is known as an harmonic series. 

The simplest possible fractional interval greater than unity is 3/2. 
If n' = 3n/2, then X' = 2X/3. This interval is known as a fifth. 
The next simplest is 4/3, known as a fourth, with others following 
as listed below: 


Interval 

Name 

Interval 

Name | 

Interval 

Name 

1/1 

unison 

6/3 

major sixth 

10/9 

minor tone 

2/1 

octave 

5/4 

major third 

15/8 

major seventh 

3/1 

twelfth 

6/6 

minor third 

16/15 

limma 

4/1 

double octave 

8/5 

minor sixth 

25/24 

diesis 

3/2 

fifth 

9/5 

minor seventh 

81/80 

comma 

4/3 

fourth 

9/8 

major tone 




These intervals, until we reach 8/5, are the simplest possible prime 
fractions arranged in the order of decreasing simplicity. No ordinary 
musical intervals use prime numbers higher than 5; therefore such 
possible intervals as 7/5 do not appear. They could be produced, 
but would not be pleasing to the ear. The reason for most of the 
names of the common intervals will be explained later. 
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361. The diatonic scale. Modern occidental music is based upon a 
gamut, or scale, of eight notes in a sequence of tones whose frequencies 
increase as we ascend the scale, and end with the eighth note having 
twice the frequency of the first, thus completing an octave, or a series 
of eight notes. The choice of these eight notes is far from arbitrary, 
although it seems to satisfy the ear in a manner not to be accounted 
for by purely mathematical reasoning. But at any rate, the choic(^ 
involves ratios of the smallest integers, and therefore has a funda- 
mental quality which seems somewhat inevitable. The series of notes 
are named do, re, mi, fa, sol, la, ti, do, pronounced as in Italian. Th(^ 
first interval between re and do is 9/8, or a major tone. The second, 
between mi and do is 5/4, or a major third, becausci mi is the third 
note of the scale. Bc^tween fa, the fourth note, and do, it is 4/3, 
a perfect fourth. Between sol, the fifth note, and do, the interval 
of 3/2 is a perfect fifth. Between la and do it is 5/3, a major sixth, 
and between ti and do th(^ interval of 15/8 is a major seventh. Thus 
all the notes of the gamut, except the seventh, arc expressed in terms 
of the simplest possible ratios. 

The intervals between successive notes may be obtained from the 
above ratios as follows: Suppose we wish the interval between mi and 
re; then as re is a major tone above do, the interval re /do == 9/8. 
But mi is a third above do; therefore mi/do = 5/4. But if the sec- 
ond equation is divided by the first, the dos canc(4, and we have 
mi /re = 5/4 X 8/9 = 10/9, which is the interval sought, a minor 
tone. In this way the following table may be calculated, when do 
is taken as the C of ordinary musi(^al notation, and the seri(is is known 
as the diatonic (thorough-toned) scale: Intervals between each note 
and do are given, as well as the intervals between successive notes. 


Name 

do j 

re 

mi 


sol 

la 

ti 

do 


Letter 

C 

1) 

E 

F 

G 

A 

B 

c 


Interval 
above do . 

1 

9/8 

5/4 

4/3 

3/2 

5/3 

15/8 

2 


Sucfiessive 

Intervals. 


9/S 10/9 16/15 9/8 10/9 9/8 16/15 


If, for example, do is 24 vibrations per second, the various frequen- 
cies may be obtained by multiplying 24 by 9/8, then by 5/4, then by 
4/3, and so forth, or what is the same thing, each note may be found 
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from its predecessor by using one of the intervals in the lower row. 
This gives the following frequencies for the notes of this octave: 


do re mi fa sol la ti do 

24 27 30 32 36 40 45 48 


It is customary to denote the octave 


E, which starts with C 


below the bass clc^f, by the capital letters of the alphabet. The 
next higher octavci, | iri j is indicated by the lower-case letters, 

c, dy e, and so forth, and the octave | ( | & j - F - is indicated by these 


letters primed, c', d\ and so forth, the next higher by double primes, 
and so on, while the octaves lower than C are denoted by subscripts. 

362. The triads. It is also possible to build up the scale from cer- 
tain fundamental groups of these notes known as triads. When 
played together they constitute chords, and are the basis of all 
harmony in music, as distinguished from pure melody ^ when there is 
only a sequence of tones. There arc three major triads, and three 
minor triads, as well as diminished and augmented triads. The three 
major triads all have the ratios 4:5:6, and the minor triads, 10:12:15. 
An augmented triad is a major triad with the upper note sharped. A 
diminished triad is a minor triad with the upper note flatted. The 
three of each set are known as the tonic, dominant, and subdominant. 

In the key of C, they arc as follows: 


] Tonic C :E :G ] 

Major > Dominant G : B : d ['4:5:6 

j Subdominant F : A : c j 


Minor ] Tonic C : E\^ : G ] 

(descending \ Dominant G : : d i 10 : 12 : 15 

scale) J Subdominant F : : c J 


The small letters show, as just explained, that the note is in the 
higher octave. 

It will be seen that the dominant begins its triad where the tonic 
leaves off, and the subdominant works backward from c, with a result 
that this triple application of the ratios 4:5:6 gives us all the notes 
of the major scale. 

The minor triad introduces three new notes, E flat (El>), A flat (Al>), 
and B flat These are each lower than the corresponding notes 

of the major scale by an interval of 26/24, called a diesis. The 
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frequency of the lower note is 24/25 of the upper one. This gives 
rise to a new (minor) vseale which has actually two different forms 
or modes. One, called the harmonic mode, uses Fb and but 
not both ascending and descending. The other, or melodic 
mode, uses only Eb ascending, and all three flats descending. The 
successive intervals of the descending melodic minor in C are given 
below. 

C D E\^ F G Ab J5b c 
1 9/^ ^/3 3/2 8/5 9/5 2 

9/8 16/15 10/9 

The new intervals shown in the upper row, that is, 6/5, 8/5, and 9/5, 
are the minor third, minor sixth, and minor seventh, respectively. 

It will be noticed that th(Te are only three numerically different 
intervals between successive notes in both major and minor scale. 
Two are nearly alike, 9/8 and 10/9, major and minor tones; and the 
third is the much smaller interval 16/15, or limma. In the major 
scale, the third and seventh intervals are limmas, but in the minor 
scale they occur in a different order, according to the mode, giving a 
characteristic mournful value to music played in a minor key. 

363. Standards of pitch. It is purely arbitrary what particular 
frequency we shall assign to the note known as middle C (c'), from 
which other tones above and below it are calculated. Physicists 
commonly assign it 256 v.p.s. But the same note has 264 v.p.s. in 
^^orchestral pitch,’^ as used by most musicians. This is based on 
an A (a') having 440 v.p.s., for it is the A that is given out by one 
instrument of the orchestra for all the others to tune to. There 
is still another and older pitch known as ^‘concc^rt pitch” whose A 
is 460 v.p.s., giving a C of 276 v.p.s., which is nearly a whole tone 
higher than the middle C of the physicist^s scale. 

Evidently there is no pitch belonging naturally to the note we 
choose to call C, for this note, played on an old-fashioned piano, 
would have almost the same pitch as D of the physicist's scale, or 
C# of orchestral pitch. 

Having fixed C (or A) of a scale, all other notes up and down are 
also fixed, but the sequence of tones, do, re, mi, and so forth, may be 
applied from any starting point, and is thus wholly flexible. Then 
this “movable do” may mean a note of any frequency which is used 
as the beginning of the scale or gamut. There is, however, another 
system, dating from the eleventh century, which uses a “fixed do” 
so that do would always mean C, re would always mean D, and so on, 
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thus making these names practically synonymous with the alpha- 
betical notation. 

364, Consonance and dissonance. If two notes have nearly the 
same frequencies, the slow beats w^hich are produced when they are 
sounded together arc rather agreeable. In fact, this effect is made 
use of in the “vox celeste” stop of the organ, which causes two pipes 
of slightly different pitch to “speak” together when a key is struck, 
producing a pleasing pulsation. If, however, the beating becomes 
more rapid, a disagreeable sensation is produced by the rapid fluttc^r 
of the beats, and even when they are too rapid for the ear to follow^ 
as separate impulses, there is still a displeasing roughness betwenm 
the notes, owing to their dissonance. If the difference of the fnv 
quencies is then still further increased, the dissonance gradually 
disappears, and we approach consonance^ which gives a pleasing effect 
when two notes are sounded simultaneously. The number of beats 
per second which is unpleasant depends upon the absolute pitch of 
the notes which produce them. Two low not(is near C below the 
bass clef, when they produce beats at a rate of from 4 to 14 per second, 
are dissonant, while two notes whose frequencies are near high C just 
above the treble clef must beat from 40 to 100 times per second to 
sound unpleasantly together. 

A pure tone (devoid of overtones) is always consonant with its 
harmonics. In this case the notion of beats is rather meaningless. 
A note and its twelfth, as 60 and 180 v.p.s., beat theoretically 
180 — 60 = 120 times per second, which is the octave of the lower 
note. But since octaves are consonant, this beating does not produce 
dissonance. By the same kind of reasoning it may be shown that 
even the higher harmonics are all consonant with their fundamental. 
However, the harmonics of a note are not necessarily consonant with 
each other; thus if the fundamental has 80 v.p.s., the twelfth harmonic 
has 960, and the thirteenth, 1040. The difference 80 is the frequency 
of the beats between them, and lies within the region of dissonance 
(40 to 100) at these frequencies just above the treble clef. Thus it is 
evident that a complex tone may have overtones which are dis- 
sonant with each other, and it has therefore a less pleasing sound 
than one whose overtones include only consonant harmonics. 

The question of consonance or dissonance between notes is com- 
plicated by the fact that we have to consider the overtones present 
in complex tones. Then intervals otherwise consonant may become 
dissonant, owing to beats between the overtones of the notes con- 
cerned. In general, the overtones of the two notes forming a highly 
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consonant interval such as the octave, are consonant with each other, 
but even in this ease the higher overtones may be dissonant, though 
they are never strong enough to be observable. Thus the fifteenth 
harmonic of a note whose frequency is 60, has 900 v.p.s., and the 
eighth harmonic of its octave (120 v.p.s.) has 960. Their difference, 
giving 60 beats per second, is dissonant at this pitch. 

In the case of intervals h^ss than an octave, the lower and therefore 
stronger overton(\s may develop beats which render such combinations 
dissonant even when their fundamental frequencies would otherwise 
be consonant. Thus a note whose frequency is 72 and its major 
third, 90 v.p.s., may have as overtones the harmonics listed below: 


Fundamental 

2iid 

3rd 

4th 

5th Harmonic 

72 

144 

216 

288 

360 

90 

180 

270 

360 

1 

450 


H(*re two of the harmonics are^ in unison ; namely, the fifth of 72 and 
the fourth of 90. Others like 216 and 180 are harmless because their 
difference of 32 is too fast to bo displeasing at the pitches they repre- 
sent. But the fourth of 72 and the third of 90 together constitute 
the interval of a limma, 16/15, and produce 18 beats per second, which 
is within their discordant rc'gion. Therefore if the two notes have 
these overtones strongly marked, they will not sound well together. 

366. Transposition. In order to make it possible to play a dia- 
tonic scale beginning with any of th(^ notes of th(^ key of C which 
we have so far exclusively 
considered, new notes in- 
volving new intervals must 
be introduced. Suppose, 
for instance, we wish to 
raise the pitch of our gamut 
by a major tone, beginning 
with D as the keynote. 

Then we must have a new 
Ej because the old E is only 
a minor tone above D, 
whereas the first interval of a diatonic scale must be a major tone. 
If we denote this new note by E\ its relation to D is given by 
E'/D = 9/8. But EID ^ 10/9; therefore, dividing the former 
relation by the latter, we have E'/E = 81/80, or a comma, an 


C 9/s ^ 10/9 16/15 F 

T T T 

1 SI /so 81/80 

1 i i 

9/S 6/15 

T T 

] 25/24 

I I 


Relation between Notes Needed in 
Transposition 
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interval perfectly recognizable by those having acute musical 
perception. This would raise the next note F on such a scale 
by a comma also, if F were still a minor tone above E\ But this 
is not enough, since F/E == 16/15, a limma, whereas we now re- 
quire a minor tone, or 10/9. Therefon' the interval between f ' and 
the required note, f ", is obtained as before by dividing F"/F' = 10/9 
by F'/E^ = 16/15, giving F^'IF' = 25/24, or a diesis. Thus, aug- 
mented by a semitone, F" is called F sharp, denoted by F#. The 
interval F"/F should really be called a major diesis, since it is the 
ratio between a major tone and a limma, that is, 9/8 : 16/15, which 
equals 135/128. Similarly F"/F' is a minor diesis, which is the 
ratio of a minor tom^ to a limma and equals 25/24. 

In the key of D, transposed as above, we have introduced two new 
notes; namely, E' and F", not counting the little-used F', but if the 
proc(\ss is continued, several more will be needed before the octave is 
completed. The most important of these is c#, which mak(?s the 
interval between the last two notes a limma instead of the major 
tone betw(ien c and d. 

In the same way we might start the scale with F, and by the intro- 
duction of another group of new notes, complet(i a perfect scale. In 
some scalers, such as the key of F, a note must be ^‘diminished" instead 
of augmented. Such a note is said to bt; the fiat of its original pitch, 
and is obtained by dividing its frequency by the ratio 25/24 or 
135/128, according to whether a minor or major diesis is called for. 

If absolute accuracy were necessary in transposition, both the 
major and minor diesis would have to be used in forming the new 
scales, and each note of the natural scale would then have two flats 
and two sharps. As a result of this refinement, the sharp of a note 
may be either lower or very slightly higher than the flat of a note 
a minor tone above it. But if a major tone is involved, the cal- 
culated sharp of the lower note is invariably lower than the flat of 
the note above it, in spite of an apparent tendency on the part of 
some musicians to regard it as of a slightly higher pitch. 

366. The tempered scale. An instrument played with keys, like 
the piano or organ, would have to have its keyboard greatly extended 
with additional notes in order to make it possible to play the diatonic 
scale in any key. A minimum of 53 such nott'S would be necessary 
for each octave, which would make it extremely difficult both to 
construct and perform on. 

This problem was attacked by the great German composer Johann 
Sebastian Bach (1685-1750), and solved for all practical purposes by 
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his iiivciiiion of an instriinu'ut which iie eallod “the well tempered 
clavichord.” This devices by a system of compromises, reduces the 
53 different notes requir(‘d for transposition, to the thirteen black 
and white keys of tlu^ o(‘tav(^ of the modc^rn piano. This he effected 
by establishing only two sorts of intervals between adjacent notes, 
one of which is a compromise between the nearly equal major and 
minor tones, and th(^ other b(d>ween the somewhat more different 
lirnma and diesis. Thus M is made identical with F, and 5# with C. 
The sharp of a not(^ is made identical with the flat of the one next 
higher, and the difference' betw^c^m a major and minor tone vanishes 
in a compromise interval called a whole tone. 

This results in a sequence of the twelve intervals of the “chromatic 
scale,” which are known as half-tones or semitones, such that the 
product of two successive semitones (C#/C) X (Z)/C#) results in the 
whole tone D/C. The product of the twelve semitone intervals is 
the octave of the original note, so that if the interval is denoted by a:, 
and if it is applied twelve timers to a nob' of frc^quency n, the result 
must be 2n; hence = 2n, or x == = 1-0595. All the inter- 

vals, with the exception of the octavo on such a scale, are different 
from their ideal values. The fifths G/C, for instance, involves a se- 
quence of the seven semitones between C, C#, D, D#, D, F, F#, and G. 
Therefore this interval on the tempered scale is 2’/'' = 1.0595^ = 1.498 
instead of 3/2, or 1.500 on the diatonic scale. 

Music played on an instrument Mkt) the piano or harp, or on those 
whose pitch is definitely fixed by frets, as in the guitar, or by holes 
like those of the flute, is slightly inferior to music played in “just 
intonation.” The violin and other stringed instruments without 
frets, also the slide trombone, and of course the human voice, are not 
so limited, and can therefore use the diatonic scale when not accom- 
panied (except by eacli other), thus producing a more pleasing effect. 

SUPPLEMENTARY READING 
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PROBLEMS 

1. What is the interval between a note and a fifth above its octave? 
What is the interval between the major and minor sixth above a given note? 
Ans, 3; 25/24, or a diesis. 
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2. If C has a frequency of 25C v.p.s., calculate the frequency of on the 
diatonic scale. Ans. 355.6 v.p.s. 

3 . Calculate the interval between and on the diatonic scale. 
Ans, 1.296. 

4 . By what interval must F be augmented if a diatonic scale is to begin 
with E? Ans. 135/128. 

6, Calculate the interval between and F on the tempered scale. 
Ans, 1.26. 

6. Calculate the interval between F^ of the tempered scale and the same 
note of the diatonic scale. Ans. 1,018. 



CHAPTER 28 


The Production of Tones — Vibrating Solids 

367. The vibration of strings. We have already seen that when 
two iTansverse vibrations of th(i same wave length and velocity, and 
traveling in opposite directions, m(*et each oth(*r, thc^y combine in the 
production of standing waves. This occurs in a string stretched 
between two supports. If the string is set vibrating, th(^ waves set up 
are reflected at the ends, and the reflected and original waves inter- 
fere, forming a node at (‘a(*h end and one or more loops in between. 

In Fig. 35, a vibrating string is 
shown greatly exaggerated, in four ^ 
phases a quarter of a period apart. 

Evidently a, c, c, and g mark nodes, 2 
while 6, df and / are antinodes. If 
only a and g were nodes with a ^ 
single loop between them, th(‘ wave 
length would be twice th(i length of 
the string, which would then be vi- * 
brating with its lowest possible 
frequencjy, or in its fundamental 
mode. If theni w(‘re t wo loops, the 
wave length would ('qual the length of the string, and the frequency 
would be twice that of the fundamental. In the case shown, there 
are three loops, and tlu^ wave length is two thirds the length of the 
string, then vibrating with three times the frequency of the funda- 
mental, which is the third harmonic. 

368. The velocity of waves in a stretched string. In order to 
calculate the frequency from a given wave length, it is necessary to 
know the velocity v with which the wave advances. This depends 
upon the tension in the string, and on its mass per unit length, as 
proved below. 

Let us suppose that the top of an advancing crest is the arc ab of 
a circle of radius r whose instantaneous center is at 0. This is not 
exactly the case for sine waves, but it is an experimental fact that the 
form of the wave does not affect v in either longitudinal or transverse^ 
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waves, so we may make the assumption without affecting the result. 
The particle p of the string in Fig. 36 is at the top of such a crest and is 
making vertical harmonic vibrations while the crest is moving to the 
left with a velocity v. 

Let the mass of each centimeter length of the string be p, and let 
the tension be T dynes. Let a6 be a very small length I with 

p at the center; then the mass 
between a and h is td. Now it 
makes no difference in the calcu- 
lation whether wc? regard tlu^ crest 
as running along the string, or the 
string running over the crest, so 
that we may treat this elem(»ntary 
mass jjil as being a(‘ted on by a crm- 
tripetal force directed toward 0 
and having a centrifugal reaction given by F = nlv^lr, where v^/r 
is the acceleration toward the center. 

The centripetal force which holds p in a circular path is supplied 
by the vertical component of the tension of the string acting at a and 
6. This tension acts tangc^ntially to th(^ curve, and its vc^rtical com- 
ponents are ac and hd. The angles 6 shown in the diagram are all 
equal because their sides are mutually perpendicular; therefore 
ac = bd = T sin d. But 6 = ap/r = hp/r = sin d very nearly, be- 
cause ab has been assumed very small compared to r. Then the total 
downward force due to the tension is 

27’ sine = = — • 

r r 

Setting this equal to the centrifugal reaction derived above, we obtain 

nlv- Tl 



and V = 

which is the equation sought, giving v in terms of centimeters per 
second, if the tension is expressed in dynes, and the mass in grams per 
centimeter of length. 

369. Frequency of vibration of stretched strings. We may now 
calculate n from the velocity equation derived above provided the 
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tension and mass per unit length are known. When the string vi- 
brates in its fundamental mode, its length, as we have seen, is equal 
to half the wave length, or i = X/2, where I now means the total 
length. The next possible cases are I = X and I = 3X/2, as we have 
also seen. When I = 4X/2, there are four segments, and so on. In 
general, I = k\/2, where k is any integer. Therefore X == 2l/k. But 
V always equals nX; hence v = 2lnlk. Equating this with the value 
for V obtained above, and solving for n, we obtain 



Equation (1) gives the frequency as a function of the tension, length, 
mass of the string per unit length, and an integer k. This integer is 
unity when the string is vibrating in its fundamental mode (the usual 
case with stringed instruments), and 2, 3, 4, and so forth, when it is 
giving its second, third, and fourth harmonics. 

These higher harmonics may actually be obtained by placing the 
fingc^r lightly on a point of the string where a node is necessary for 
the number of segments required. Then the string is made to vi- 
brate at or near an antinode, by bowing it there as on the violin. 
This ^ ^harmonic bowing’ ' may produce higher notes than would other- 
vsdse be possible, and is frequently used by violinists. 

370. Melcle’s experiment. The principles involved in the equa- 
tion (1) of fhe preceding article are illustrated in an ingenious device 



designed by Melde. This consists in imposing a constant period of 
vibration upon a string by means of an electrically driven tuning 
fork, but with the tension made variable by passing the end of the 
string over a light pulley and hanging weights from the end, as shown 
in Fig. 37. Then T = mg, where m is the mass, hung from the 
string, that may be varied at will. Equation (1) of the last article 


now reads 


n 




where I, p, and n are constants. But the frequency of the string’s 
vibration, which is half that of the fork when attached as illustrated, 
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is also a constant. Thus the only variables are k and m, and these are 
obviously so related that k oc l/Vm, or m oc Therefore, since k 

can have only integral values, m is limited to values that correspond. 
These are clearly multiples of 1, 1/4, 1/9, 1/16, and so forth. Thus 
if the total mass producing tension is 144 grams when the vibration 
is in its fundamental mode (one segment), 36 grams would give two 
segments, 16 would give three segments, 9 would give four, and so on. 

Since the production of the segments depends upon both I and m, 
we may always obtain them with a given weight by varying the length 
of the string by a forward or backward motion of the pulU^y. When 
the correct position is reachc^d, the segmt^nts appear as hazy spindles 
shown in the diagram, but the instantaneous position of the string is a 
continuous curve like the heavy line, where it is shown in maximum 
displacement. 

371. Vibrating rods. Rods or bars of some sufficiently elastic 
solid may vibrate either transversely, longitudinally, or perform tor- 
sional vibrations. When they vibrate trans- 
versely, they may be clamped at one end 
while the otlu^r end vibrates. In this case 
several modes of vibration are possible, as 
with strings, but now only one end can be a 
node, because th(‘ free end must be in vi- 
bration. A second, third, or fourth node 
may occur elsewhere, as indicated in Fig. 38. 

These modes of vibration do not pro- 
duce the regular odd harmonics of the 
fundamental, as they would with a vibrat- 
ing string having the same nodes and loops. 
In the case of vibrating bars, the various 
frequencies depend upon the length, elasticity, and density of the 
bar. When clamped at one end, the frequencies of the first three over- 
tones, referred to the fundamental as unity, are 6.267, 17.55, and 
34.39, instead of 3, 5, and 7, as we might be led to expect from the 
apparent resemblance to vibrating strings, as shown in Fig. 38. 

A thin strip of metal, clamped at one emd and set vibrating by a 
blast of compressed air or steam, constitutes the ^‘reed^' of some kinds 
of foghorns or steam trumpets. These belong to the same class of 
instruments as the clarinet or saxophone, though in the latter group 
the reed is really a reed. 

Another type of transverse vibration is produced when rods or bars 
are supported in a horizontal position at two nodal points like the 
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wooden bars of the xylophone, or the metal bars of the glockenspiel. 
Then they vibrate as shown in Fig. 39 (a). Fig. 39 (6) shows the rod 
producing its first overtone. If it 

were a string, this would be the (o) 

octave of the vibration frequency ' ^ ^ • 

of case (a), for th(i portion between 
the supports contains half a wav(^ 
in (a) and a whole wave in (6). 

This is not the case, however, for r- 

the ratio of these fn'qiiencies is -pig 39 

somewhat higher than an octave. 

The tuning fork is really an application of a vibrating rod, supported 
at two points brought closer together. This may be understood by 

imagining the rod in Fig. 39 being 
‘ ! ; I gradually himt into the form of a fork, 

W ’ ' ‘ while its two supports are brought 

closer and closer together, as shown in 
Fig. 40. Thus the shank of the fork 
S really represents the portion of the 
' straight rod between the supports 
" which still continues to vibrate up and 
down. These vertical vibrations are 

- often used to set in vibration the 

-- - — - - ~ soundin g board of a resonance chamber 

Pig. 40 . on which the fork is mounted. If the 

enclosed air column is of the proper 
length, the sound is greatly increased. 

Both stretched strings and rods may be made to vibrate longitu- 
dinally, exactly as if a sound wave were passing over them and inter- 
fering with a reflected wave mov- 
ing in the opposite direction, thus 
setting up standing longitudinal ^ 
vibrations with nodes at the fixed ^ 
points. In fact, these vibrations ^ 

are really stationary sound waves ^ - — n (t,) 

set up in the medium considered. IT 

Thus a rod clamped at one end, 
as in Fig. 41 (a), may be made to Fig. 41 . 

vibrate in this way by rubbing it 

endwise with a piece of leather sprinkled with rosin dust. The irreg- 
ular friction set up tends to extend and then release it, and the 


Fig. 40. 


Fig. 41. 
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resulting standing wave has a node at the clamp, and an antinode at 
the free end. The wave length is therefore four times the length Z, 
and the frequency is obtained from F = Xn = 4Zn, where V is the 
velocity of a longitudinal wave (that is, sound) in the material of 
the rod. 

If clamped at the center as in (6), X = 2Z, so that the two antinodes 
are only half a wave length apart, and are therefore in opposite 
phase. Then the two ends move either toward or away from each 
other simultaneously, and the bar alternately contracts and expands 
in length. This arrangement is used to determine tlu^ velocity of 
sound in metals by measuring X and n with an apparatus known as 
Kundt’s tube, to be described later. 

A rod clamped at one end may also be made to twist and untwist, 
thus setting up torsional vibrations, with a node at the clamp, and 
an antinode at the free end. It is even possible to produce additional 
nodes which result in the higher frequencies of the overtones. The 
theory of such vibrations involves the torsional rigidity of the rod, 
and is therefore not so simple as that of the other two types. 

372. Vibrating plates. A thin metal plate held rigidly at some 
fixed point may perform transverse vibrations of one or more definite 
frequencies. In general, this fixed point is either the center of area 
or the entire periphery. Square or triangular plates clamped at their 
centers perform very complicated vibrations in which definitely limited 
and adjacent areas are in opposite phase with nodal lines between 

® them. From a practical point of 
view, a circular disc is the most 
interesting form. If clamped at 
^ its center and bowed across the 
edge at a point p (Fig. 42 (a)), 

it vibrates in four sectors with 

(«) nodal lines between them. The 

adjacent sectors are in opposite 
phase as indicated by the + and — signs, and are of course moving 
perpendicularly to the plane of the disc. Such vibrations may be 
conveniently studied by sprinkling sand over the plate. When it is 
set in vibration, the sand is violently agitated, and thrown away from 
the vibrating areas into the nodal regions, where it collects and forms 
a characteristic pattern. 

The sand-pattem method of studying the vibrations of plates was 
devised by Chladni, a German physicist of the 18th century. The 
patterns produced in this way are called Chladni's figures. Some of 
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them are very complicated and beautiful. The case (a) in Fig. 42 is 
the fundamental mode of vibration of a circular disc with immovables 
center. It may, however, be made to produce overtones by holding 
it rigid at some point q (shown in (6)). This point, in conjunction 
with the center, determines a nodal line. The edge is then bowed at a 
point p whose distance from q divides the circumference into an even 
number of equal parts. In the case shown, pq is one twelfth of the 
circumference, and six vibrating sectors are produced with radial 
nodes between them. Other possible patterns, obtained by W. S. 
Franklin, are sketched in Fig. 43. 

If the disc is held rigidly around its edge, like the diaphragms of 
the* telephone or phonograph, the fundamental mode is obviously one 



in which the whole surface becomes alternately convex or concave 
upward, with the maximum displacement at the center. Such dia- 
phragms have a definite pc^riod of free* vibration, and if this period 
coincides with that of the impulses causing it, the resulting amplitude 
and sound emitted are greatly increased. Resonance of this sort in 
telephone and phonograph diaphragms must be avoided within the 
range of frequencies of the voice or musical instruments, otherwise a 
strong distortion of the sound would be produced at or near the critical 
frequency. Harmonics of such discs are produced when the vibrating 
areas are zones with concentric circles as nodes between them, or are 
sectors with radial nodes, as in Fig. 42, or are both combined. 

Vibrating membranes, like drum heads, behave in a similar but 
more complicated manner, when the natural period of their funda- 
mental tone coincides with the resounding air chamber behind them. 
This is true of the tympani (kettle drums) of the orchestra, whose 
fundamental frequency becomes strongly predominant through 
resonance, and a tone of very definite pitch is produced. The pitch 
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of ordinary drums may be varied by varying the tension of the mem- 
brane, or by loading it with a heavy paste over its center, the latter 
being a method commonly practiced in some oriental countries. 

Bells may be regarded as vibrating circular plates deformed by 
curving them over a more or less conical surface. The top of the 
bell, or center of the plate, is always a node, and the transverse vibra- 
tions of the rim are at right angles to the bcirs axis. The simplest or 
fundamental mode of vibration corresponds to Fig, 42 (a), and results 
in deforming the rim into an ellipse, with four nodes where it inter- 
sects the circle of the undeformed rim, as in Fig. 44. If the bell is 

struck at P, the major axis is at first vertical, 
but the return vibration carries it past -the 
zero position to form another ellipse having 
a horizontal major axis. It then oscillates 
with a definite fniquency between these two 
positions. The production of overtones, as 
with flat discs, is very complicated, and the 
wave lengths do not form an harmonic series. 
This results in dissonance between some of 
them, and the art of the bell founder consists in eliminating those winch 
are undesirable. But the theory of such vibrations is, generally speak- 
ing, too complicated for analytical solution, and only gradually ac- 
quired experience, largely through a method of trial and error, has 
evolved the highly technical art of campanology. 

373, Measurement of pitch. The determination of the pitch of a 
vibrating body really means comparing it with another vibration of 
known frequency. We may, for instance, determine the pitch of a 
tuning fork by means of a stroboscope. This is an instrument in 
which a disc with a ring of holes, as in the siren, is set rotating, and 
the fork is either viewed through the holes or is illuminated by an 
intermittent beam of light passing through them. If one hole re- 
places the next one in front of the eye (or beam of light) in the time 
required for a complete vibration of the fork, it will appear to be at 
rest, because the instantaneous pictures thus obtained are all alike. 
Then if the number of holes in the circle is known, and the number of 
revolutions the disc executes in a second, we can compute the time of 
replacement and so find T and n. If the speed is twice as fast, then 
every other hole will give us the same picture, but the intermediate 
ones show the fork in opposite phase. In this case the fork still seems 
at rest, but looks like a ^^double exposure^' of two opposite positions, 
unless they happen to be those of mid-swing. Therefore, to deter- 
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mine n, the disc should be speeded up gradually until the fork first 
appears to be at rest, when the calculation indicated above is valid. 

374. Compounding vibrations normal to each other. We have so 
far discussed only those cases of compound vibrations in which the 
components differ in frequency, phase, or amplitude. They may, 
however, vibrate in different directions as wc^ll. The most important 
case occurs when two vibrations at right angles to each other are com- 
pounded into a single vibration, a condition common in many mecha- 
nisms. When the two vibrations have the same amplitude and fre- 
quency, the result of their displacements traces out a circle if the two 
vibrations are in phase quadrature, and a straight diagonal line if 
they are in the same phase. The first case is readily understood by 
referring to Fig. 69, Article 91, where the particle P' is considered 
as the source of two harmonic motions in phase quadrature 
along the two axes. Therefore the vector sum of the x and y displace- 
mcnits is the radius vector r, whose terminus sweeps out a circular 
path regarded as the result of the two combined vibrations instead 
of the cause. This may also be proved by taking the vector sum of 
x = r cos ost and t/ = r sin which is given by 

+ y' = ^ r^ cos*-^ o)i + sin^ U = r. 

The second case is almost self-evident, for if the two particles P start 
their excursions simultaneously from the origin and in the same or 
o pposite phase, their vector sum is a variable length equal to 
Vx^ + 1 /^ making an angle of 45° with the axes, and having a maxi- 
mum value, when x = ^ = r, equal to r^/2, 

If the two vibrations are neither in quadrature nor in the same or 
opposite phase, the result is an ellipse, with the circle or straight line 



Fig. 45. 

as extreme cases. Also, if the amplitudes are not the same, the circle 
becomes an ellipsis, and the straight line is inclined at some angle 
other than 45°. 
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When two harmonic vibrations of different frequencies, but at 
right angles to each other, are combined, the resultant is a more or less 
complicated closed curve. Those curves are known as Lissajous* 
figures. An interval of an octave gives a figure eight when the phase 



Fig. 46. 


difference is either 0 or tt. If it is 7r/2 or 37r/2, the curve is a parabola, 
and for other phase differences the figures approximate one or the 
other extreme. These are shown in Fig. 45, where the phases differ 
progressively by 7r/4, and the iirrows represent the direction of the 
resultant motion. An interval of 3/2 gives rise to the figures of Fig. 46 
(a), shown in successive quarter periods, and (6) shows the same series 
for an interval of 4/3. The figures grow more complicated as the 
ratio of frequencies employs higher digits, and if musical tones are 
produced, these become less and less consonant, though the general 
character of the figures is always the same. 

376. The piezo-electric oscillator. This remarkable source of sound 
vibrations is the result of a discovery made in 1880 by the French 
physicists, J. and P. Curie. They found that the opposite faces of 

slabs, suitably cut from certain crystals, 
become oppositely electrified if the slab 
is stretched or compressed, and con- 
versely, that when the faces are op- 
positely electrified, the slab changes 
in thickness and other dimensions. 
Quartz crystals are most commonly 
used for this purpose. They have a more or less hexagonal section 
when cut across at right angles to the ‘‘optic axis,’’ 0, as shown in Fig. 
47. If a slab of thickness f, having its faces normal to an axis such as 
AS, is cut from the crystal, the piezo-electric effect is a maximum, for 
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then a given pressure on the faces produces the maximum charge. The 
prefex piezo is derived from a Greek verb meaning 'Ho press.” 

If a slab cut as described above is mounted between two metal 
plates, and if these are given a charge, the thickness i becomes either 
greater or less according to which face is positive. If an alternating 
voltage is applied, the crystal oscillates with the same frequency as 
the charging current. Now a quartz plate cut as specified has three 
natural vibration frequencies, the highest being associated with a 
vibration at right angles to the field, and if this frequency is applied 
by an oscillating electric field created in much the same manner as in 
radio transmission, the vibrations of the quartz build up to a much 
greater intensity than when they are "forced.” This resonance 
frequency may be calculated from an empirical formula devised by 


A. Hund; namely, 


n = 2.87 X lOV^, 


where t is the thickness of the slab in centimeters. Thus if the slab 
is 2.87 cm thick, its natural transverse vibration frequency is 100,000 
v.p.s. 

The resonance frequency of such oscillators is very sharply defined 
by a peak in the current curve due to interaction between the field 
and the vibration of the quartz plate. Profe^ssor W. G. Cady of 
Wesleyan University, who has exhaustively investigated the proper- 
ties of these oscillators, found that the current falls to half its reso- 
nance value if the frequency varies 0.05 per cent in a 90,000 cycle 
oscillator. This property makes the device extremely valuable as a 
control of the frequency of radio broadcasting vstations. 

376. Supersonic vibrations. The vibrations created by the piezo- 
electric oscillator are usually of such high frequency that the longi- 
tudinal waves they send out in air or water are far above the audible 
range. This fact, and other valuable properties of short-wave sound, 
have led to much experimentation in their use for signaling and in 
depth-finding at sea. 

In 1917, Professor Langevin of the College de France devised a 
supersonic oscillator, having a frequency of 50,000 cycles, which 
could be used under water both for transmitting and receiving sig- 
nals. This device, as used on a ship, is essentially as shown in Fig. 48. 
A protecting box, Z), projects from the hull of the vessel below the 
water line. In this box are a quartz mosaic slab, Q, and the metal 
plates A and B. The plate B is supported by a flexible rubber 
washer i, which insulates it but leaves it free to move, while plate A 
is also insulated but is held rigid. The source of electric oscillations, 
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J5, is connected to the plate A by the insulated wire c, and to the other 
plate B by a wire d that projects into the water. As sea water is a good 
conductor, the circuit is thus complete, as indicated by the dotted line. 

When B is properly tuned, B is set into rapid vibration and sends 
out very short waves into the water. At 14?5 C, the velocity of 
sound in sea water is 1435 in /sec., so with the frequency ordinarily used 
of around 35,000 cycles, the wave length is only 4.1 cm. Such very 

short waves give sharp echoes 
from the bottom, and by meas- 
uring the time it takes for the 
^‘sound^^ to return to the ship, 
the depth may be calculated. 

The quartz oscillator may 
also be used for submarine 
signaling between vessels many 
miles apart. The receiver, simi- 
lar in construction to the trans- 
mitter, must be very closely 
tuned in order to respond. An 
enemy vessel would thus have considerable difficulty in intercepting 
the signals. The high-frequency currents created in the receiving 
oscillator are converted into audio-frequency vibrations by the same 
devices as are used in radio reception. 

Inaudible signaling through the air is also possible. The sound 
beam may be concentrated and directed by a parabolic reflector, and 
received in the same way. The energy contained in such a beam is 
very intense and may be picked up at much greater distances than 
would be possible with ordinary sound. It is, however, rapidly 
absorbed by the air under certain conditions, es|jecially in the presence 
of an unusual amount of carbon dioxide. Then the range of signaling 
is greatly reduced. 

377. The absorption of high-frequency sound in air. This phe- 
nomenon was practically discovered, and has recently been thorough- 
ly investigated, by V. O. Knudsen of the University of California in 
Los Angeles. He finds that short waves may be absorbed far more 
than had been suspected from observations with usual wave lengths, 
and that the amount of absorption depends upon the temperature, 
relative humidity, and nature of the gas carrying the sound. The 
absorption, which rises steadily with the temperature, is far greater 
on a hot day than in very cold weather. It rises with* the relative 
humidity up to a maximum somewhere between 10 per cent and 
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20 per cent, and then falls, so that at 92 per cent relative humidity 
the transmission of sound is as good as with perfectly dry air. Fi- 
nally, Knudsen finds that this effect of moisture depends upon the oxy- 
gen in the air, rather than the nitrogen, while carbon dioxide, with 
suitable humidity, absorbs high-frequency sound even more power- 
fully than oxygen. 

Knudsen^s discoveries account in a great measure for certain well- 
known effects in nature. We can now better understand why sounds 
travel so much farther in th(i arctic than elsewhere, why we h(^ar 
voices across mikis of still water in cool, damp weather, and why the 
air over a hot, dry des(^rt (humidity at say 15 per cent) transmits 
sounds so poorly. However, these illustrations refer to average fre- 
quencies, and are therefore not the best examples of a phenomenon 
that is particularly concerned with frequencies above 10,000 v.p.s. 
Such frequencies are still audible. They appear in consonant sounds 
like s, th^ and /, and in the overtones which give timbre to musical 
tones. Therefore, in a hall where many persons are exhaling CO 2 , 
and where the air is moist and warm, much of the beauty of a master 
violinist's tone is lost, and a speaker may be hard to follow even if his 
diction is good and the hall acoustically perfect. The low-frequency 
harmonics reach the listener without serious absorption, but the 
higher harmonics of the vibrating string, and many spoken con- 
sonants are largely absorbed before reaching him. 
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PROBLEMS 

1. A wire weighing 48 g is stretched between two clamps 60 cm apart. 
The tension is 2 X 10^ dynes. What is the pitch of the note produced when 
the wire is struck at its center? Ans. 41| v.p.s. 

2. Wliat tension is needed in the wire of Problem 1 if it is to give a note 
having a pitch of 60 v.p.s.? Ans. 4.1472 X 10^ dynes. 

3. In Melde's experiment, as shown in Fig. 37, a mass of 140 g results in 
four segments. What should be the mass in the pan to give five segments? 
Am. 89.6 g. 

* 4 , An iron wire whose density is 7.7 g/cm® is stretched between clamps 
90 cm apart. It is stroked Umgitiuiirially at its center and emits a note whose 
pitch is 2532 v.p.s. Wliat is the elastic modulus of the wire? (Note: The 
waves set up in the wire are those of sound, as explained in Article 371.) 
Am. 16 X 10“ dynes/cm*. 
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Production of Tones {Continued) 
Vibrating Gases 

378. Vibration of an air column. Instead of vibrating strings, 
rods, and other solid bodies as a source of sound, standing waves may 
be produced in an enclosed column of air or other gas, which thus 
becomes the source of longitudinal sound waves. These waves are 
caused by interference between advancing and reflected waves, and 
their length is fixed by the dimensions of the column of vibrating air. 

As in the case of solid bodies, something must start these vibra- 
tions, and a succession of periodic impulses is necessary to maintain 
them, just as the moving bow maintains the vibrations of the violin 
string. The actual source of the vibrations of an air column may be a 
vibrating air jet, or a vibrating solid such as a reed or stretched 
membrane. 

379. Vibrating jets. If a blast of air is directed against a rigid 
wedge-shaped tongue of wood or metal, it tends to be set into rapid 

vibration back and forth across the edge of 
the tongue. This is illustrated in Fig. 49. The 
air blast comes through the chamber C, and 
is then forced through a narrow slit & toward 
the edge of W placed directly above it, which 
tends to divide it into two equal parts. But 
this exact equality is very unlikely to happen. 
If the portion A is a little the stronger, the 
air on that side will be more compressed than 
on the other, so that as the blast continues, 
it will become stronger on the B side, where 
the pressure was lower. But this raises the pressure there and 
lowers it at A by the aspirator effect, so that the blast shifts back 
again to the first arrangement, but now with a more unequal divi- 
sion than at first. Thus after a few preliminary pulsations, it 
vibrates, almost as a whole, back and forth across the edge, as indi- 
cated by the curved arrows. ^ 
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This vibrating jet has no very definite frequency and is extremely 
rapid. It sounds like the wind whistling around the corner of a house, 
a familiar sound produced in a similar manner. This rather weak and 
fluctuating vibration of the jet is used to start and maintain the 
sonorous tones of great organ pipes, as will shortly be explained. 

380. Vibrating reeds. If the wedge described above were a thin 
flexible reed, it would be set in vibration by the jet of air, and so might 
serve as the source of vibrations of an air column, without the aid of 
the wigwag motion of the jet which drives it. Of course the blast 
which keeps a reed vibrating must necessarily vibrato also, but now 
the reed itself gathers energy and soon sets up much more vigorous 
‘'sympathetic^' vibrations than those of the air blast. Their fre- 
quency, in the case of a free reed, depends upon the reed's rigidity 
and dimensions. 

When the reed is vibrating, it sends out a train of longitudinal 
waves, and if they advance along an enclosed air column and are 
subject to reflection, standing waves are set up whose vibrations are 
the final source of sound in such a system. Thus an air blast (the 
original cause) sets up vibrations in a reed, which in turn sets up vi- 
brations in an air chamber, and these launch a train of waves toward 
the observer's ear. 

381. Resonance. We have already discussed resonance in show- 
ing how free vibrations are maintained by a correctly timed impulse. 
But it should bo said that when so maintained, these vibrations are 
not entirely free, and there may be a very slight alteration in fre- 
quency, as with an electrically driven tuning fork whose natural 
frequency is slightly altered by the driving mechanism. However, 
synchronism between two vibrations, one of which sustains the other, is 
the necessary condition of resonance. When this is established, the 
body whose vibrations are thus maintained is said to resound, to the 
other. In this way one tuning fork may set another vibrating by reso- 
nance, when they have exactly the same pitch or some integral 
multiple thereof. This is possible, though difficult to obtain, with 
only air as the intervening medium. But if the forks are mounted on 
the same sounding board, it is easily achieved provided the tuning is 
accurate. 

If a note is sung, or produced in any way, near a piano having its 
dampers removed from the strings by holding down the heavy pedal, 
that string which has the same frequency as the tone responds in a 
striking manner, while other strings representing harmonics of the 
note will be found to “speak" also. 
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Air columns, also, resound to an impressed vibration if their natural 
period is the same as that of the source. This property is made use 
of in mounting tuning forks on boxes open at one end. The partly 
enclosed air column has a definite natural period of vibration that 
amplifies the sound by resonance, if its period is the same as that of 
the fork. 

The principal conditions which determine the resonance of cylin- 
drical air columns may be illustrated by setting a tuning fork in vibra- 
tion above a vertical tube open at the upper end, but closed below 
by a water column whose level may be altered at will. This is shown 

in Fig. 50. By raising or lowering the con- 
tainer C connected to the glass cylinder T 
by a rubber tube filled with water, the 
length I is varied. When the fork vibrates, 
there is a maximum of disturbance created 
at the mouth of the tube, and a minimum 
at Nf where the surface of the water pre- 
vents longitudinal motion of the air mole- 
cules. Therefore, to (establish resonance, 
the air column must have such a length 
that a standing wave is produced by re- 
flection, with a node at N and an antinode 
at A. The minimum distance that real- 
izes this condition is obviously a quarter 
wave length, and the fact that the fork 
maintains the vibrations is shown as follows: A condensation sent 
out by the downward swing of the lower prong h is reflected at N 
as a condensation, and arrives at A after going a distance 21. This 
condensation is next reflected as a rarefaction, l>ecause sound travels 
faster in open air than in a tube, as was demonstrated by Regnault. 
So the air outside the tube is equivalent to a medium in which the 
wave travels more freely and which is virtually less dense than the 
air within the tube. If the prong b is now moving up, it helps in the 
formation of the reflected rarefaction, which is then returned to N to 
be again reflected, this time as a rarefaction that must reach A as the 
fork's lower prong starts its next downward swing. This rarefaction 
is reflected as a condensation and starts back toward N, amplified 
by the fork as before. Thus if the fork executes a complete cycle 
while the longitudinal disturbances it creates travel the length of the 
air columns four times, the two vibrations are in resonance. There- 
fore 4Zi = FT = X, and k = X/4 as already stated. 
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If the water level is lowered until k == fX, resonance is again es- 
tablished, for this is the next shortest length of the air column which 
permits of a node at N and an antinode at ^4. The next possible case 
is k — |X. Then the wave length of the sound may be obtained from 
X = f Zi = ^ is = I Z 4 and so forth, and its frequency is obtained 

from n = F/X, giving n = kV /4i, where k is any odd number. These 
various cases are shown in Fig. 51 (a), where the length of the arrows 
represents the direction and amplitude of vibration at various points 
along the tube, and Fig. 51 (h) 

shows the same thing by moans of ^ 

curv(^s that represent the stand- t 1 1 \r\\\ 

ing waves as if they were trans- 

verse instead of longitudinal. ^ j j ^ \ \ 

Although the amplitude of vi- ^ j ^ ) a a 

bration at a node is zero, the j j \ / i i 

changes in pressure there are a jv ^ y ' a^V a^V 

maximum. This is because the = * = /\ 

molecules on either side of the [ ^ 

node move in opposite din^ctions 1 ^ 

at the same time, and so alt(^r- 1 w 

nately crowd in toward it, or ^ ^ 

swing away from it. The reverse ^ 

is true at an antinode, where 
there are no changes in pressure 

because the molecules near it swing together in the same direction at 
substantially the same velocity without forming an appreciable 
condensation or rarefaction. 

382. Organ pipes. A true organ pipe is a tube in which the air 
column is set vibrating by a vibrating air jet, and it may be either 
open or closed at the far end. It is essentially a large whistle, whether 
open like the usual whistle, or closed like those fitted with a piston to 
vary the pitch. The production of the tone by forcing an air blast 
against an edge has already been explained. The length of the air 
column determines the pitch by forcing the jet to vibrate in synchro- 
nism with the natural pc^riod of that column or with one of its har- 
monics. In the case of closed pipes, shown in Fig. 52, the frequency 
given by n = fcF /4l may be the fundamental tone when fc = 1, or an 
overtone when fc = 3, 5, 7, and so forth. These values give frequen- 
cies in the ratio of 1 : 3 : 5 : 7 and so forth, a series of odd harmonics. 
Such overtones, always present to some extent when the fundamental 
is sounded, may be made predominant one after the other by increas- 



354 


WAVE MOTION AND SOUND 


[Chap, 29 


ing the pressure of the blast. Forcing the standing wave to break 
up into several segments is most easily accomplished with pipes 
whose cross section is small compared to their length. 

Open pipes give both even and odd harmonics. In this 
case the reflection at the open end, farthest from the vibrat- 
ing jet, is such that a condensation is reflected back into the 
tube as a rarefaction, and vice versa. Consequently the 
original wave, after one reflection, returns to the starting 
point ready to be reflected in the same phase as at first. 
Thus it travels the length of the tube only twicey while the 
vibrating source has performed a complete cycle. There- 
fore X = 2Z instead of 4Z, as in the case of a closed pipe. 
This is also evident if we remember that the reflection at 
the open end results from the suddenly increased freedom 
given the vibrating air, and is therefore an antinode. Three 
cases are shown in Fig. 53. In (a) the pipe is ^^speaking^^ 
in its fundamental tone, where X = 2Z/1. In (6) it is giving 
its second harmonic, where X = 2Z/2, and in (c) the third 
Fig 5‘> where X = 2Z/3. These give frequencies whose 

ratio is 1:2: 3: 4 and so forth. In general, n = fcF/2Z, 
where k may be any integer, odd or even. The effective value of I 
used in computing the frequencies of an open pipe is a little greater 
than the actual length, for the perturbations representing the antinode 
at the upper end reach out into the air beyond the pipe. This causes 
a lower pitch than would be expected, but the exact amount of this 
correction is not easily calculated and is different for different types 
and dimensions of organ pipes. In consequence of 
this extension of Z, an open pipe does not vibrate 
with twice the frequency of a closed pipe of the 
same length, as we should expect from a compari- 
son of Fig. 53 (a) with Fig. 52. Instead it gives 
a note a little below the octave. 

If a pipe is blown with a gas other than air, its 
pitch is altered. This is because of the change in 
the velocity of the sound within the pipe. Thus 
if blown with a heavy gas like carbon dioxide, its 
pitch falls, because with a lower value of F, and 
a wave length fixed by Z, the frequency falls Fig. 63 . 

proportionately with the velocity. Similarly a 
gas lighter than air, like illuminating gas, carries the sound with a 
higher velocity, and the pitch rises in proportion. 





Chap. 29] 


VIBRATING GASES 


365 


It is possible to produce standing waves in a liquid column enclosed 
in a tube, by setting it in vibration at one end. This arrangement 
also becomes a source of sound, but has no practical applications. 

383. Reed pipes. The ''reeds^' of an organ are not true organ pipes 
such as were described in the last section. As has been explained, 
a reed set vibrating by an air blast 
may be the source of standing 
waves in a partly enclosed chamber 
or tube, but the reed, unlike a 
vibrating jet of air, has a certain 
frequency of its own. This m'cessi- 
tates tuning between the reed and its pipe, so that the latter may have 
the same natural period as the reed^s fundamental, or one of its 
overtones. 

There are two kinds of organ reeds, one of which is ^‘free,^’ and the 
other a “striking” reed. They are both thin metallic tongues held 
rigid at one end, and vibrating at the other. A free reed swings back 
and forth like a door through an opening which it nearly closes when 
at rest, but allows the air blast to pass at either end of its swing. In 
Fig. 54 (a) is shown this arrang(iment in perspective with dotted lines 
to indicate the opening in the block which supports the reed. Fig. 54 
(6) is a section showing the reed in its two extreme positions, p and g, 
which permit the air blast, indicated by the arrow, to 
pass through. The free reed came into use only 
toward the end of the 18th century, and is now used 
in the mtJodeon, accordion, and harmonica. 

The striking reed dates from high antiquity. In 
this form the reed is larger than the opening, and 
closes it once in each period of vibration. This gives 
the resulting sound a very different tone color, of a 
more “reedy” quality than that given by the free reed. 

The striking reed is used in some stops of the organ, 
but it is best known in such instruments as the 
clarinet and saxophone. The mouthpiece of such 
instruments is shown in Fig. 55 where the reed r is 
held against the mouthpiece by the ligature C, and the 
air is forced through the narrow opening between the reed and a 
chamber A, which the reed almost closes. 

384. Vibrating membranes. The human voice is produced by 
forcing air between two stretched membranes, inclined in a V to each 
other, and known as the vocal cords. They are about three quarters 
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of an inch long in men, and half an inch in women. Their free edges 
at the vertex of the V come close together, leaving a narrow slit, and 
when air is forced against them, vibrations are set up which tend to 
close the slit periodically, thus interrupting the blast as its pressure 
drives the edges together. This may be imi- 
tated by a device shown in Fig. 56. A wooden 
tube is beveled at one end so that the edges 
are inclined at some angle 6. Then if a thin 
sheet of rubber is fastened over it and a slit 
cut across the edge ss, an air blast in the direc- 
tion of the arrow will cause it to vibrate. The 
pitch thus produced depends entirely upon 
the length of the tube, for the stretched rub- 
ber membrane has no natural frequency. The vibrations of the vocal 
cords are controlled in various ways, such as by increased thickening 
near the vibrating edges (thus lowering their pitch), or by allowing 
only relatively small portions to vibrate, as in singing falsetto. In this 
way their frequency of vibration is altered without any change in the 
length of the air column with which they communicate, and they 
attain a range of a little over two octaves for ordinary voices. 

The tone color of the human voice is more varied than that of any 
other musical instrument. This is due to the various cavities of the 
mouth and nose whose form and size are subject to more 
or less conscious control. Thus, by resonance, we impose 
overtones of different intensity and pitch upon the 
fundamental vibrations of the vocal cords. 

Double-reed instruments like the oboe (hautbois) and 
bassoon really operate like the tube and membrane de- 
scribed above, though the vibrating edges are made of 
cane instead of a flexible membrane. In Fig. 57 is shown 
such an arrangement of two nearly parallel reeds whose 
edges are brought close together, forming the narrow slit 
ab through which air is forced by the performer. This 
air blast causes them to vibrate while alternately closing 
and opening the slit. 

In the brass instruments, cornet, French horn, trombone, 
and others, the tone is produced in a similar manner, but 
in this case the vibrating ^‘membranes^^ are the lips of the performer, 
who forces them tightly stretched against a cup-shaped mouthpiece. 
He then blows between them and sets up the vibration whose frequency 
is determined by the length of the air column beyond, and the number 
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of nodes formed there, which are controlled by the performer. In 
these instruments, after the little-used fundamental, the next five 
harmonics are produced by increasing the tension of the lips and blow- 
ing harder. Horn players produce even more overtones. Inter- 
mediate nates are made by varying the length of the air column. 

385. Kundt’s tube. Although not a musical instrument, this use- 
ful piece of apparatus has certain features in common with the closed 








r ^ 
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Fig. 58. 


organ pipe. Unlike any musical instrument, the vibrations of the 
air column are set up by the longitudinal vibrations of a metal rod. 
The arrangement is shown in Fig. 58, where the rod AC is clamped at 
its center with a cap M tightly closing the end of a glass tube. At 
one end of the rod is a light piston. A, of hard rubber loosely fitting 
the tube so that its vibrations may be unimpeded. Another piston, 
Bf fits the tube snugly, but can be moved in or out, so as to vary the 
length of the air column between itself and A. Finally, cork dust is 
strewn as evenly as possible between the two pistons. If then C is 
stroked with a leather washer covered with rosin, and caused to vi- 
brate longitudinally with a node at M, it emits a hifh-pitched tone, 
and the air between A and B is made to vibrate in unison with it. 

There is always a node at B, but the condition at A when resonance 
is established is somewhat uncertain, though for maximum resonance 
it must be rather near a nodal point also. The plunger is then ad- 
justed while the rod is being stroked, until the cork filings indicate 



Fig. 59. 


the formation of nodes and loops. At the antinodal regions the dust is 
thrown violently into the air when the tone is produced, and then 
settles down into the characteristic Kundt^s figures. These depend 
upon the accuracy of tuning and other circumstances. Usually the 
pattern is as in Fig. 59, where the nodal points are indicated by small 
circles and the loops by a succession of transverse ridges longest at 
the antinodes. However, with very perfect resonance the dust may 
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collect in heaps at the nodes, leaving the antinodes bare, because of 
the vigor with which it is thrown about by the air vibrations in the 
antinodal regions. 

The wave length of the sound in the air of the tube is equal to the 
distance from one node to the second from it, or the corresponding 
distance between antinodes. If the air column is long enough to have 
several standing waves, a series of such distances can be observed and 
X measured with some precision. Then if X is known, and the velocity 
of sound in air calculated for the actual temperature, we may deter- 
mine the velocity of sound in the metal of the rod as follows: Let be 
the velocity of sound in air, and X^ its wave length. Let Vr be the 
velocity in the rod and X,. its wave length. This latter quantity is 
twice the length of the rod, because the vibrations of the rod are the 
longitudinal vibrations of sound, and its ends are antinodes with a 
single node between them, and so vibrate in opposite phase. Then 
Va = ^iid Vr == nX,.. But n, the frequency, is obviously the same 
in both bodies; therefore dividing one equation by the other, we ob- 
tain 

( 1 ) 

where Va, and \ are known. 

It is also possible to determine the velocity of sound in a gas 
different from air, by introducing it through one of the stopcocks o 
or h (Fig. 58), \<^ile the other is opened to allow the air to escape. 
Then by repeating the experiment, the new wave length \ produced 
at resonance is measured. Then F, = n\, and Va = nXo,’ whence 

F, = F.^- (2) 

This result may now be used to determine the ratio of the specific 
heats of the gas in question, using Laplace’s equation 



If the pressure p is that of one atmosphere, we have only to read the 
barometer and convert the result into dynes per square centimeter, 
while the density d may be found by the effusion method described 
in Article 158. With F„, p, and d known, the ratio 7 of the specific 
heats may be calculated. 
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PROBLEMS t 

1 . In the apparatus shown in Fig. 50, on lowering the container, resonance 
is first established when the air column is 52 cm long. The temperature is 
22® C. What is the frequency of the tuning fork? Ans, 166 v.p.s. 

2 . How long should the air column be in Fig. 50 if a fork whose frequency 
is 384 v.p.s. is to establish one node between itself and the water, at 22® C? 
Ans, 67.5 cm. 

3 . An open organ pipe whose effective length is 90 cm is blown with air 
at a temperature of 20® C. What is the pitch of the second overtone? 
Ans. 573.6 v.p.s. 

4 . If the pipe in Problem 3 is blown with hydrogen gas whose density at 
0® C and atmospheric i)ressure is 9 X 10~^, what are the velocity of sound in 
the pipe at 20®, and the frequency of the second overtone? {y = 1.42, 
a = 0.00366). Ans. 1309.9 m/sec.; 2183 v.p.s. 

6. In Kundt’s tube, filled with air at 20® C, the dust piles average 6 cm 
apart, and the steel rod is 90 cm long. What is the observed velocity of 
sound in steel? Ans. 5160 m/sec. 

6. When illuminating gas is substituted for air in the tube of Problem 5, 
the piles are 16 cm apart. What is the velocity of sound in the gas? What 
is the ratio of its specific heats, if its density is found to be 6.4 X 10“^? Ans. 
459 m/sec.; 1.33. 


t In this group of problems use 332 m/sec. for the velocity of sound at 0° C. 
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Production, Propagation, and Perception 

386. Nature of light. Radiant energy that affects the retina of 
the eye is known as light. It consists of transverse electromagnetic* 
vibrations whose wave lengths lie between 0.76 microns (10""'* cm), 
and 0.39 microns, approximately. In the phraseology of music, this 
is not quite an octave, and is only a very small portion of the great 
range of wave lengths of the various known typ(*s of radiation. 

A luminous source may emit radiation having wave lengths both 
shorter and longer than the limits named above. These are known 
as the ultraviok^t and infrared portions of the spectrum and, although 
quite invisible, are frequently referred to as “light,^^ a term that in 
this case is really a misnomer. 

387. Sources of light. When a solid is heated, its temperature 
rises, and when it is hot enough, it begins to emit visible radiation. 
An ideal black body begins to glow distinctly at about 500° C, and is 
‘Vhite hot'' at around 1200° C. In general, other bodies require 
somewhat higher temperatures in order to reach the same degree of 
brightness. Most liquids are vaporized before they reach a tempera- 
ture high enough to emit light, but molten metals are an exception. 
Gases may be made to emit light by a discharge of electricity passing 
through them. Ordinary flames, strictly speaking, are not luminous 
gases. The fact that they emit a continuous spectrum indicates, as 
we shall see, that most of their light is due to incandescent particles of 
solid matter. 

Neither temperature nor electrical discharge is essential to the 
production of light. Chemical transformations may produce it with 
almost no rise of temperature. The cold light of phosphorescent sub- 
stances such as decaying wood and certain fungi are illustrations. 
The firefly and glowworm also produce a cold light, but in this case* 
electricity probably plays a part as well as chemical changes. 

388. Tlie measure of luminous intensity. The intensity of a 
source of light is most commonly expressed in terms of candle power. 
A standard candle, now rarely used, was made of spermaceti (wax 
obtained from sperm-whale oil), and, when equipped with a specified 
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wick, was supposed to bum 120 grains an hour in order to develop 
its rated intensity. Other standards are the pentane lamp burning 
the hydrocarbon of that name at a specified rate, and yielding a little 
more than 10 candle power; also the Hefner- Alteneck unit, which 
burns amyl acetate in a prescribed manner and develops 0.9 candle 
power. 

Today, however, the incandescent lamp has practically replaced 
these units, whose performance was at best uncertain, and much 
affected by atmospheric conditions. A standard incandescent lamp 
gives a very constant amount of light in a particular direction at a 
specified voltage and current. These ‘^secondary standards^' are 
rated in candle power, so that a comparison may always be made with 
an unknown source in terms of that fundamental unit. This is still 
the basis of comparison in most countries, though in Germany the 
hefner is much used instead. 

If the comparison of an unknown source with a 16-candle-power 
secondary standard shows that it is three times as intense, it is then 
said to have 48 candle power, although it was not compared with a 
candle at all. 

389. Conical intensity. Let us consider the amount of luminous 
“flux/' F, that streams through a cone at whose vertex is a luminous 
source of one candle power. If the cone encloses a unit spherical 
angle, or ster-radian, the amount of this energy is known as a lumen. 
The unit spherical angle is analogous to a radian because the area of a 
sphere of unit radius is 47rcm2, and the^re are iw ster-radians about a 
point in space, just as there are 2w radians about a point in a plane. 
As the point source, supposed to be at the vertex of the cone, has a 
uniform intensity of one candle, it develops a total luminous flux of 
iir lumens. A lumen may be similarly defined with respect to a hefner 
placed at the vertex of the unit cone. It has then a value of 0.9 of 
the lumen based upon a candle power. 

390. Illumination. Illumination is a measure of sectional intensity, 
just as luminous flux is a measure of conical intensity. It is defined 
as the amount of luminous flux which falls on the unit area of a sur- 
face, normal to its path. It is measured in foot candles or meter 
candles, the latter unit being termed a lux, and is the illumination of a 
surface one meter distant from a standard candle, while a foot candle is 
the illumination one foot away. Average indoor daylight is of the 
order of 100 foot candles. Zenith sunlight is about 96,000 foot can- 
dles. One thousand foot candles is not too bright for reading, for we 
often have even stronger illumination when reading out of doors. 
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But one can read fairly comfortably with only 5 foot candles of 
illumination, though this involves unnecessary waste of nervous 
energy, as Luckieshf has demonstrated. 

If F represents the total luminous flux emitted by a luminous point 
source of C candle power, then the illumination / of a spherical 
surface surrounding it is given by / = F/A, where A is the area of 
the sphere. But C candle power emits a flux of iwC lumens, and 
A = 4:Td^j where d is the radius of the sphere; therefore 


I = ^TrCliwd^ = C/d^ 


( 1 ) 


where I is given in foot candles if d is measured in feet; or in luxes, 
if d is measured in meters. Equation (1) expresses the “inverse 
square law” of all forms of radiation. To be valid, the source must 
be a point, or a spherical surface whose center is equivalent to the 
point. But as W. S. Franklint has pointed out, with sources other 
than points or spheres, the error incurred in using the inverse square 
law is not more than 0.2 per cent “for all cases in which the maximum 
dimension of the luminous source does 
not exceed one tenth of the distance 
from the illuminated surface.” 

If the surface is not normal to the 
direction of the luminous flux, hut in- 
clined so that a normal to it makes an 
angle 6 with the beam of light, as in Fig. 

1, then the angle must be considered in 
calculating the illumination. This is 
proportional to the cosine of 6, because in 
the case of obliques incidence, the same luminous flux is spread over 
an area 1 /cos 6 times greater than if the light were incident normally. 



Therefore (1) becomes 


I = C cos d/d^. 


( 2 ) 


391. Brightness. When a white object is illuminated, it is said 
to be bright. The flame of a candle is also bright, but on its own 
account. Evidently brightness is a quality we perceive in a body, 
and it may be due either to the illumination it receives, or to its own 
luminosity. If the surface is not self-luminous, its brightness varies 
directly as its illumination, other things being equal. Two candles, 
shining on a piece of paper a foot away, make it twice as bright as 
would one candle similarly situated. Two candles give twice as much 


t Matthew Luckiesh, Ldght and Work, Van Nostrand, 1924. 
i Franklin and Grantham, General Physics, Franklin & Charles, 1930. 
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illumination as one, and twice as much illumination results in twice 
as much brightness on a given surface. Therefore, comparing bright- 
ness under similar conditions enables us to compare illuminations, and 
then the sources which caused the illuminations. 

In general, the brightness of an illuminated surface depends not 
only upon its texture and color, but upon the angle at which we look 
at it. In Fig. 1, if the source is viewed along the normal N, the 
brightness is simply the reflected flux F' divided by the area A that 
reflected it. If the brightness of this same area is viewed from the 
flux reflected by A in this direction is less than before. But now we 
miist divide, not by A, but by its projected area^ A*, which is A cos </>. 
Thus we obtain the general expression for brightness 

B - F'/A cos 0. (1) 

If a surface appears equally bright from all directions, as is nearly 
the case with plaster of Paris, it is said to be perfectly diffusing. 
Then B is constant and the flux F' from a given area A varies as the 
cosine of the angle <t>. Or, since F = lA, F' ^ FA cos <t>, where 
/' is the intensity of the reflected light. Then (1) becomes B == 
meaning that in the case of a perfectly diffusing surface, the bright- 
ness is numerically equal to the reflected intensity. The relation 
B = FyA cos and that relating to illumination ((2), Article 390), 
were discovered by J.H. Lambert (1728-1777), an Alsatian philosopher 
who was a pioneer in the art of photometry. The lambert, which is 
the unit of brightness, is therefore appropriately named. It is defined 
as the brightness of a surface which emits one lumen per square centi- 
meter of projected area. This is extremely bright, so that a smaller 
unit, the millilambert (0.001 lambert), is much used in practice. 
On an ideal white surface, five foot candles would give a brightness of 
5.4 millilamberts, which may be regarded as a minimum brightness 
for close work. If the material on which the light falls is dark, more 
illumination is needed to yield this required minimum of brightness. 
Strictly speaking, then, brightness should be specified in a lighting 
contract, because that is the final result we are interested in, whereas 
illumination is only the means by which brightness is achieved. 

The brightness of a luminous source depends largely on its tempera- 
ture, and is quite different from the total candle power. A source 
of little brightness might emit a great many candle power if it had a 
large luminous area, while a minute source might be extremely bright 
and still be low in candle power. The most concentrated luminous 
source on the earth is the crater of an arc light, whose brightness is 
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about 40,000 lamberts. The filament of an ordinary incandescent 
lamp has a brightness of about 500 lamberts, while in the flame of an 
oil lamp the value falls to 6 lamberts, though its much larger area 
gives it a candle power comparable to that of a 30-watt electric light. 

The four kinds of units defined in the preceding paragraphs are 
confusing, and some may seem unnecessary. But it is difficult to see 
how we could do without at least three units which measure: 

(1) the luminous intensity of a source of light (for example, 
candle power), 

(2) the intensity of emission per unit area (for example, lambert), 

(3) the intensity of reception per unit area (for example, foot 
candle). 

392. Photometry. The eye is quite incapable of comparing two 
luminous sources with any accuracy, but it can compare the brightness 
of adjacent and similar surfaces with remarkable precision. In fact, 
a difference of one part in 150 may be detected, provided the colors 
are nearly the same. As explained above, this enables us to compare 
the illuminations of the surfaces and so the sources of those illumi- 
nations. 

A very simple device for making such a comparison was devised by 
Count Rumford. A screen of dull-surfaced paper is placed so as to 
receive the light from the two sources to be compared, in such a way 
as to be equally inclined to 
both beams. A rod J?, shown 
in plan in Fig. 2, casts two 
shadows, a and 6, on the screen 
ABj as indicated in its elevation 
A'B\ If the distance between 
rod and screen is properly ad- 
justed, the shadows may be 
made to touch each other with- 
out overlapping. The area a is shielded from S 2 , but receives light from 
Si, while h is shielded from Si and is illuminated by S 2 . If the two 
shadows are made equally dark by varying the distances of Si and S 2 
from the screen, then the illuminations are equal, and using equation 
(2), Article 390, we have 

la ~ di COS == /ft = C/2 cos 

If 4>\ is made equal to </> 2 , then the candle powers of the two sources 
are to each other as the squares of the distances, or C 1 /C 2 = d^jd^^ 
from which either may be determined if the other is known. 
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393. The Bunsen and Lummer-Brodhun photometers. In both 
of these photometers, there is a constant distance between the two 
lamps to be compared. A movable screen between them is adjusted 
until both surfaces are equally bright, as indicated in Fig. 3. In 
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Fig. 3. 


Bunsen's form, the screen is made of thick paper with a spot of grease 
at the center, or an inset of translucent tissue paper. When the 
brightness is the same on both sides of the screen, as seen in the 
mirrors mm, the thinner or greased area db is equally bright with its 
surroundings which transmit no light; otherwise it is not. This is 
because the translucent spot transmits, say, one quarter of the light 
it receives from Si on its left face, and reflects three quarters. Its 
brightness on its left face from this source is therefore only three 
quarters as great as that of its opaque surroundings. To this amount 
must be added the one quarter due to S2 received on its other face and 
transmitted. Then on the left its total effective illumination is 


given by 


and on the right by 


T 

^ 4di2 


h 


^4. A 


If the screen is adjusted so that Ci/di^ == C^jd^y then If, = 1 r and 
the grease spot is equally bright with its surroundings, which in turn 
are equally bright themselves when viewed from either side. When 
this balance is effected, the candle power of either source is readily 
computed, if the other is known, from C1/C2 = d^jd^. 

In the Lummer-Brodhun photometer, shown in Fig. 4, the screen 
A is of magnesium oxide or plaster of Paris, is wholly opaque, and 
gives a nearly perfectly diffuse reflection. The brightnesses of its 
two surfaces are compared by a system of prisms acting as mirrors, 
so that the surface illuminated by S2 is seen as a ring of light reflected 
first by the mirror m2, and then by the reflecting ring mg. This ring 
of light surrounds the light from the surface of A illuminated by Si and 
reflected by mirror mi. The reflected light passes through a hole in 
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m3 and forms the central disc in the field of vision, shown lighter than 
the outer ring in the diagram. The photometer is balanced to make 
these areas equally bright by sliding the system of screen, mirrors 
(really prisms), and 
viewing telescope (not 
shown), along a track ^ 
on which a scale is laid 
off in centimeters, so 
that di and ^2 arc easily 
measured. Then the il- 
lumination of the two 
faces of the screen must 
be the same and the usual 
photometer formula 
C1/C2 = diV^2^ may be 
applied. 

394. Rays of light. As 

was explained in Article 
322 , a ray is any line 
drawn perpendicular to 
the front of a spherical wave. If the medium is isotropic, a point 
or a spherical source emits a sphc^rical wav(» front, and the rays are 
radii of that sphere. Although a pure fiction, rays are extremely 
useful in studying th(» more obvious phenomena of light, but the 
ray construction is quite inadequate when we are concerned with 
such plumomena as intc^rference and diffraction, as will be seen 
further on. 

When light is treated as a ray phenomenon, the problems considered 
are purely geometrical, and whenever this procedure is sufficiently 
exact to be permissible, the subject matter is known as geometrical 
optics. However, in problems for which the simple geometrical 
method is inadequate, we must use wave construction. Such aspects 
of light come under the head of physical optics, because they are 
explained only by an understanding of the actual physical properties 
of matter, and by regarding light as propagated by waves and not by 
rays. 

396. The propagation of light. It was not known to the ancients 
that light has a finite speed. This is hardly to be wondered at, since 
it travels so fast that our senses are quite inadequate to perceive any 
lapse of time, for example, between a flash of light near by and its 
reflection from a distant mirror. Moreover, there seems to have been 
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a curious idea in early times that seeing things consisted in some form 
of intangible contact reaching out from the eyes to the object seen. 
An old woodcut illustrates this naive idea by having arrow-like lines 
projecting from the eyes of an individual looking fixedly at something, 
instead of having the arrows entering his eyes as they should. This 
conception still lingers in our daily language when we speak of trying 
to ^^pierce the darkness’^ with our eyes. 

The philosophers of the middle ages developed a (iorpuscular 
theory of light. They imagined that the luminous object emitted a 
stream of particles which impinged upon the eye and gave rise to the 
sensation of light. These corpuscules were supposed to travel at a 
very high sp(?ed which, however, was not considered infinite. Another 
and later theory was due to the eminent French philosopher Des- 
cartes (1596-1650), who explained the propagation of light as a kind 
of rotary motion in a medium of infinite elasticity which transmitted 
it with infinite velocity as a steel shaft transmits energy in a factory. 
But Newton, born eight years before Descartes’ death, adhered to tlu* 
corpuscular theory, although Huygens had already advocated a wav(‘ 
hypothesis. So great was Newton’s prestige that it was not until 
the early part of the last century that the conclusive experiments of 
Fresnelf finally put an end to the ‘‘corporeity of light,” as Newton 
called his theory. This was of course a great step forward, but it 
must be admitted that the corpuscular tln^ory under Newton’s abh* 
manipulation was made to account for all the more usual optical 
phenomena, though it failed to explain those already enumerated as 
belonging to the realm of physical optics. 

^ 396. Rdmer’s determination of the velocity of light. In 1675, 
Ole Romer, a Danish astronomer, read a paper before the French 
Academy of Sciences in Paris, in which he announced a calculation of 
the velocity of light based upon the known irregularities in the inter- 
val between successive eclipses of the first (innermost) moon of Jupi- 
ter by that planet. The method is as follows: When Jupiter is in 
opposition, as indicated by J and E in Fig. 5, the average interval 
between eclipses is 42 hours, 28 minutes, and 36 seconds. As the 
earth moves farther away because of its greater orbital velocity, 
this interval steadily increases. It reaches a maximum of about 15 
seconds longer than the average at some point a when its motion is 
directly away from Jupiter, which is then at b. After this the interval 

t Augustin Jean Fresnel (1788^1827), a French engineer and man of science. 
His famous '^Memoir on the Diffraction of Light‘s was presented to the French 
Academy in 1818. 
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between eclipses gradually grows less until, when the earth is at E\ 
nearly opposite to E, it once more has the average value. 

During the second half year, the interval decreases, reaching a 
minimum at c, when the speed of approach to Jupiter is greatest. 
This is followed by a gradual recovery of the averages value when 



Jupiter is once more in opposition, with the earth advanced about a 
month on the second year, because Jupiter^s year is more than twelve 
of ours. 

The meaning of these changes in the observed interval is that we 
arc dealing with a sort of Doppler effect. Jupiter^s moon sends us 
signals at a nearly constant ratcj. The time interval between the 
reception of two successive^ signals is the same regardless of our dis- 
tance from their source, if that distance is constant. Though they 
take time to reach us, each of two signals marking an interval is 
equally delayed, just as the sounds from a ‘hninute gun^^ would reach 
us a minute apart whether we were ten feet away or ten miles. But 
when the distance changes during the time between signals, one signal 
is delayed more than the other, and the interval is altered. There 
are 112 such intervals between the two positions E and E\ If we 
measure the interval at E, when the earth is neither approaching nor 
receding from Jupiter, and multiply by 112, we can calculate when the 
eclipses should be seen at E' if light had infinite speed. But because 
of the increasing length of the intervals as the earth receded from 
Jupiter (or shortening during approach) Romer found that at 
the eclipses would be 996.4 seconds late, though the interval between 
successive eclipses must be the same as at E. 

Taking the mean diameter of the earth's orbit as 186 million miles, 
Rdmer reasoned that it took light 996.4 seconds to travel this dis- 
tance, and that its velocity was therefore 186 X 10®/996.4 = 187,000 
miles per second. Later and more accurate measurements resulted 
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in 1001.6 seconds for the total time, with a probable error of one sec- 
ond. This means that the velocity of light is nearly 186,000 miles 
per second, or 3 X 10^® centimeters per second. 

397 . Bradley’s method. Romer’s determination of the velocity 
of light was not generally accepted until, in 1729, James Bradley, an 
English astronomer, obtained a value of 186,400 miles per second by 
observing the ^‘aberration” of the stars. This is an apparent dis- 
placement of their positions due to the earth’s motion, similar to the 
apparent change in the direction of falling rain wlum we are moving 
rapidly through it. The change d(‘pends upon both the observer’s 
speed and that of the rain, and if the observt^r’s speed is known, the 
speed of the rain drops may be calculated from the apparent change 
in their direction. 

398 . Fizeau’s method. In 1849, Hippolyte Fizeau, a French nat- 
ural philosopher, made what may be called the first laboratory 
measurement of the velocity of light. This method consisted in 
sending a beam of light across the edge of a rapidly revolving toothed 
wheel so that it was flashed intermittently through the spaces be- 
tween the teeth. This was set up in the village of Suresnes, near 
St. Cloud, outside of Paris, and the flashes were reflected back again 
by a mirror on Montmartre in the city, a distance of 8.633 kilometers 
each away. When the wheel was at rest, the light, passing through a 
slot, was returned along the same path by a system of lenses which 

concentrated the light 
on the same opening 
through which it had 
originally passed, as 
shown in Fig. 6. The 
outgoing light from /S 
was partly reflected by 
the surface of a sheet of 
plate glass G inclined to 45°, and on its return it was partly transmitted 
by the same plate to the telescope T, where it appeared like a star. 
When the wheel was rotated with increasing speed the star became 
gradually fainter until it was wholly eclipstni. This occurred when the 
time required for a slot to replace an adjacent tooth was just equal to 
the time required for the light to travel out and back, a total distance 
of 17.266 kilometers. At double this speed the star again reached a 
maximum of brightness. At triple speed it was again extinguished, 
and so on. The first eclipse occurred with a speed of 12.6 r,p.s. Then, 
knowing the angular separation of a tooth and a slot, it was easy to 
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calculate the time required for the light to travel out and back. 
This was 1/18,144 of a second, so the observed velocity was 18,144 X 
17.266 = 3.13 X 10*^ km/sec., or 1.95 X 10^ mi. /sec., a result which 
is about 5 per cent too large. 

399. Foucault’s method. A much more reliable method for m(iaS” 
uring the velocity of light is due to the French physicist, Leon 
Foucault (1819-1868), though his method has been much improved 
upon by Newcomb and MichoLson, both AnK^ricans. 

Foucault’s original experiment was performed in 1850, and consisted 
in causing a beam of light to be niflected from a rapidly revolving 
plane mirror at the center of curvature of a concave mirror a few 
meters away. Tho returning light the revolving mirror at a dif- 
ferent angle from its first re^flection, and so instead of being returned 
along its original path, it suffered a displacement which varied with 
the mirror’s angular velocity. 

In 1878, Michelson re^peated the expeiriment, using a plane mirror at 
a distant station, and so was able greatly to increase the length of the 
path over which the light traveled. 

The essentials of the apparatus 
are shown in Fig. 7. Light from 
the source S (a narrow illuminated 
slit) is reflected from the rotating 
mirror m,and its divergent rays are 
made into a parallel pencil by the 
lens L. This is reflected by the 
mirror M some 600 meters distant 
and returned upon its own path, 
being concentrated by L so that after reflection it is brought to a 
focus at S, Now if m is revolving about the axis a in the sense indi- 
cated by the arrow, it will send out one flash per revolution each time 
it passes through the position indicated by the heavy line, and will 
have turned through the angle 6 before the flash has r(^turned from M, 
Thus the reflected light from each flash is brought to a focus at E 
instead of at S, and the angle SaE, measured by the ratio of the 
arc SE to the radius r, is equal to 2^, as is proved in Article 408. But 
if 6 and the angular v(ilocity of the mirror are known, the elapsed 
time is easily computed. In this way Michelson obtained a value 
of 2.999 X 10^® cm/sec., or 186,300 miles per second for the velocity 
of light. 

400. Michelson’s method. Acting on a suggestion made by Simon 
Newcomb, Michelson, during the years 1924-27, made use of a re- 
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volving octagonal mirror and a so-call(^d null method, in which the 
reflected beam was not deviated. In Fig. 8, the general principles 
involved are shown diagrammatically and greatly simplified. Light 
from a source S was reflected from a face of the octagonal mirror M . 



It was then reflected 
by the prism b (6, c, 
and g are totally re- 
flc^eting prisms) to c, 
actually at the prin- 
cipal focus of the con- 
cave mirror d, which 
S(^nt a parallel beam to 
a similar mirror, e, 22 


miles away, from Mt. 
Wilson to Mt. San 


Antonio in Southern California. This beam formed an image on 
a small concave mirror / at the principal focus of e, and was 
thus returned over the same path to d. Then the beam was focused 
on another prism so inclined as to return it to the mirror face 
h parallel to a. From h the beam was njflected into the telescope 
T. If the octagonal mirror were at rest in the position shown, the 
light would be soon in the telescope. But when set in rotation, the 
light disappeared until the octagon was rotating at the exact speed 
needed to bring h' into the position just occupied by h during the time 
taken by the light to travel the total path abcdefedgh. Thus each 
flash sent out from a, a', and so forth, was picked up by the faces h\ 
A", and so forth, next to those which would reflect it if the mirror were 
at rest. The mirror must rotate 45° during this interval, and if the 
critical speed needed to restore the light, and the various distances 
are known, the velocity of light may be calculated. 

During the years 1930-33, Michelson (until his death in 1931), 
Pease, and Pearson made similar measurements of even higher pre- 
cision in a three-foot tube a mile long and exhausted to a pressure of 
half a millimeter of mercury. The rotating mirror had 32 faces, and 
the light traveled back and forth nine times between the mirrors at 
the ends of the tube during the time of replacement of one of the 32 
faces by the next one. The resulting value of the velocity of light in a 
vacuum, obtained in February, 1933, is 299,774 kilometers, or 186,271 
miles, per second. 

401. The visible universe. Our knowledge of the visible universe 
depends upon our perception of relative brightness, of the apparent 
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size and shape of objects, of their relative positions, and of their color. 
A combination of these four aspects, combined with knowledge de- 
rived through the sense of touch in handling visible objects, gives us 
a mental picture of things at a distance which corresponds fairly 
accurately to their actual size and shape and relative position. Rela- 
tive brightness is an important guide in judging distance, as is also 
color, for we have learned to associate the blue tint, called “atmos- 
phere” by painters, with distance. Outline and shading are clues to 
shape, since we can differentiate between a cube and a sphere without 
touching them, while the pattern made by a group of objects tells us 
much about their relative positions. 

402. Binocular vision. Pc^rhaps our most valuable means of judg- 
ing relative distance is derived from the fact that our two eyes give 
us two different pictures. If a vertical rod a few feet away is viewed 
with one eye only, it has a definite 
position against the more distant 
background, but when seem with 
the other eye this position changes. 

Thus a tree trunk seen in plan at 
T (Fig. 9) appears at a against a 
distant mountain when viewed by 
the right eye, E 2 , alone, and at b by 
the left eye, Ei, alone. The two 
pictures, Ei and Ea, are transmitted 
to the brain, which interprets the 
combination from experience ac- 
quired in our earliest infancy, as meaning that the trcM? is nearer than 
the mountain. A long horizontal rod or wire however gives no such 
clue, because our eyes are placed horizontally. This is the reason 
that it is difficult to judge how near wo are to a wire stretched across 
our field of vision. To judge its distance, the observer should hold 
his head horizontally so that one eye will be above the other. 

403. The stereoscope. This is a device for creating the illusion 
of “depth” (distance in the line of sight) from two photographs taken 
side by side, like the two ocular images of ordinary vision. These 
photographs are viewed through prisms or prismatic lenses which 
enable each eye to observe the proper photograph independently of the 
other, so the result is similar to binocular vision of the original scene. 

A single photograph is a one-eyed picture, and when seen by two 
eyes, we know it is flat because both visual pictures are identical, and 
the only illusion of depth is due to perspective and relative brightness. 
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or chiaroscuro. Hence a one-eyed picture should really be viewed by 
one eye only, because then we do not miss the absence of the stereo- 
vision (solid vision), and are more easily tricked by other considera- 
tions into seeing depth. 

In the stereoscope, the observer sees in the two pictures (each 
viewed by one eyii) just what he would have seen with both eyes open 
at the place where the photograph was taken, provid(jd his eye is 
where the lens was with respect to the photograph, and provided the 
distance between the lenses of the stereoscope camera is the same as 
the distance between the eyes. Unfortunately, this latter condition 
seldom occurs. The lenses are usually farther apart than the eyes, 
and all nearer objects are dwarfed for a reason to be explained in the 
next article. 

404. Apparent size. ^Uow large does the moon look?’' This is a 
(piestion often asked, but it is quite meaningless. It all depends upon 
how far off the object is with which we compare it. A dinner plate 
one hundred feet away would just about hide it, while a good-sized 
pea held at arm’s length would do the same. The fact is that the 
only real meaning in this estimate of size is the angle the object sub- 
tends at the eye. Two men of the same height but at different dis- 
tances subtend different angles, and if we had no moans of estimating 
their distance from us, we should assume the more distant one to be 
shorter than the other. Conversely, if they an^ at th(^ same distance 

but appear to be at different dis- 
tances, the one seen as nearer 
appears the smaller of the two. 
Thus if two objects, A and B 
in Fig. 10, arc at the same dis- 
tance d from the eye JF, but for 
some reason A appears to be 
at a and B at fc, then obviously 
A seems reduced and B enlarged 
because both subtend the same angle at E, This accounts for the 
apparent magnification of the sun or full moon when seen near the 
horizon, especially if over a long stretch of open country. The inter- 
vening landscape forces us to regard the luminary as being a long way 
off, and our estimate of its size is enhanced. When overhead, there 
is nothing with which to gaug(i its distance, and instinctively we bring 
it near us, thus diminishing its apparent size. 

Fog and darkness have the same effect of creating the illusion of 
increased distance of objects as compared to their apparent distance 




Chap. 30] PROPAGATION AND PERCEPTION 377 

when seen in a good light, and cause them to “loom up” with surpris- 
ing bigness. 

It is now easy to see why stereoscopic pi(;tures reduce the apparent 
size of close-up objects such as people in the foreground of a landscape. 
The fact that tluj lenscjs of the camera arc usually farther apart than 
the eycjs, increases tlui displacenn^nt indicated in Fig. 9. This would 
also be the case if the tree wcto brought nearer; therefore the observer 
instinctively judge's it to be nearer than it is, and since the angle 
subtended is not actually altered, he is forced to consider it as reduced 
in size. 
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PROBLEMS 

1. How many lumens are emitted by a lamp of 16 candle power? Ans. 
201 lumens. 

2. How many lumens i)ass through a spherical area of 120 cm^ having a 
radius of 80 cm, when a point source of 50 candle power is at the center? 
Ans, 0.94 lumen. 

3. How many lumens fall on 2 square feet of a screen whose illumination 
is 3 foot candles? Ans. 6 lumens. 

4. What is the illumination of a surface 40 cm from a 16 c.p. point source, 
if the surface is normal to the luminous flux? Ans. 100 lux. 

6. What is the illumination of a surface 60 cm from a 40 c.p. point source 
if the normal to the surface makes an angle of 60° with the flux? Ans, 
55.6 lux. 

6. A plaster of Paris surface is one meter from a 40 c.p. point source, and 
its normal is inclined 45° to the incident flux. What is its brightness as seen 
from any angle, assuming an absorption of 0.1 by the plaster? Ans. 2.56 mil- 
lilamberts. 

7. In a Bunsen photometer, the greased spot vanishes when the screen is 
120 cm from a standard 16 c.p. lamp, and 80 cm from an oil lamp. What is 
the candle power of the latter? Ans, 7.1 c.p. 

8 . How far from a screen should a 27 c.p. lamp be placed to produce the 
same illumination as a 3 c.p, lamp at 4 ft.? Ans, 12 R. 

9. An electric light giving 36 c.p. and an oil lamp giving 16 c.p. are 12 ft. 
apart. How far from the oil lamp in the direction of the electric light Is the 
illumination from both sources equal? Ans. 4.8 ft. 



CHAPTER 31 


Reflection 

406. Laws of reflection. There are two fundamental laws of 
rcjflection. One is that the angle of incidence is equal to the angle of 
reflection, in accordance with Huygens’ principle, as was proved in 
Article 321. If that principle is accepted, this law of reflection must 
be accepted also. However, it has also been tested experimentally 
in many ways, and the most delicate measurements have failed to 
detect any deviation from an exact equality between the two angles. 

The second law states that the incident and reflected rays, as well 
as the normal to the reflecting surface, all lie in the same plane, called 
the plane of incidence. This also follows from Huygens’ principle, 
and is easily demonstrated by direct observation. 

406. Images in a plane mirror. An image of a point, as was shown 
in Article 322, is on a line drawn from that point normal to the 

reflecting surface, and as far be- 
hind it as the object lies in 
front. Images of finite bodies are 
the totality of all the images of 
all their component points. Thus 
in Fig. 11, the object 0 reflected 
in the mirror M (seen in section) 
has an image 7, constructed by 
drawing the perpendicular dotted 
lines, and laying off equal dis- 
tances on both sides of the plane 
of the mirror. This means that an observer at some point P would 
see the arrow exactly as if it were really at 7, although the light 
reaching him comes by the route indicated by the solid and not by 
the dotted lines, these being rays reflected at the surface in accordance 
with the law of equal angles. 

A plane mirror may be regarded as a window looking into image 
space^ which is theoretically that half of the universe lying in front 
of the infinite plane of the reflecting surface. If a mirror is set in 
a nonreflecting wall, as shown in Fig. 12, it is obvious that it acts as 
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such a window for the point object 5. But it is hot quite so evident 
that a point a has an image a' lying above the top of the mirror. 
However, if it really were a window, we should look from some point c 


in order to see* a', and the same is true in 

observing the reflection of a, as is shown by P 

the solid lines representing the course of a '\ i / 

reflected ray. Thus, by taking a proper m / 

position, we can see reflected in the mirror / 

any object, not hidden behind something A- \\L h 

else, which lies in object space to the / \ 

right of the mirror^s plane. Therefore all \ 

image space contains all points in object /' M \ 

space, but behind the plane of the mirror. p 

This convenient fiction of a window into ^ 


image space helps to solve many simple Fig. 12 . 

problems of reflection. Thus it is evident 

that a person whose eyes are at E in Fig. 13 needs a mirror of only 
about half his own height in order to see his whole figure EG. His 
image E'G' is obviously completely visible^ from E, and this would 
be equally tnic at any distance from th(i mirror, because if he steps 
back to the line his image recedes by the same amount to e!g\ 



Fig. 13. 


407. Perversion and inversion. Plano mirrors, when facing an 
object, are said to reflect a perverted image of the object, that is, turn- 
ing left for right. But they do not invert it, turning up for down. 
A vertical printed page held at right angles to a vertical mirror can 
be seen simultaneously with its image, and in the latter the type is all 
reversed. However, if the mirror were held under the page and at 
right angles to it, an unperverted image is seen, but now it is inverted 
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instead. A plane mirror does not pervert and invert at the same time, 
as is done by concave mirrors and lenses when they form a real image 
(Articles 416 and 434). 

When an object is parallel to a mirror, it is not so obvious why its 
image should be described as perverted. When you look in a mirror, 
your right hand is reflected on the right, and your left hand on the lc‘ft, 
but viewed from the mirror, object and image are turned left for right. 

408 . Rotating mirrors. If a ray of light is incident on the mirror 
M at an angle i with the normal N as shown in Fig. 14, it is reflected 

at an angle r. But r = i, so the angle 
between the two rays is 2f. Then if the 
mirror is rotated through an angle a to the 
position M', the normal turns through 
the same angle to JV', and the angle of inci- 
dence is increased by the angle a, and is 
now h, or i + a. The refle^cted ray makes 
the same angki with the new normal N' 
as the incident ray, so that the angle 
between them is 25, or 2{i + a). But 
this angle was originally 2i, so the reflected ray has been turned 
through 2a. Therefon^, when a mirror turns through any angle 
about an axis normal to the plane of incidence, the reflected ray turns 
through twice that angle. 

409 . Two mirrors. An object placed between two mirrors perpen- 
dicular to a common plane, and inclined at an angle B to each other, 
gives rise to a series of images wliich 
lie on the circumference of a circle, 
whose center is in the intersection 
of the planes of the mirrors. In 
Fig. 15, the object P lies between 
the mirrors A and B, whose planes 
(perpendicular to th(i paper) inter- 
sect at 0. The image pi formcid 
in the mirror A is at the same dis- 
tance from 0 BS P is, because the 
triangles aOpi and aOP are equal. 

For the same reason P and the 
image qi formed in the mirror B 
are equidistant from 0, There- 
fore a circle drawn through P, with 0 as a center, passes through pi 
and gi. In the same manner the image pa of pi, formed in B, lies at 
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the same distance from 0 as pi, because the triangles bOpi and bOp 2 
are equal; therefore p 2 lies in the same circle as pi and qi. In this 
way it is easily seen that all the im- 
ages of images lie at a common distance 
from 0, and are therefore in the same 
circle. 

The series of images beginning with pi 
ends with pa formed by Ay because? this 
point lies behind the reflecting surface of 
B and can therefore have no image? 
forme?d there. Similarly (formed by 
B) ends this series b(?(;ause it is b(?hind 
the reflecting surface of A. 

410. Two mirrors normal to each 
other. If 0 = 90®, a case commonly mot 
with, there are three separate images, and if Z FOB is 45®, they form 

with the object the corners of a square ; 
otherwise they form an elongated rec- 
tangle, as shown in Fig. 16. The im- 
ages Pi and qi of a finite object at P 
(Fig. 17) arc perverted in the sense 
already explained, but the coincident 
images pz and q^ are again perverted 
and therefore constitute an unper- 
vert(?d image of P, because when seen 
from 0 they both look alike. How- 
ever, if an observ(?r at P views him- 
self in the mirrors, the twice-reflected 




image? p 2 q^ is an unfamiliar one with its left side opposite his right. 


He sees himself as others see him. 

411. Parallel mirrors. If the 
angle B between two mirrors is 
decreased by rotating one of the 
mirrors around its outer edge C 
(Fig. 18), the center of the image 
circle shifts to some point O', its 
radius increases, and the curva- 
ture of the succession of images de- 
creases until, when the mirrors are 
exactly parallel, the images lie one 
behind the other in a straight line, and their 



Fig. 18. 


number is infinite. 
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After an even number of reflections from parallel mirrors, the final 
ray is parallel to its original direction, as is seen in Fig. 19, where the 

deviation 6 is 180® — 2a as a 
n^sult of the first reflection, but 
the ray is bent through the 
same angle in the opposite sense 
by the second reflection, and so 
on indefinitely. Thus after every 
two reflections its original direc- 
tion is restored. 

412. The sextant. One of the most valuable applications of two 
mirror reflections is the sextant. This instrument, invented in 1731 
by John Hadhiy, a British astronomer, is used by mariners to deter- 
mine the altitude of the sun; that is, the angle it makes with the hori- 
zon at the point of observation. 

The essential parts of the sextant are shown in Fig. 20. A tele- 
scope is fixed rigidly to a frame which also carries a fixed scale D and 
a fixed mirror A, of which only the lower half is silvered. The scale 
is sixty degrees of the arc of a circle centered at the center of the mov- 
able mirror B, An arm iJ, pivoted 
at this point, carries JS, which is 
thus caused to rotate about the 
axis of R, while the free end, 
equipped with a vernier, travels 
over the scale. 

When R is set at 0 (the zero 
of the scale) the two mirrors are 
parallel, and if the telescope is 
sighted with its cross hairs inter- 
secting the horizon as seen through 
the unsilvered part of A, it will be 
also sighted on the horizon after 
two reflections by the route H'BAT, because, as has just been 
shown, rays twice reflected from parallel mirrors are not altered in 
direction. 

If now jB is so adjusted that the sun, as seen after two reflections 
by the route SBATf coincides with the horizon seen directly through 
the unsilvered half of A, then the angle a indicates its altitude. But 
it was proved in Article 408 that reflected rays are turned through 
twice the angular displacement of the mirror. Therefore the angle 
through which B was turned, is equal to half of a. The scale D is 
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laid off to read 120® over an arc of 60®; therefore its divisions are really 
half degrees, and a is read directly without the necessity of doubling 
the observed angle. 

413. Reflection from concave spherical mirrors. Spherical mirrors 
are really segments of a spherical surface, obtained by cutting off a 
portion of the sphere by a plane, and to be of 
any value as optical instruments they must 
be but a small portion of the total sphere. 

This means that they must have a small 
angular aperture, which is the angle a sub- 
tended at the center of the sphere by the 
segment S constituting the mirror, as shown 
in Fig. 21. 

In the following discussion of mirrors 
we shall regard distances measured from 
the mirror toward the source of light as positive, and distances 
behind the mirror away from, the source of light as negative. Then 
a convergent (concave) mirror has a positive radius of curvature, 
and a divergent (convex) mirror has a negative radius of curvature. 
In Fig. 22 let AVB represent the circular section of a spherical mirror 
of radius r whose center is at C and whose vertex is at F. Let 0 be a 
luminous point or object situated on the axis of the mirror, and let 
OV and OA represent two rays from 0, the former along the axis and 
the latter to any point such that the arc AV subtends a small angle 
a at 0. This second ray, after reflection, intersects the first at some 
point /. By the laws of reflection the radius CA bisects angle OAI 




because it is normal to the surface at A, and therefore the angles p and 
y are equal. The bisector of an angle of a triangle intersects the 
opposite side in segments proportional to the other two sides; there- 
fore in the triangle OAI, OC/IC = OA/IA. But as a was supposed 
small, OA is very nearly equal to OF, and I A very nearly equal to TV ; 
therefore 

^ = ^verynearly, 


( 1 ) 
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for a mirror of small aperture. Tliis equation is true for all rays from 
0 l 3 ang within an angle small enough to justify the above assump- 
tions; therefore I is the image of 
0, because all the rays diverging 
from 0 (within the proscribed 
limits) must intersect at /, as 
shown in Fig. 23. 

Now let p be the object dis- 
tance OF, and q the image dis- 
tance 7F, and let CV = r, the 
radius of the spheni. Then OC = p — IC — r — q, and equation 
(1) becomes 

V — r ^ p 
r -q q 

Clearing of fractions and combining tc^ms, we obtain 

qr + pr = 2p^, 



and dividing by pqr^ we have 



( 2 ) 


Equation (2) enables us to calculate any one of the three quantities 
when the other two are known. In general, r is given, and it is de- 
sired to find either the object or the image distance. Suppose a given 
concave mirror has a radius of curvature of 50 cm ; then a point object 
placed at 75 cm from the mirror on its axis produces an image at a 
distance given by 

“ = ^ hence - = 3.nd q = 37.5 cm. 

g 50 75 q 150 

If p is infinite, 1/p == 0, and q = r/2. Now all rays from an in- 
finitely distant source are parallel to the axis, and have a plane wave- 
front; therefore plane waves are brought to a focus at a point midway 
between the mirror and its center of curvature. This point, to be de- 
noted by F, is known as the principal focus, and its distance from the 
vertex of the mirror is the focal length, denoted by /. That is, 
/ = r/2, showing that / increases with decreasing curvature of the 
mirror. This quantity is much used in calculations regarding both 
mirrors and lenses, and the principal focus is a point of great value in 
making graphic constructions of images. 
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1 -l1 _ 1 

U _ __ 

P 7 / 


(3) 


which is the most usual form of the concave mirror equation. 

414. Object and image relations. If the object is at (7, then 
p = r, and from (2) and (3) we obtain q = r = 2f, This is almost 
self-evident, for the rays sent out from an object at C are all radii of 
the sphere and therefon^ normals to its surface, so the reflected rays 
come back again to their source. 

If p is less than 2/ but greater than /, for instanc(^, 37.5 cm as in the 
above problem, then q is 75 cm. Thus object and image have ex- 
changed places. This is to be (^xpe(?ted, because then^ is nothing in 
the geometrical method of tnjating optical phenomena which de- 
pends upon the sc7ise of the ray^s path. In reflection, for instance, 
the angles of incidence and reflection are interchangeable, and an 
object seen in a mirror may be interchanged with the observer’s eye 
with no alteration in th(^ diagram. In like manner we should expect 
that a luminous source at / would, after reflection, produce a plane 
wave or parallel rays with a focus at infinity. This follows from equa- 
tion (3) by setting p = /. Then 1/q = Oy or q = co. 

Finally, if p is between / and the mirror. 


1^1 1 
’q~l f-e 

where e is any positives number less than /. Evidently !/(/ — e) is 
gr{iat(ir than 1//; therefore q must be negative. This means that the 
image Jies on the opposite side of the mirror from the object, and it is 
then called a virtual image. The rays diverge from the mirror after 
reflection, but if produced backward, they intersect at a point on the 
axis behind it, and an eye in object space sees the image in the mirror 
very much as it does in a plane mirror whose images are virtual also. 
In order to see real imageSy the eye must be farther from the mirror 
than the image and somewhere within the divergent beam radiating 
from the image, as shown in Fig. 23. From such a position the image 
seems really to exist in space as if independent of the mirror, but un- 
like a genuine object, it cannot be seen from the side or from behind. 

416. Convex mirrors. The formula for convex mirrors is derived 
in a manner similar to that used with concave mirrors. Thus in 
Fig. 24 , 1 is the intersection of the rays from 0 reflected at A and F, 
produced to determine an image behind the mirror. This is obviously 
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virtual because all rays diverge after reflection, as is easily seen from 
the diagram. The radius CA bisects the exterior angle 5 of the 
triangle AIO\ therefore the segments of the side 01 produced are 



proportional to the two other sides as before, or OC j 1C == OAflA, 
and if the aperture is small, this again reduces to 

9^ 91 m 

IC IV 

But OC == p + r, and IC ^ r — q. 

V + r ^ p 

q q 

pq + qr = pr - pq, 
pr — qr =2pg. 

Then dividing by pgr, and remembering that q and r are behind the 
mirror and negative, we obtain 


Therefore 

and 



^ ( 2 ) 


as for a concave mirror. 

Thus if an object is 75 cm in front of a convex mirror of radius 
—50 cm, then 1/g = —2/50 — 1/75 = —4/75. The image is 18.75 cm 
behind the mirror, as indicated by the negative sign. On the other 
hand, it might be stated that an object 75 cm from a mirror (convex or 
concave) has a virtual image 18.75 cm behind it; required, the curva- 
ture of the mirror. In this case q is negative because the image is 
known to be virtual. Then 1/75 — 1/18.75 = 2/r. Hence 2/r = 
— 1/25, and r = —50, so the mirror is convex, as shown by the nega- 
tive sign. 

Since a convex mirror tends to reflect light in divergent rays, it can 
have no real principal focus for a parallel beam. However, a plane 
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wave means p = <», and then q = -~r/2, so that a virtual image is 
formed between the center of curvature and the mirror. This is a 
virtual principal focus F at a distance/ from the mirror, so that equa- 
tion (3) of Article 413 applies to convex mirrors provided / is made 
negative in applying it to numerical calculations. 

416. Construction of images. have so far examined only the 
case of images and objects of points on the axis of a spherical mirror. 
But it is easy to extend this case to 
images of other points not too far 
from the axis, and so construct 
images of finite objects. 

As was shown in Fig. 23, all the 
rays diverging from 0 are brought 
approximately to I by a concave 
spherical mirror of small aperture. 

If 0 were then removed to infinity, 
all of its rays which reach the mirror, as shown in Fig. 25, would pass 
through the principal focus at F. Therefore any ray close to the axis 
and parallel to it passes through the principal focus after reflection, 
whether or not it came from an infinite distance. Now consider the 
object AB in Fig. 26. A ray I from the ix)int A and parallel to the 
axis is reflected through F as indicated, and intersects the ray m. 
This latt(jr passes through C and is thc^reforo n^turned upon itself. 
So the point of intersection A' is located, and this is the image of A. 

In the same manner, the image of B may be located at B\ and so for 
any other points of the object. Thus we find that this real image is 

inverted and smaller than the 
object. It is also perverted if 
it extends into s])ace at right 
angles to the plane of the dia- 
gram. If the object had been 
A'B', then the image would bo 
ABj and larger than the object, 
but also inverted. If AB in- 
tersects the axis at C, then the 
image lies there also and is the same size. Therefore objects outside 
C form smaller images between C and F. Objects between C and F 
form larger images outside of C. 

Objects between F and the mirror form virtual images. These may 
be constructed as in Fig. 27. Here the ray I parallel to the axis 
passes through F after reflection, and when produced behind the 
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mirror, determines A' by its intersection with m, which passes through 
C. Then the eye in front of the mirror sees an apparent object at A* 

because it cannot distinguish be- 
tween reflected and original rays, 
and all the reflected rays which 
started from A seem to diverge 
from A'. The point B' is found in 
the same manner, and the con- 
structed image is seen to be erect 
and larger than the object. 

If the mirror is convex, the con- 
struction depends upon the location 
of the virtual principal focus. The same two rays are again used. 
The solid lines in Fig, 28 show their actual direction before and after 
reflection, and the dotted lines are the reflected rays produced back- 
ward to their point of intersection. As in the preceding case, the eye 
sees A as at A', because the rays 
seem to originate there. But now 
the image is nearer the mirror 
than the object, as was shown to 
be true in the preceding article, 
and it is obviously smaller. 

417. Relative size of image and 
object. In all the constructions 
described above, the point of the 
object lying on the axis, as D in 

Fig. 29, has an image point also on the axis at Z>'. Also, in each casci 
one ray or its production passes undeviated through the three points A, 
A', and C; that is, object point, imago point, and center of curvature. 

In Fig. 29, the ray AO from the object point A is reflected at 0 to 

A' making equal angles i 
and r with the normal 
OCD, Therefore the tri- 
angles AOD and AVD' are 
similar, and ADjA'D* = 
ODIOD\ The triangles 




Fig. 29. 


ACD and A'CD^ are also 


CD/CD'. 
distance q. 


similar, and ADJA'D^ = 
But OD is the object distance p, and OD' is the image 
Then, setting u and v equal to the object and image dis- 


tances from C respectively, we obtain the ratio of the sizes (indicated 
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by Lo and L<), of object to image given by the two-fold relation 


In a similar manner the same relations are found to be true when 
virtual images an^ formed in either concave or convex mirrors, although 
in these cases the ratios p: q and u:v arc negative, since the image lies 
behind the mirror. We may then make the general statement that 
the magnitudes of corresponding lengths of object and image are to 
each other as their distances from the center of curvature, or from the 
vertex of the mirror when measured along its axis. 

418. Spherical aberration. In the preceding discussion it was 
assumed that the mirror was one of such small angular aperture that 
the approximation used in deriving the mirror formula was justifiable. 
But if the mirror has a large aperture, this is no longer the case, and 
rays parallel to the axis do not in general pass through the principal 
focus, but cut the axis between F and the mirror. This is known as 
spherical aberration, and the effecjt is greater the farther the ray is 
from the axis. 

In Fig. 30 is shown a mirror of large aperture with parallel rays 
whose reflections cross the axis nearer and nearer the mirror as 
they recede from the axis. The 
mutual intersections of these rays 
form two luminous curves known 
as caustic curves, which meet in a 
cusp at F, A familiar example is | 
the reflection from th(i inner sur- 
face of a cup nearly full of milk, 
when the light shines almost hori- 
zontally across the edg(i and is re- 
flected by the opposite concave Fig. 30. 

surface down onto the milk. 

There it forms very striking caustics with a well-defined cusp. 

419. Parabolic mirrors. Spherical aberration may be entirely 
eliminated for objects at a great distance by using a mirror whose 
surface is not spherical but formed instead by rotating a parabola 
about its own axis. The parabolic curve in Fig. 31 is the section of 
such a mirror. It is a well-known property of the parabola that the 
normal to the curve at any point bisects the angle between a line 
drawn to that point parallel to its axis, and a line drawn through the 
focus of the parabola. Therefore the angles P and y are equal re- 
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Fig. 31. 


gardless of the distance of the line Ad from the axis. But this fulfills 
the law of reflection; therefore all rays parallel to the axis pass through 

Fy and conversely, all rays emanat- 
ing from F are parallel to the axis 
after reflection. 

The parabolic reflector may there- 
fore be used either to concentrate 
a plane wave (parallel rays) from a 
source a long way off at a sharply 
defined focus, or to produce a cylin- 
drical beam from a point source 
at F. This latter is much the more 
important function of the mirror; 
such reflectors are usc^d in automobile headlights and in searchlights 
of all sorts. Generally, a slightly divergent beam is needed, instead 
of a strictly cylindrical one, and this may be produced by placing the 
light (usually an electric arc for searchlights) at a point slightly inside 
or outside F. If it is inside, the beam diverges at once; if it is outside, 
it is brought to a focus at some point P beyond the mirror and then 
diverges indefinitely as shown in Fig. 32, where S is the source. By 
bringing S nearer and nearer to 
Fy P steadily recedes, and the 
angle a of divergence is steadily 
diminished. 

The other use of a parabolic 
reflector, in concentrating a plane 
wave on a point focus, is illus- 
trated in the great reflecting as- 
tronomical telescopes. These are 

equipped with mirrors having a parabolic figure rather than a spherical 
one, to eliminate spherical aberration. 
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PROBLEMS 

1. A concave spherical mirror is 76 cm from an object, and forms a real 
image on a screen 133 cm distant. What is the mirror’s radius of curvature? 
Ans, 96.7 cm. 
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2 . A luminous source is placed on the axis of a concave spherical mirror 
whose radius of curvature is 80 cm. The object distance is 30 cm. What 
kind of image is produced, and how far is it from the mirror? Arts. Virtual; 
120 cm. 

3 . If the mirror in Problem 2 is convex, where is the image? Ans, 17.1cm 
behind the mirror. 

4 . If the object is one centimeter long in Problems 2 and 3, how long are 
the images? Ans. 4 cm; 0.57 cm. 

6 . A concave spherical mirror has a radius of 120 cm. Wliere should an 
object be placed to form a real image having half its linear dimensions? 
Ans. 180 cm from the mirror. 

6 . Where should the object be placed with reference to a concave mirror 
of 96 cm radius to form a virtual image whose linear dimensions are eight 
times as large? Ans. 42 cm from the mirror. 

7. It is desired to focus the image of an arc light formed by a concave 
spherical mirror on a screen 16 ft. from the arc. If the mirror has a radius 
of 4 ft., where should it be placed? Ans. 2 ft. 3 in. from the arc. 

8 . The sun subtends an angle of approximately 32 minutes of arc. What 
is the diameter of its image formed by a concave spherical mirror whose 
radius is 240 cm? Ans, 11.16 mm. 

9 . The radius of curvature of a convex mirror is 16 in. Where is the 
image of an object 4 ft. from the mirror? If the object is 6 in. long, how long 
is the image? Ans. 6.86 in. back of the mirror; 0.86 in. 

10 . A convex mirror of 16 in. radius forms an image of a landscape. What 
is the ratio of the angle which distant ol \ects subtend at the eye, compared 
to the angle subtended by their images when the eye is 10 in. from the 
mirror? Ans, 9:4. 



CHAPTER 32 

Refraction at a Plane Surface 


420. Snell’s law. The Dutch astronomer Willebrod Snell (1591- 
1626) was the first to discover the law of refraction, proved by means 
of Huygens’ construction in Article 329. Snell did not publish the 
results of his investigation, and they were not known until after his 
death. In the meantime, Dc^scartes had made the same discovery 
and announced the law that if the refracted ray and the inciderd ray 
continued through the point of incidence be intercepted by any line parallel 

to the normal to the surface at the point 
of incidence, the length of the intercepted 
portion of the refracted ray is in con- 
stant ratio to the length of the irdercepted 
portion of the incident ray. This is 
shown in Fig. 33, whore db and pc 
are the incident and refracted rays, 
and their intercepts, by the line abc 
drawn parallel to the normal NN, are 
pb and pc respectively. In accord- 
ance with Descartes’ statement, the 
Fig. 33 . ratio pc : pb is constant. But pc sin ^ = 

ap = pb sin a; therefore pc/pb = 
sin a/sin /S = n. This constant n is known as the index of refraction, 
and is equal to the ratio of the sine of the angle of incidence to the 
sine of the angle of refraction. 

421. Causes of refraction. The proof in Article 329, based on wave 
motion, shows that the law of refraction is due to the change of ve- 
locity when waves enter a different medium across an interface. If 
the waves move more slowly after crossing the bounding surface be- 
tween two media, their direction of propagation (ray) is bent toward 
the normal to the surface. If they move faster, the ray is bent away 
from the normal. This conclusion has been borne out by numerous 
experiments of all sorts, but it is worth noting that the corpuscular 
theory held by Newton could also account for the bending of light in 
accordance with Snell’s law. In order to do so, it was necessary to 
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assume that the corpuscles which constituted light were attracted more 
by denser media than by rarcT, and that in consequence, their velocity 
increased when they entered the denser medium. 

A crucial experiment that proved Newton^s hypothesis to be wrong 
was performed by Foucault in connection with his determination of 
the velocity of light, described in Article 399. He inserted a tube 
filled with water between the fixed and rotating mirrors. This tube 
was closed at the ends with glass plates, so that the beam of light 
passed through it from end to end, both going out and coming back. 
With the tube in position, the displacement of the beam, as viewed 
in the telescope, was greater than when the path was only through air. 
This proved (ionclusively that dense media refract light by decreasing 
its velocity, an assumption needed in explaining refraction by means 
of the wave theory. Therefore, won those who were still unconvinced 
by FresneFs experiments, were obliged at last to abandon the corpus- 
cular hypothesis. 

422. Refraction by a parallel-sided plate. If a ray of light meets 
a parallel-sided transparent plate at right angles, it passes through 
undeviated, as would be expected 
from Snell’s law, but if it is inclined 
at some other angle, it is bent on 
entering the medium, and then bent 
again just as much the other way a 
on leaving it, so that its final and 
original directions arci parallel to 
each other. This is shown in Fig. ^ 

34, where a ray of light, inclined at 
an angle a to the normal, enters and 
passes through a slab of glass. The 
angle of refraction, after passing 
through the surface A A, is which equals (opposite interior angles), 
the angle of incidence at the second surface. Finally it emerges at 
an angle a\ But sin a/sin = n, and sin p^sin a' = n', where n' is 
the reciprocal of n, since the ratio of the velocities is reversed in 
passing from dense to rare. Therefore sin a/sin ^ = sin a' /sin /3', 
and since = 13', a = o', so that the emergent ray is parallel to 
the incident ray. But it has been displaced sideways through a 
distance which depends upon n, a, and t, the thickness of the slab. 
Let d equal the sidewise displacement pa, and let q equal the length of 
the path pb; then d — q sin (a' — fi'), and q = t/cos ff'; therefore 
d = t sin (a' — P')/cos fi', where is known if n and a' are given. 
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423. Total reflection. When light passes from an optically denser 
into an optically rarer medium, ii is partly reflected at the interface, as 

shown in Fig. 35, and partly refracted 
at an angle that is greater than a. 
The amount of light reflected inter- 
nally increases as a increases until, 
when exceeds 90®, none of it emerges, 
and the reflection becomes total. That 
is, all the energy of the original beam 
not absorbed by the medium comes 
back into it again. The limiting 
case, when = 90°, corresponds to a 
certain critical value of a known as 
the critical angle. This differs with different media, and its value may 
be calculated from the relation n = sin fi/ sin a, where the larger 
angle is in the numerator, as usual. When a has reached its critical 
value, jS = 90°, and sin = 1; therefore 
sin ac = 1/n, where ac is the critical angle. 

Thus in a kind of glass whose refractive index 
is 1.5, sin ac = 0.666 +, and ac == 41° 48'. 

This kind of reflection is much more satis- 
factory than that from ordinary mirrors, both 
because there is less absorption of light, and 
because ordinary mirrors give two images, 
one due to reflection at the silvered back, and 
one (much fainter) at the outer surface of the 
glass. Total reflection, on the other hand, occurs at only one surface, 
and there is only one image. If a prism is cut as shown in Fig. 36, 
and if its critical angle is less than 45°, then the incident beam may be 

bent through 90° without sensible loss 
of intensity, and the image is not con- 
fused by a second fainter one. Such 
prisms are used in prism binoculars 
and in certain telescopes where or- 
dinary mirrors or polished metal sur- 
faces would be most unsatisfactory. 

424. Refraction by a prism. If 
a ray of light enters a glass prism 
at an angle of incidence a, as shown in Fig. 37, it is bent toward the 
normal to the refracting surface, passes through the prism, and is 
bent away from the normal on emergence, undergoing a total devia- 





Fig. 35. 
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tion 5. The maximum possible deviation is obtained when the emer- 
gent ray just grazes the second surface; w^hich means that 8 increases 
as a decreases, and is maximum when a is minimum. Now as optical 
paths are reversible, we might consider the emergent ray as the incident 
ray, so that the angular deviation is a maximum when the angle of 
incidence is also a maximum, or 90°. Between these two maxima 
must be a minimum value, and this is found when the incident and 
emergent rays make equal 
angles with their respective 
surfaces, and the path 
through the prism is perpen- 
dicular to the bisector of the 
angle A made by the intersec- 
tion of the two faces consid- 
ered. This arrangement is 
shown in Fig. 38, w^here the 
angles of entry and emergence 
are equal, and the angles /3 arcj 
also equal to each other and 
to half the refracting angle A of the prism, because their sides are mutu- 
ally perpendicular to those of A/2. Consideration of the symmetry 
of the diagram shows that the incident and emergent rays, when pro- 
duced, meet at a point on the bisector of the angle A ; therefore they 
make equal angles with the refracted ray between them, and if the 
total deviation is D, the deviation at each interface is D/2. Then, 
as they are vertical angles, a = jS + /)/2, and substituting jS = A/2, 
we have 



a 


^ + f = |a + i». 


But 


sin a 
n = - 
sin p 

— sin K A + D ) 
^ sin JA 


( 1 ) 


This equation makes it possible to calculate the index of refraction in 
terms of two angles, which are easily measured. It should be espe- 
cially noted, however, that this equation is true only for the symmetri- 
cal case supposed, when the angle of deviation is a minimum. There- 
fore, in finding n by this method, the prism is turned back and forth 
until it is evident that the light is bent less than at any other setting 
of the prism with respect to the incident beam. 
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If the refracting angle of the prism is very small, the deviation is 
small also; therefore in such cases we may take the angle for its sine, 


and then 


A +D ^ 
A ’ 


( 2 ) 


which greatly simplifies the calculation. 
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PROBLEMS 


1. It is just possible to see the bottom of a square jar filled to the brim 
with water, when viewed at an angle of 30® from the vertical. The jar is 
8 in. deep and 3.2 in. square. What is the observed index of refraction of 
the water? Ans, 1.35. 

2 . The critical angle of a slab of glass is found by experiment to be 44®. 
What is its refractive index? Ans, 1.44. 

3 . A small incandescent lamp is immersed to a depth of 64 cm in a tank of 
water. What is the diameter of the circle at the surface of the water which 
bounds the emergent cone of light? (Take n = 1.33.) Ans. 140 cm. 

4 . A prism whose refracting angle is 60® causes a minimum deviation of 
46?3 in a monochromatic beam of light. What is its refractive index? 
Ans. 1.6. 

6. What should be the refracting angle of a prism whose index is 1.6, in 
order to have a minimum deviation of 10®? Ans. 16?4 by equation 1, 
Article 424; 16?7 by equation 2. 

*6. A ray of light passes through a parallel-sided slab of glass 4 cm thick. 
The angle of incidence is 45®, and n = 1.5. Calculate the sideways dis- 
placement of the emergent ray. Ans. 13 mm. 



CHAPTER 33 


Lenses 

426. Types of lenses. Lenses are usually made of glass, but any 
transparent medium having an index of refraction greater than air 
will do; for special purposes lonsra are sometimes made of quartz or 
rock salt. They are bounded by curved surfaces which are usually 
spherical, but may f)e cylindrical or both combined. We arc familiar 
with lenses in eyeglasses, magnifying glasses, photographic cameras, 
and so forth. Their purpose is to change the curvature of the wave 
front of the light which falls upon them. In the eyeglass, this adapts 
the curvature to an abnormal eye. In the magnifying glass or sim- 
ple microscope, the change; of curvature makes an object look larger. 
In a camera, the lens “focuses” an object upon a sensitive plate, where 
an image is formed. There are six possible types of lens defined by 
spherical or plane surfaces. Sections of these types are shown in 



(O) ») (<^) id) (e) (/) 

Fig. 39. 


Fig. 39, and are known as (a), double convex; (6), plano-convex; 
(c), meniscus; (d), double concave; (e), plano-concave; and if), 
concavo-convex. The first three are thicker at the center than at 
the edge, and as we shall see, are converging lenses, that is, tending to 
make divergent rays converge. The others (d, e, and /) are thinner 
at the center and are diverging, tending to make divergent rays di- 
verge still more. In terms of wave-front curvature, a converging 
lens tends to decrease or reverse the curvature of the wave front from 
a real source, while a diverging lens tends to increase it. 

397 
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426. Object and image relations. The equation to be used in lo- 
cating the image (or object, if the image distance is given) is the same 
as that for mirrors, namely, 



For converging lenses, commonly called positive lenses, the sign of / is 
positive, and for diverging lenses, commonly called negative lenses, 
the sign of / is negative. When 7 , the image distance, is positive, the 
image is real. When it is negative, it is virtual. Positive lenses are 
most commonly used, and the relations between image and object 
present six cases of especial interest, similar to those of a concave 
mirror. These anj: 

(а) A telescope forms a real image of a distant star. Here p is 
practically infinite; therefore 1 /p = 0 and from equation ( 1 ), g = /. 
The image is then at the principal focus. 

( б ) A photographic camera forms a real image of objects at a finite 
distance, and usually at a distance from the lens greater than 2 /. 
Then p = 2/ + c, where e is some finite quantity, and 


1^1 1_ 

q f 2f + e 


( 2 ) 


or 9 = 2/ (20 

These show that the image lies between / and 2 /, 

(c) In making photostatic copies of manuscripts, the image and 
object have the same size. This occurs when p = 2 /. Then e = 0 in 
equation ( 2 '), and q = 2 /. 

(d) A projection lantern forms a distant real image of the nearby 
lantern slide, which must lie between / and 2 /. This case is the recip- 
rocal of case ( 6 ). As object and image are always interchangeable in 
geometrical optics, the image lies between 2 / and infinity. 

(e) A flashlight, adjusbd to send out parallel rays, forms an 
image of the glowing filament at infinity. This is the reciprocal of 
case (o), q is infinite, and p = /. Hence an object at the principal 
focus forms a real image at an infinite distance. 

(f) A magnifying glass forms an enlarged image on the same side 
of the lens as the object when the object lies between the principal 
focus and the lens. Solving ( 1 ) for q, we have 



and when p is less than /, q is negative and virtual. 


( 3 ) 
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These six cases are illustrated m Fig. 40. They may be summarized 
as follows: As the object moves from infinity toward a converging 
lens, the image, starting at a distance / on the other side, moves 
farther away until it reaches 2/, when the object is at 2/ also. The 



(6) and (d) 




object and real image are then 4/ apart, which is their nearest 
possible approach. If the object is moved still nearer to the lens, 
the image moves steadily outward, until with the object at the 
principal focus, the image is at infinity. After that the image is 
virtual, with the object inside of the principal focus. 

In the case of a diverging lens, / is negative, and if the object is 
real, q is necessarily negative also. That is, diverging lenses can form 
only virtual images of real objects. If the object is at infinity, the 




Fig. 41. 


Q>) 


image is at the principal focus, which is on the same side of the lens 
as the object, and therefore may be regarded as a virtual focus, as 
shown in Fig. 41 (a). 
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A diverging lens can, however, produce a real image when in the 
path of a sufficiently convergent beam. Its diverging power is then 
insufficient to overcome the convergence of the incident light. This 
arrangement is shown in Fig. 41 (6), where the apex of the dotted conci 
is the real image, /', of the source S formed by the lens C acting alone. 
The point I is the real image formed at a greater distance by the 
combination, where /' is the virtual object at a distance from 
lens D. The location of I is then found by solving the usual equation 
for g, with / and p both negative. 

427. Problems concerning simple lenses. The lens equation con- 
tains three quantities, each of which may be calculated if the other 
two are given. For a givcin lens the focal length is supposed known, 
and we may then find the image distance for a given object distance, 
as in the case just cited. But it is also possible to find the focal length 
of a lens by observing g, with the object a given distance from the 
lens. Or we may find where tin? object must be in order to form an 
image in a given position, when / is known. 

A fourth quantity that may be given or rcHpiired is the magnifica- 
tion. This, as with mirrors, is the ratio g : p. 

As an illustration of the most usual problem, suppose a positive 
lens, whose focal length is 12 cm, is placed 15 cm from a lighted candle. 
Required, the image distance. Then 


15 


+ 


i = i- 

g 12' 


12 X 15 
q = 

and the magnification is 60:15 = 4. 

If the lens had been diverging, then / = — 12, and 

Jl ^ ~ — L. 

15 ^ g 12 


7 = 


12 X 15 
- 15 - 12 


= — 6f cm. 


where the negative sign indicates a virtual image. If g is given and 
p required, we must know whether the image is real or virtual. Or, 
what is the same thing, we must know whether it is inverted or erect, 
because converging lenses, like concave mirrors, form inverted real 
images and erect virtual images, while diverging lenses, like convex 
mirrors, form only erect images. 
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Let it be required to find the object distance when a positive lens 
of 10 cm focal length forms an erect image at 15 cm. As the image is 
erect, it must be virtual; therefore 


i _ i. = i. 

p 15 lO’ 

10 X 15 „ 

and the magnification i« 15:6 = 2.5. 

But if the image had been rcial at 15 cm, then q is positive and 



_1 

10 * 


V = 


10 X 15 

15 - To 


= 30 cm. 


The magnification is 0.5, which is a reduction of size, as is to be ex- 
pected, because q lies between / and 2/, and the object is outside of 
2/, as we have scon. 

428. Minimum distance between object and image. Since an ob- 
ject at infinity has an image at the principal focus F, while an object 
at F forms an image at infinity, and sinc(‘, for all other positions of the 
object greater than /, the image is at a finite distance from the lens, 
it follows that there must be a minimum distance between object and 
imag('. From purely geometrical considerations of the reversibility 
of p and 7, this minimum must be found when p = q- But when 
p = 2/, ^ = 2f; therefore the minimum distance is 4/. This is proved 
algebraically by Pn^stont in the following ingenious manner: In the 
case of a real image formed by a converging lens, 1/g + 1/p = 1/f. 
Squaring both sides of the equation, we obtain 


{1 + IV = /"I _ iv + i- = 
Vp gJ \p gJ pq P 


But as /is constant for a given lens, ^/pq must be a maximum, or p? a 
minimum, when p = g, because this reduces the parenthesis to zero. 

Also, since \ = - - is constant, p + 9 is a minimum when pg is a 

/ pg 

minimum; therefore p + g is a minimum when p = g, or when 
p + g = 4/. 


t T. Preston, The Theory of Light (problem 1, p. 114), Fifth Edition, Macmillan, 
1928. 
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This shows that it is impossible to form a real image of a real object 
on a screen, if the distance from object to screen is less than 4/, which 
is a conclusion of considerable practical importance. 

429. Experimental measurement of focal length. A rough method 
for finding the value of / of a convergciiit lens consists in forming the 
image of a distant objtict or of the sun itself upon a screen. The 
distance of the image from the screen is then approximately equal to 
the focal length. But this important constant of a lens may be found 
with much greater pr(‘cision in the following manner: The lens is 
arranged to form a real image of a nearby luminous source on a screen, 
in such a way that tlu' image is either larger or smaller than the object, 
as in Fig. 42. Thciii p + q must be greater than 4/, for if equal to 4/, 



Fig. 42. 


image and object would be of the same size. With object and screen 
fixed, the conjugate positions of the lens an^ readily found, one 
giving an image larger and the other smaller than the object. 
If the distances d and I are carefully measured, / may be cal- 
culated as follows: The equations, as usual, are 1/p + 1/g == 1//, and 
1/p' + 1/^' = 1// for the two positions of the lens. But as the 
image and object are interchangeable, p — q' and q = p', so that 
one equation answers for both cases. Also, p + g = Z, and p — q^d. 
Solving these equations for p and q, we have 


l + d 



Substituting these values in the lens equation, we obtain 

2 2 _ 1 
l + d'^l-d f 
41 ^ 1 

P - d^ f 


and 
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Thus / may be found in terms of Z, which may be measured with prc'- 
cision, and of d, whose determination depends upon the skill with 
which the object is focused in the two positions. 

430. The general formula for simple optical systems. Before we 
derive the lens formula and show how to calculate / from the known 
constants of the lens, it is well to obtain a more fundamental relation 
which applies to both mirrors and lenses, and from which the lens 
formula easily follows. 

It is desired to find how the curvature of a wave front is altered 
when it passes from one medium into another of different optical 
density. We shall supposes that the bounding surface between the 
two media (the interface) is spherical, though it may be plane when the 
radius of the sphere is infinite. We shall also adopt a convention 
opposite to that used with mirrors, and regard distances measured 
from the interface as positive when th(*y are measun^d away from the 
source, and distances measured toward the source as negative. 

In Fig. 43 let the spherical surface ABC, of radius ii, separate the 
medium numbered 1 (air) from the denser mc'dium numbered 2. Let 
an object 0 be at th(^ 
negative distance — p 
from the pole R of the 
surface, and consider a 
ray OP which meets ^ 
the surface at P, mak- 
ing the angk? of inci- 
dence i with the normal Fig. 43 . 

DP produced. This ray 

is then refracted toward Di^, with which it makes the angle of refraction 
r, and at the image point I it makes an angle c with the axis. From P 
a line y is drawn normal to the axis and meeting it at G. 

Ix^t q represent the image distance BI, and let a and 6 represent 
the angles POP and PDB respectively. Then by referring to the 
triangle PDO, we find that the exterior angle i equals the sum of the 
opposite interior angles, or 

£i = Za + Z6. (1) 

Similarly in triangle PDI 

Z6 = Zr + Zc, 

or Zr = Z6 - Zc. (2) 

If we assume that the angles i and r are small, as is generally the case 
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in such problems, we may set their sines equal to their angles measured 
in radians without serious error; 


then 


sin ^ 
sin r 


= - = n. 


Dividing (1) by (2), and substituting n, we obtain 

(I -{• h 


h - 


= n. 


(3) 


Taking the sinews or i,ang(;nts of small angles equal to the angles, 
also taking OG = p and GI = q approximately, then Za = y/ -pj 
Zb — y/Hy and Z c = y/qy approximately. Substituting these values 
in (3), transposing, and canceling the common term y, we obtain 



(4) 


We shall now define a new quantity, p. This represents the ratio 
of the velocity of a beam of light after passing into a new medium, to 
the velocity before that change. In the case considered above, tlu' 
second medium is denser than the first, the second velocity is theri'- 
fore the lower one, and p is equal to the leciprocal of /i, which always 
expresses the ratio of the higher to the lower velocity regardless of 
which came first. 

We shall also introduce curvatures in place of tla? reciprocals of the 
radii of curvature as indicated below. Thus in the case represented 
by Fig. 43, 

p =-, the reciprocal of the refractive index. 


Cl the curvature of the wave front incident on ABC. 

V 

C 2 ==“, the curvature of th(? wave front after pasvsing through ABC. 

<S the curvature of the bounding surface, or interface. 

Equation (4) may now he written 


- Cl + .S = i (S - C 2 ), 

p 

which reduces to the convenient form 


C 2 = pC, + (1 - p)S. 


( 6 ) 
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This gives the curvature of the modified wave front in terms of known 
quantities, while the reciprocal of C 2 gives us the image distance q 
measured from the pole B. 

Equation (5) applies to all cases of reflection and refraction wlii(;h 
come within the scope of geometrical optics. For instance, let us 
consider reflection by a plane mirror whose curvature S is zero. In 
this case the change in velocity involves only a reversal of direction, 
but no change of speed, so p = —1. Therefore, setting >S == 0, and 
p = —1 in equation (1), we obtain C 2 = —Ci, which means that the* 
reflected and original wave fronts have equal and opposite (curva- 
tures, so that their centeers (image and object) are equidistant from 
the interface and on opposite sides, as has already been proved by the 
ray construction. Again, if we consider a concave sph(irical mirror, 
p is still equal to —1, but S is no longer zero and is negative because 
the mirror’s center of curvature li(\s toward the source. Therefore 
C 2 = —Cl — 2 aS = —Cl — 2lr, Then s(^t Ci = ~l/p, where p is 
object distance, and C 2 = ~1/^, where q is the real image distancce, 
both being negative because they an' measured toward the source. 
Making these substitutions, we obtain 

1 + 1 = ?, 

p q r 

which was also proved by ray construction. 

Anotht^r interesting application of the formula is to the case of an 
object on one face of a plane paralkJ-sided slab of a transparent me- 
dium, such as a layer of water when the object is seen through the 
medium. In this case S = 0, and p = n, the index of refraction of 
the substance, because we are now passing from a denser medium into 
air. Then C 2 = nCi, or </ = p/n, which moans that the object ap- 
pears nearer than it really is. In other words, the apparent distance 
below the surface is one 
nth of the true distance. 

431. Proof of the gen- 
eral lens formula. In 
passing through a lens, 
a beam of light encoun- 
ters two bounding sur- 
faces instead of one, and 
the curvature of the wave front suffers two modifications. In Fig. 44 
the original wave front starting at 0 has a curvature — Ci when it meets 
the lens. After emerging from the lens, its curvature is C 2 , which is 
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here assumed positive, so that a real image is formed at / at the posi- 
tive distance q from the lens. The curvatures of the two lens sur- 
faces are S\ and S 2 . Both have purposely been made positive with 
their centers of curvature away from the source of light. 

The original beam, after passing through the first interface, is 
modified in accordance with equation (5) of Article 430. As Ci is 
negative, this becomes 

C = -PiC, + (1 - pOSi, (1) 

where pi is the ratio of velocities, in this case equal to 1/n, and C' is 
the modified curvature within the lens. This modified wave front 
changes curvature in passing through the lens, but if the lens is thin 
in comparison with the image and object distances, the change may 
be neglected.t 

We now apply the same equation to the passage of the beam 
through the second interface. This time C' takes the place of C\ in 
equation (1), C 2 replaces C', and P 2 replaces pi. Then 

C 2 - P 2 C' + (1 ~ P2)S2. (2) 

Substituting the value of C" from (1) in (2), we obtain 

C 2 = P2[-PiCi + (1 - Pi)A] + (1 - p,)S2. (3) 

Then substituting 1/n for pi, and n for . 02 , and collecting terms, we 
have 

C 2 = -Ct + (n - l)(Si ~ S 2 ). (4) 

The quantity (n - l)(Si — S 2 ) or (n - l)(l/ri — l/r 2 ) depends 
upon the index of refraction and the radii of curvature of the two 
surfaces. It is called the optical power of the lens, and may be 
represented by the Greek lett<^r (f>, so that (4) becomes 

% ^2 = — Cl + <t>. (6) 

iThis shows that the lens may decrease the original curvature Ci or 
reverse it, when is positive. It increases the original curvature 
v 'hen is negative. The power of a lens is measured by optometrists 
in diopters. This is the numerical value of <l> when the radii of the 
curvatures n and r 2 , as well as the distances p and q, are measured in 
meters instead of centimeters. Converging lenses have positive 
optical powers, and tend to increase the curvature of a convergent 

t As represented in Fig. 44, this would not be permissible. Here the lens is 
purposely made thicker than usual in order to make a clearer diagram having C 2 
greater than ^ 2 . 
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wave front (plus before Ci), while diverging lenses have negative 
optical powers and tend to increase the curvature of a divergent 
wave front (minus before Ci, as in equation (5)). 

432. The simplified lens equation. If equation (5) is applied to 
a positive lens when the source of light is at infinity, the curvature Ci 
of the incident wave is zero (plane wave front), and C 2 = <^. This 
means that the modified wave front is convex toward the source 
(C 2 is positive) and its center lies on the opposite side of the lens, as 
shown in Fig. 40 (a and e). But we know that this center is the prin- 
cipal focus, so its distanc(i / from the lens is the reciprocal of the 
curvature C 2 . Hence 



or the power of a lens is equal to the reciprocal of its focal length. 

The incident wave front usually originates in a real ^^object,^' and 
its curvature is therefore convex toward the lens and negative. At 
the lens its radius becomes the object distance, and Ci = 1 /p. Simi- 
larly the emergent wave front has a center of curvature toward which 
it converges, or from which it diverges. The distance from the lens 
to this point is the image distance, and C 2 == 1/q- Then if we sub- 
stitute these values for 0 , Ci, and (^ 2 , equation (5) of the preceding 
article reduces to 


1 4. 1 = i 
P f 


( 2 ) 


as was stated without proof in Article 426. This equation assumes 
a real object at a negative distance —p from the lens. But if we had 
taken a converging wave front having a virtual object point a 
positive distance p beyond the lens, all three variables would be p -ive 
and the equation would have the more general form I /7 — 1 /" - 1 //. 
The objection to this equation is that a real object has a i jgative 
object distance, and we have to remember to give p a negative sigi^ 
in nearly all lens problems, while in using ( 2 ) this is already taken 
care of. 

If the lens is a diverging one, <t> and its reciprocal / are both nega- 
tive and the equation becomes 



( 3 ) 
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The changes in the curvature of the wave front, when a positive 
lens forms a real image, are shown in Fig. 45. The wave entering the 
lens is progressively retarded, and thus its curvature is reduced. 

As it emerges, the portions which 
leave the retarding medium first 
speed up first, and so reverse the 
original curvature. If the lens 
is diverging or negative, the first 
face, if concave, may have very 
little effect upon the curvature 
of the wave front. But when it emerges from the second face, the 
portions near the axis come out first, and speed up in air be^fore the 
portions far from the axis. This results in increasing the original 
(jurvature, as shown in Fig. 46, and a virtual image is formed at /, 
the center of curvature of the emergent 
wave front. 

433. Optical center. A ray of light 
passing along the axis of a lens is of 
course undeviated, but there are other 
paths through a lens which involve no 
deviation, but only a slight lateral dis- 
placement, as when a ray goes through 
a parallel-sided slab. The intt^rscction these I'ays is known as th(* 
optical csnter of the lens, and is shown at P in Fig. 47, where the axial 
ray R intersects another drawn through the points A and B. Thes(‘ 

two plaiKis tangent to the lens sur- 
faces at A and B are parallel to 
each other, as indicated in the 
sectional ^ iew given. Two planes 
fulfilling such a condition may be 
found for any kind of lens, but P 
is at the center only when the lens 
is symmetrical about that point, 
as in types (a) and (d) of Fig. 39, 
with both curvatures equal. Any 
ray passing through P is unde- 
viated; also all undeviated rays must pass through this point. 

It is not very difficult to prove that the location of P is given by 



Fig. 47. 
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where g is as shown in Fig. 47, n and r 2 are the radii of curvature of 
the faces of the lens, and t is its thickness measured along the axis. 
If the lens is plano-convex with the plane side facing the source, n is 
infinite and g = 0. This means that P lies in the convex surface. 
Considering a meniscus lens as shown in Fig. 39, both curvatures are 
positive and r 2 is greater than n. Therefore g is positive and greater 
than tj and P lies outside the convex face. In the case of a con- 
cavo-convex kins, both curvatures have the same sign as for a meniscus 
lens, and both may be taken as positive, but now n is greater than r 2 ] 
therefore g is negative, which means that P lies outside th(i concave 
face. 

434. Construction of images. We have so far discussed only point 
sources of light lying on the axis of the lens, but as in the case of 
mirrors, it is easy to (ionstruct an image of a real object point by point, 
if we make use of the intersection of two rays whose paths are known. 



This is shown in Fig. 48, w^here a point such as A lies on what is called 
tlie secondary axis APA'j and its image must lie somewhere on this 
axis. Its exact position is found from the intersection of the two 
rays I and m. Thus I is drawn parallel to the axis, and after emergence 
it passes through F like all parallel rays when the lens has a small 
aperture. Ray m is drawn through the optical center, forming a 
secondary axis. It is undeviated, and its sidewise displacement is 
ignored because the lens is supposed thin. 

In a similar manner we may locate the image B' of the point B, 
and so construct the entire image, which is inverted like all real 
images, and larger than the object. It is also perverted if it extends 
into space at right angles to the plane of the diagram. In the case 
shown, the object is between / and 2/, so that the image is outside 2/. 
But image and object may always be interchanged, so that A'B' may 
be thought of as the object and AB its image, which is then smaller 
than the object. 
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Fig. 49. 


If the object intersects the axis of the lens at F, it is said to lie in 
the focal plane of the lens. Then the rays from any point of the 
object are parallel after passing through the lens, and in general, 

inclined to its primary axis DPD\ 
Their direction is that of a secon- 
dary axis APA\ as already ex- 
plained, and the image is infinitely 
distant, as shown in Fig. 49. 

When the object .4B is inside F, 
as in Fig. 50, then the construction 
of the virtual image calls for a back- 
ward production of the emergent rays, which diverge because the lens 
has not sufficient ^^power’' to converge those originating so near it. 
To an eye situated to the right of the lens in Fig. 50, the rays shown 
appear to originate at A' instead of .4, and the complete image A'B^ 
is s(^(jn at a greater di^ance than 
the object. It is enlarged and erect 
instead of being inverted like a 
real image. 

Images of real objects, formed 
by diverging lenses, arc always vir- 
tual, and the principal focus is in 
a sense virtual also. Thus a ray 
drawn from A in Fig. 51, parallel 
to the axis, is bent away from it 

after emergence, but when produced backward it intersects the axis 
at F, and crosses the undeviated ray through P at ^4', which is there- 
fore the image of A, The complete image A'B^ is therefore nearer the 
lens than the object AB^ and is erect but reduced in size. 

435. Magnification by lenses. 






p* 



I 


F 


Fig. 50. 



In all the preceding construc- 
tions we can find two similar 
triangles whose altitudes are simi- 
lar portions of object and image. 
These in Figs. 48, 50, and 51 
are ADP and A'D^P, There- 
fore ADIA^D'-^DPIUP'^p/q, 
where p and q are the object 
and image distances respectively. Since AD and A 'JO' are corre- 
sponding parts of the object and image (half its length as illus- 
trated), the ratio of the size of the image to that of the object is as 
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q is to p, or equal to the ratio of their respective distances from the 
optical center. An image nearer the lens than the object is therefore 
smaller, but if more distant, it is larger than the object. This ratio 
of image to object is called the magnification of the lens, but this 
purely linear •relation must not be confused with another use of 
the word magnification as applied to perception by the eye, when 
the apparent size of both image and object are considered, as will be 
explained later. 

436. Spherical aberration. A spherical wave front, produced by a 
point source on the axis of a converging lens, is no longer spherical 
when it emerges from the lens, a fact that is increasingly apparent as 
the aperture of the lens is taken larger and larger. 

The emergent wave front is as shown in Fig. 52. The normals to 
this surface intersect in caustic curves of which it is the evolute. 
These caustics form a cusp at F, which 
is the principal focus of the lens, and 
a point where an ideal pencil of rays 
at the axis would be concentrated. 

An important consequence of 
spherical aberration is the increas- 
ing distortion of the image of an ob- 
ject at inc;reasing distances from the 
axis. This may be corrected by the 
use of a “diaphragm’’ of small aperture placed close ip the lens to 
shut off all the light except near the axis and prevent distortion at 
the expense of most of the illumination. 

If such a diaphragm is moved from the lens toward the object, the 
image becomes brighter, but the marginal rays (far from the axis) 
now pass through. This produces “barrel distortion” of the image, 
as shown in Fig. 53 (a), where the object AB is a rectangular mesh 
seen edgewise. The diaphragm D shuts out those rays which would 
form the undistorted rectangle of altitude ab, but it passes the mar- 
ginal rays which experience spherical aberration. These marginal 
rays are bent too much, as was shown in Fig. 52, and produce the 
images a' and 6'. Thus the dimensions of the rectangle are reduced, 
and increasingly so at increasing distances from the center 0. The 
point p, for example, approaches 0 through the distance pp', 
while Qf which is farther off, approaches 0 through the greater 
distance gg'. 

If the diaphragm is on the other side of the lens, as in Fig. 53 (5), 
the image of the rectangle AS is stretched out by the marginal rays 
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to an altitude a'6' instead of ab which would be the imagers undis- 
torted altitude. The result is ‘‘pincushion distortions^ due to the 
stretching out of such points as p to p', while g, more distant from the 
center, is stretched through a greater distance to g'. 

If two similar lenses are used, and the diaphragm is placed midway 
between them, the two types of distortion tend to correct each other. 
This is usual in the compound lens of a photographic camera. 



The two l^nds of distortion described above may be strikingly 
demonstrated by placing the mesh in a converging beam of light 
whose focus is at the opening in the diaphragm. The diaphragm is 
then no longer needed, but the lens L must be placed with reference 
to the focus of the converging beam as if the focus were the opening in 
the diaphragm. 

437. The correction of defects. For lenscjs of fairly large aperture, 
this is possible only when two or more lenses are combined. The 
simplest combination, as explained in Article 436, is a pair of similar 
positive lenses with a diaphragm midway between them. This cor- 
rects distortion, and if the diaphragm is correctly chosen, gives uni- 
form illumination of the field. A very costly method is the grinding 
of lenses with nonspherical surfaces. In this way it is possible to 
eliminate spherical aberration completely for a specified object dis- 
tance. 

A very simple device, which results in a partial correction of aberra- 
tion of rays parallel to the axis, is that of a plano-convex lens with 
its curved surface toward the source of light. A ray parallel to the 
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axis, which meets the lens near its outer edge, passes through the 
glass at an angle which may be perpendicular to the median of the 
angle at i4, as shown in Fig. 54. If w'e regard 
the shaded portion of the lens as a small prism, 
such a ray experiences minimum deviation 
and intersects the axis at a point / very near 
the principal focus. 

438. Thick lenses. When a lens is too 
thick to permit use of the approximation used 
in deriving the lens formula, it is still possible 
to calculate the position of an images, or the focal length, by a method 
devised by Gauss. This amounts to (dirninating the central portion 
of the lens by means of the construction of the principal planes, ab 
and a'Vj in Fig. 55. From these the object and image distances, as 
well as the focal lengths, are measured, instead of from a plane 
through the optical center of the lens. Th(‘ points H and H\ where 
the principal planes cut the axis, are called the principal points of the 
lens, and the object and imag(^ planes, cutting the axis at D and D', 
are called conjugate planes, because every |X)int in the D plane corre- 
sponds to an image point in the D' plane, if we neglect spherical 
aberration or other hms defects. 

Now consider a ray from A which passes through the principal 
focus F of object space. This ray is paralh^l to the axis after emer- 
gence, and aH = a' IF. The ratio of these distances is obviously 

unity for this partic- 
ular ray; therefore 
the principal planes 
are often called unit 
planes, because the 
conjugate points a 
and a/ are equidis- 
tant from the axis. 
This is true of all such 
points; therefore IF 
is the conjugate of //, and the rays AH and are conjugate rays. 

In double convex lenses, the principal planes are always inside the 
lens; in others they may lie on the surface or outside. Their approxi- 
mate location for the different kinds of lens is shown in Fig. 56 If 
the positions of the planes are known, we may use the lens formula to 
locate an image point, by measuring p and q from th(^ principal planes, 
and we may construct images as indicated in Fig. 55, using the rays 
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AH and H'A'^ which arc parallel but not in the same straight line, 
like the rays through the optical center of thin lenses. 



Fig. 56. 


439. Image of a pencil of parallel rays inclined to the axis. Light 
from objects at a great distance has a plane wave front, and if the 
source is not a point, there are many such wave fronts inclined to 
each other. In other words, there are many bundles of parallel rays, 
each originating in a point of the object. Let I and m in Fig. 57 be 
two rays from a point of a distant object, and let I pass through the 
principal focus in object space, as shown. This ray emerges parallel 
to the axis so that y = y'- But the other ray, m, which does not pass 
through F, intersects I at some point P, which is the image of the 

source of these rays. 
From the diagram, it 
is evident that y = f 
tan a, where / = FH» 
Similarly the ray n, 
parallel to the axis in 
object space, cuts the 
axis at F' at an angle 
j8 in image space. 
Therefore y' = /' tan /3, where/' = F'ff'. Tht se expressions for y and 
2 /' are useful in the experimental location of the principal planes. 

440. Combinations of lenses. A pair of thin lenses close together 
may be treated approximately as a single thin lens. We have seen 
that such a lens modifies the original curvature according to the rela- 
tion C 2 = —Cl + <^i, where <l>i is the power of the lens. A second 
lens would act on C 2 (assuming no change of curvature between the 
lenses) according to the relation Cs = C 2 + <fc, where th is the power 
of the second lens, and C 3 is the curvature of the emergent wave front. 
Therefore C 3 = —Ci + <Ai + 02 . But 0 i == I// 1 , and 02 — I// 2 ; 
therefore, setting Ci = 1/p, and Cs == 1/g, we have 

1.11.1 
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where both fi and /2 may be either positive or negative according to 
whether the lens considered is converging or diverging. 

If the object is at infinity, 1/p = 0, and the image distance q is the 
focal length /' of the combination. Introducing these values in (1), 

we obtain i i i / / 

1 = 1+1 orf' - 

r fi+h 


( 2 ) 


If we make use of diopters, the calculation is still simpler, for then the 
power of the combination is given by <^' = 0i + <^>2 = 100//' diopters. 
But this expression, like (2), is valid only when the lenses are close to- 
gether. 

If the two thin lenses are not in close contact, we must allow for a 
change in curvature of the wave front as it advances from the first 
to the second lens. Let us assume that the first 
lens produces a converging wave. Then the 
radius of curvature of the wave front C 2 , as speci- 
fied in Article 431, is decreased in passing from the 
first to the second lens. In Fig. 58, let r 2 be the 
radius of the curvature C 2 , and let d be the distance 
the wave front travels between the lenses. Then 
rs is equal to r 2 — d. But r 2 = qi, the image dis- 
tance from the first lens, and this image is a virtual 
object for the second lens; therefore, if we apply the lens equation to 
the second lens, we must substitute p 2 = and obtain 



1 

-(qi -d) 



1 


( 3 ) 


But qi is found from the same equation applied to the first lens, or 



1 

Qi 



( 4 ) 


Therefore, to locate the final image, solve equation (4) for qi and 
substitute in (3). 

If, for instance, /i = /2 = 20 cm, d = 10 cm, and pi = 30 cm, then 
from equation (4) qi = 60 cm, and gi — d = 50 cm, and from equa- 
tion (3) 111 


and q 2 == 14f cm, measured from the second lens. 

If the lenses had been close together, by using equation (1) we 
should obtain g' = 15 cm. 
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PROBLEMS 

1. A micrometer microscope, sighted on an object at the bottom of a jar, 
must be raised 0.77 cm when a layer of 2 cm of carbon bisulphide covers it, 
in order to restore the focus. What is the index of refraction of the liquid? 
Ans. 1.63. 

2 . Calculate the power of a double convex lens in diopters when its index 
of refraction is 1.5, and the radii of curvature of its faces are 18 cm and 24 cm. 
Ans. 4.85 diopters. 

3 . Calculate the focal length of a meniscus lens having the same radii 
as the lens of Problem 2. Ans. 144 cm. 

4 . A lens forms at 60 cm a real image of an object at 45 cm. What are 
its focal length and its power in diopters? Ans. 25.7 cm; 3.9 diopters. 

6, A converging lens whose focal length is 40 cm forms a real image at a 
distance of 60 cm. How far is the object from the lens? Ans. 120 cm. 

6. If the object is at a distance of 16 cm from a converging lens whose 
focal length is 24 cm, locate the image. An.s’. Virtual ; 48 cm from the lens. 

7 . A diverging lens has a power of 4 diopters. How far from the lens is 
the virtual image of an object at 50 cm? Ans. 16.7 cm. 

8. Locate the optical center of a meniscus lens whose maximum thickness 
is 1.5 cm and whose radii are 12 cm and 20 cm. Ans. 0.56 cm. 

9. A candle flame is focused on a screen 180 cm away from it, by a con- 
verging lens. The lens is then moved 45 cm nearer the screen and forms a 
new and smaller image there. What is the focal length of the lens? Ans. 
42.2 cm. 

10 . In a pair of thin lenses close together, one is diverging with a focal 
length of 84 cm; the other is converging with a focal length of 60 cm. The 
combination is 3 m from an object. What is the distance between object 
and image? Ans. 10 rn. 

11 . If the diverging lens in Problem 10 is moved 40 cm away from the con- 
verging lens, which remains 3 m from the object, what is the distance between 
image and object? Ans. 4 m. 

12. Two converging lenses, whose focal lengths are 40 cm and 24 cm, are 
80 cm apart. An object is 60 cm from the 40 cm lens. How far is the 
image from the 24 cm lens? Ans. 15 cm. 

13 . If the object in Problem 12 is 30 cm from the 40 cm lens, how far is the 
image from the '24 cm lens? Ans. 27.3 cm. 

14 . A compound lens is made of a converging lens of 12 cm focal length 
and a diverging lens of 15 cm focal length placed 3 cm behind it. What is 
the back focal length of the combination? Ans> 22.5 cm. 
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Optical Instruments 

441. The photographic camera. This device has its name from 
the earlier ^^camera obscura’^ (dark room), a light-tight enclosure 
fitted with a lens which formed a real inverted image of (external ob- 
jects on a wall opposite th(» lens. In photography the image is formeid 
on a plate sensitive to light. The portions of the plate illuminated 
during the exposure undergo chemical changes which are later made 
visible in the process of ^ ^developing,'' afh^r w^hich the ^^fixing" bath 
removes all sensitivity. 

In general, the object lies far beyond the doubled focal length of 
the lens, so that the image is formed between/ and 2/. It is therefore 
invert(.‘d and smaller than th(^ object. If the object is far distant, the 
plate is in the plane of the* principal focus. But for nearer objects, 
the distance between lens and plate must be lengthened, and if the 
object is at 2/, the imag(‘ distance is the same, and the photograph is 
the same size as the object. This arrangement is used in copying 
cameras to reproduce drawings or manuscripts in the same scale as 
the originals. Enlarging cameras and those used in microphotog- 
raphy have the object just outside of the principal focus, and the 
image is enlarged as much as is desired. 

442. The projection lantern. This is an ordinary camera reversed. 
That is, object and image have changed places. Instead of forming 
a small image, close to the lens, of a large object much farther off, 
the lantern forms a large distant image of the illuminated slide close 
to the lens. In both the camera and the projection lantern, the ray 
construction and lens equation are identical, being simply the 
case of a real image formed by a converging lens, as illustrated in 
Fig. 48. 

In Fig. 59 is shown the arrangement of the various parts of a 
projection lantern. Light rays from an arc A are brought together 
by a condensing lens C. This gives an even illumination over the 
slide P placed just outside of the principal focus of the projecting 
lens. This lens is compound, with principal planes H and H' as 
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indicated, and it forms a real image of the slide at a distance q on 
the screen S. 



443. Rating of camera lenses. A rating of the “speed” of a lens 
depends upon its opening, or the size of stop used. It is measured 
in terms of the ratio of the focal length to the diamet()r of the stop or 
lens opening. This is proved as follows: Illumination varies as the 
area of the luminous source (other things being equal) and inversely 
as the square of the distance between the source and illuminated 
surface. That is, / oc where A is the area of the stop, or effec- 
tive lens opening, and S is the distance from that opening to the plate. 
But A varies as the square of the diameter of the opening, and S for 
distant objects may be taken as the back focal length of the lens com- 
bination. Therefore 

. kd^ 
yT' 

where A; is a constant. 

The time of exposure varies inversely as the illumination, so that 
the speed of a lens depends upon/^/d^, and the ratio //d may be taken 
as its measure. Or rather, f/d is the mt^asure of the speed with an 
opening whose diameter d may be that of the unstopped lens or of 
some diaphragm. Thus if / is 12 inches and d is % inch, then the 
lens is said to have an aperture of //16, since the focal length is six- 
teen times the stop diameter. In order to halve the exposure, we 
should need a stop having twice the area, or a diameter of 
inches. The aperture f/d is then 11.3, written //11.3. Similarly an 
aperture of //8 would call for one quarter of the exposure time needed 
by //16. Thus if we know the correct exposure for a plate of known 
sensitivity when the aperture is, say, //16, the exposure for other 
openings is easily computed quite independently of the particular 
make of lens employed. 
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444. The telephoto lens. Photographs of distant objects may be 
enlarged from the original negative. But such enlargements usually 
are somewhat lacking in detail and clearness, so it is often desirable 
to have a larger image on the original negative. This may be done 
by using a very long focus lens and then greatly extending the back 
focus of the camera by an extension bellows. But a better way is to 
use a telephoto lens combination which enlarges the image without 
changing the back focus. 

A telephoto combination is made by placing a diverging lens of 
considerable power behind a converging lens of less power and nearer 
the converging lens than its principal focus. Thus a real image is 
formed, as was explained in Article 426. If the focal lengths of the 
two lenses and their separation are correctly chosen, the principal 
planes are located well outside of the positive lens, as shown in Fig. 60. 



This is constructcdf to scale for a double convex lens having a 6-inch 
focus placed 4 inches in front of a double concave lens having a 3-inch 
focus. The line H is the trace of the first principal plane, if we assume 
the light traveling from left to right. The line is the trace of the 
second principal plane, and 0 and O' are the principal points. The 
point F' is the back principal focus of the combination. Calculation 
shows that the equivalent back focal length O'F' is 18 inches, and 
that the image A'F' formed there is 6 inches behind the negative 
lens L'. This is the same distance it would be behind the positive 
lens L used alone, as indicated by the image AF/. Therefore the 
relative sizes of A'F' and AF/ is 18:6, or 3:1. We have thus 
obtained a magnification of three diameters without altering the 
back focus P'F' of the camera. 

446. The eye. This is really a camera obscura, with the screen, 
or retina, concave toward the lens, so that objects away from the axis 

fJ. P. C. Southall, Mirrors f Prisms and Lenses (pp. 368 ff.), Macmillan, 
1933. 
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Fig. 61 . 


are brought to a sharper focus than is possible on a plane surface. 
The lens L, shown in Fig. 61, is known as the crystalline lens. It is 
doubly convex with its outer surface less curved than the inner one. 
This lens lies between A, the aqueous humor (really another lens), 
and Vy the vitreous humor, both of which are more or less fluid and 
have different refractive indices. The iris, //, is a diaphragm having a 
circular opening of variable diameter, so as to control the amount of 

light admitted to the retina, JK, where the 
image is formed. The outer coatings of 
the eye are C, the transparent and tough 
cornea, which protects the lens, and S, 
the opaque, horny sclerotic. Between the 
sclerotic and the retina is a thin black 
membrane called the choroid, which, like 
the black interior of a camera, prevents 
internal reflections. 

Unlike the photographic camera, focusing is accomplished mainly 
by altering the focal length of the lens. This is done by the muscles 
(id, which act upon the crystalline lens so as to increase chiefly its 
front curvature, enabling it to focus on nearby objects. Wlien the 
eye is relaxed, the lens is in a condition for focusing distant objects on 
the retina. But when nearer objects are viewc^d, the focal length is 
decreased by thickening the lens as a result of muscular effort, so that 
the image distance niinains nearly constant for a wide range of object 
distances. This process, known as accommodation, is more perfect 
with young persons, who can see objects distinctly even five or six 
inches away, than with older people. In geneial, 10 inches, or 25 
centimeters, is regarded as the distance of most distinct vision. This 
distance, denoted by D, is taken arbitrarily as the minimum object 
distance for the normal eye. 

The image received on the retina is inverted, but the sensation 
produced in the brain, where it is earned by the optic nerve, 0, is 
interpreted as an erect visual image. 

On the axis of the lens is a yellowish area of the retina (F), which 
is somewhat thicker there than elsewhere. This is known as the 
yellow spot. At its center is a depression into which only very fine 
nerves extend, and where our ability to see the minute structure of 
objects is greatest. The yellow spot in general, and its center (fovea 
centralis) in particular, is that portion of the retina where the particu- 
lar thing we are looking at is focused, and visual impressions there are 
more distinct than elsewhere. Objects seen *‘out of the comer of the 
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eye’' are focused at other points on the retina, but are not brought 
to our attention with the same intensity. 

The place where the optic nerve enters the eye is not adapted to 
receiving visual impressions directly, and is known as the blind spot. 
We are not aware of this gap in our field of vision because it is filled 
in with the color of its surroundings. However, it may be found by 
placing two black dots side by side and 7 or 8 centimeters apart on a 
piece of white pap(T. Then if the left eye is closed and the left-hand 
dot is viewed with the right eye at the distance of most distinct vision, 
the other dot disappears. 

446. Defects of the eye. In some eyes the lens has^Jtoo short a 
focal length compared to its distance from the retina, which may be 
unusually great owing to a very dec^p eyeball. Such an eye cannot 
focus clearly on distant objects, although a sharp image may be 
formed of objects much too near to be seen clearly by a normal eye. 
This is nearsightedness or myopia. The image of an object at a dis- 
tance is formed at F, which 
lies in front of the retina, as 
shown in Fig. 62 (a) , but with 
the aid of a diverging kms it 
maybe made to fall directly 
on the retina, as in Fig. 62 («) (fc) 

(&). If such an eye cannot 

focus on an object more distant than 6 centimeters, for instance, the 
focal length of the proper concave lens to enable it to see clearly at any 
specified distance, as 24 centimeters, may be found as follows: For 



the unaided eye, 111 


( 1 ) 


For the eye and eyeglass combined. 


1 = 

24 q X 


where x is the focal length of the required lens. Then subtracting 
(2) from (1), we obtain 


^ whence X = —8 centimeters. (3) 

6 24 X ^ 


This indicates a negative lens having a power in diopters of — 100/8 = 
~ 12.5, and the eye may be regarded as having an excess curvature of 
+ 12.5 diopters. 
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When the lens of the eye has too long a focal length, due either to 
too little curvature or to an abnormally shallow eyeball, the image of a 
nearby object is formed behind the retina, as in Fig. 63 (a), though 
more distant objects are seen clearly. Such an eye must be aided by 
a converging lens, which adds, as it were, the necessary curvature to 

the lens of the eye, as shown 
in Fig. 63 (6). This defect 
is called hypennetropia, or 
farsightedness. The requi- 
site lens for reading at the 
standard distance of 10 
inches may be found by the 
same method as that just used for myopic eyes. Suppose a far- 
sighted person cannot see objects distinctly when they are nearer than 
3 feet. Then for the unaided eye 



.1 + 1 = 

36 ^? 


1 

/■ 


But with the added convex eyeglass, 


10 ^ 


Subtracting (2) from (1) as before, we obtain 


1 _ ^ 1 
id 36 x' 


( 1 ) 

( 2 ) 

( 3 ) 


whence x = 13.8 inches, or 35.1 centimeters. This indicates a posi- 
tive lens having a power of 2.85 diopters, which is needed to correct 
a deficiency of — 2.85 diopters. 

Either problem could also have been solved by considering it to be 
the function of the eyeglass to form a virtual image at the distance 
required by the eye. In the case of the farsighted eye, this would 
mean a lens which would form a virtual image at 36 inches of an object 
at 10 inches. Then, since virtual image distances are negative, we 
have 

ro-M-i’ w 

which is the same as equation (3) above. 

Loss of the power of accommodation is a third defect of the eye. 
This difficulty, known as presbyopia, is common to most persons 
after the age of about 45, and is due to decreasing power of the 
muscles to thicken the crystalline lens so as to enable it to focus on 
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nearby objects. It differs from hypermetropia in that the lens and 
depth of the eyeball may be perfectly normal, but for reading or any 
other close work, converging lenses must be used to supply the curva- 
ture which the muscles are unable to furnish. 

447. Astigmatism of the eye. Many persons suffer from a defc^ct 
of the crystalline lens in which cylindrical curvature is added to its 
normal spherical curvature. This is known as astigmatism, a name 
derived from the Greek, which refers to the fact that the lens does not 
form a spot (a = not, stigma = spot) image of a point object. 

The thickening of the glass tub(‘ of a clinical thermometer above 
the thread of mercury is a well-known example of a cylindrical lens. 
The width of the thread normal to the axis of the cylinder is magni- 
fied, while its length, parallel to the axis, is not. Thus a cylindrical 
lens acts like a spherical lens in forming the image of a line normal to 
its axis (that is, the width of the thread of mercury), but it has no lens 
effect upon a line parallel to its axis. Lines having intermediate direc- 
tions are of course mort^ or less affected according to their inclination. 

We may then imagine an astigmatic eye to be made up of a positive 
spherical lens L, combined with a positive cylindrical lens L', whose 
axis, let us assume, is horizontal, as shown in Fig. 64 (a). Light from 




a distant point source emerges from the lens combination having a 
converging wave front W which converges more rapidly in a vertical 
than in a horizontal plane, because L' acts as a lens in the vertical 
plane and not horizontally. Consequently the point source has a 
short vertical line image ah in the focal plane Fi, and a short horizontal 
line image a'6' in the focal plane If the retina lies in the F\ plane, 
the only case we shall consider, vertical lines are seen distinctly, 
while lines differently directed are blurred, horizontal lines the most 
so, as shown in Fig. 64 (6). If U is rotated about the axis of the eye, 
the distinct line assumes a corresponding direction, though always 
normal to the axis of the cylinder. 
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To correct ocular astigmatism, we may place a plano-concave cylin- 
der L" (not shown) in front of the combination UL which represents 
the eye in Fig. 64 (a). If L" has the same curvature as U but of 
opposite sign, L" neutralizes the effect of L', and coincides with Fi, 
forming a point image on the retina. As astigmatism is usually asso- 
ciated with myopia or hypermetropia, cylindrical curvature is usually 
combined with spherical in the glasses prescribed. Suppose, for 
instance, that the myopic eye of Article 446 has a vertical cylindrical 
curvature which increases its excess power from 12.5 diopters in the 
horizontal plains to 15 diopters in the vertical plane. There are 
several possible prescriptions for such an eye in which spherical and 
cylindrical curvatures are combined in one lens. One of them is 
to use two crossed cylinders of powers —15 diopters vertical, and 
— 12.5 diopters horizontal. Or we might use a negative spherical lens 
of power — 15 diopters combined with a positive horizontal cylinder of 
power +2.5 diopters. A third solution is to combine a spherical lens 
of power —12.5 diopters with a negative vertical cylinder of power 
— 2.5 diopters, 

448. The simple microscope. Any converging lens may be used 
as a simple microscope to make objects appear larger when seen as 
virtual images. But to be of much value the lens must have a short 
focal length. Sometimes two or throe such lenses close together take 
the place of one, though the principles involved are the same, and the 
focal length of the combination, to be regarded as a unit, is found in 
the manner explained in Article 440. 

Th(3 magnification of such a lens or lens combination is the ratio of 
the apparent size of the object seen through it, to that of the same ob- 
ject seen at the distance D of 
most distinct vision. A com- 
parison of the observed sizes of 
the object really means a com- 
parison of the angles it subtends 
at the eye in the two cases; 
hence if the eye were at the opti- 
cal center of the lens in Fig. 65, 
both the object and virtual im- 
age would appear of the same 
size. This would be almost true 
with the eye very close to the lens, in the position indicated, so that 
from one point of view there is no magnification. However, the 
distance p, which is equal to or less than/, is less than 10 inches when 


A 



Fig, 65. 
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the lens has a small focal length as supposed. Therefore the same ob- 
ject seen by the naked eye at 10 inches would necessarily subtend a 
smaller angle than APB, Thus we may regard a simple microscope 
as a device enabling the eye to see objects distinctly at much shorter 
distances than would otherwise be possible, and so making them 
appear larger. If the angles we are considering are small, we may 
measure them approximately by the ratio of the length of the object 
to its distance from the eye, in the two cases to be compared. There- 
fore the angle subtended when the object is S(^on by the naked eye at 
the distance D is approximately l/D radians, where I is the length 
AB] but when seen through the lens with the eye as close as possible, 
the angle is approximately l/p radians. Now p may be made equal 
to/, which means that the image is at infinity and that the rays enter- 
ing the eye from each object point arc parallel to each other. This 
puts the least possible strain on the eye, though the magnification is 
slightly reduced, and its value is then equal to l/f l/D = D/f. 
But if the object is a little nearer the lens, so that the virtual image is 
formed at the distance of most distinct vision, the magnification, 
Z):p, when we apply the usual lens formula 1/p = l/D + l/f, is 
D{l/D + 1//) = 1 + D/f, a slightly larger value than the preceding one. 

449. The reading glass. If the eye is not close to the lens, we are 
using it like a ‘^magnifying’’ or “reading glass,” and the calculation is 
more complicated. Let S in Fig. 66 be the distance between the 



object and the eye, and d the distance between the lens and the eye. 
Then the magnification based on a comparison of th(i apparent size 
of the object at the same distance, with and without the lens, is given by 
M = V/\q + d) ^ Z/(p + d). But V /I = g/p, and from the lens 
formula, q = p//Cf— p)- Substituting and reducing, we have 

/(p + d) , fS 

^ fip + d) ~pd fS-'Pd 


( 1 ) 
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If S is considered as constant, which is generally approximately the 
case in using a reading glass, the magnification depends upon / and 
the product pd. Evidently ikf is a maximum for a given value of / 
(that is, a particular lens) when pd is a maximum. This occurs when 
p = d, because when the sum of two variables is constant, as in this 
case (S = p + d = constant), their product is a maximum when 
they are equal. But p cannot exceed / in forming a virtual image; 
therefore the above condition can be realized only when / ^ S/2. 
This is usually the case, as most reading glasses have a focal 
length a little greater than half the usual distance from the reader^s 
eye to his book. Then the glass should be held midway between 
the book and the eye to obtain the maximum magnification at that 
distance. 

460. The compound microscope. For magnifications larger than 
are possible with a single lens or lens set, we must resort to two lenses 
or two lens combinations, each of which contributes to the enlarge- 
ment. The object whose length may be called I is just outside the 
principal focus of the smaller lens L, known as the objective, shown 
in Fig. 67. This lens (really a combination of several lenses) has a 



Fig. 67. 


very short focal length /, and the real image V is much larger than the 
object, though not very far away from it. This real image is formed 
at or just inside of the principal focus of the other lens combination 
L', known as the ocular, of focal length and the virtual image, 
whose length is Z", is still larger than Z'. 

In determining the magnification, we shall refer to the simplified 
diagram, Fig. 68, where only the undeviated rays passing through the 
optical centers of the lenses are needed. The total magnification M is 
the product of the magnifications due to the two lenses, or MiM^^ 
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But Ml = q/Pf and 3 / 2 = 14 - D/f if the ocular is focused for maxi- 
mum magnification. Therefore 



where D is the distance of most distinct vision at which the virtual im- 


age may be formed. 

Since the object is very 
near Fi, p equals / ap- 
proximately. Also, since 
A'B' is near F 2 , as shown, 
q = A + f approximately, 
where A, known as the 
^'optical tube length, is the 
distance between the focal 



Fig. 68. 


points F'l and F 2 . Therefore, substituting these values in (1), 


(A 4- /)(/' + /)) 


This is the maximum magnification. But if the real image is formed 
at Fi to avoid eyestrain, M2 = D/f and ^ = A -f /, exactly. Then, 
setting p = / as before, and substituting these values in ( 1 ), we obtain 
= (A 4 - f)Dlfff or, dropping/ from A + /as small compared to A, 

M = DA/ff. (3) 


In equation (3) there are three? independent variables which deter- 
mine M, Of these only the optical tube length can be altered at will. 
It is usually about 6 inches, but may be as long as 10 inches. 

461. The reflecting astronomical telescope. The two chief types 
of this instrument are known as the Gregorian and Newtonian tele- 
scopes. The former is rarely seen, but the latter is still used. 

In the Newtonian type, a concave mirror M of silvered glass forms 
a real image of the distant object, as shown in Fig. 69. This would 
lie across the axis of the* telescope but for the totally reflecting prism 
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P, which causes the image to be formed at 4 'S' near the eyepiece 
built into one side of the tcdescope near its open end. This lens 
forms a magnified imago at A"S" whose size depends upon the focal 
length of M and of the ocular. 

The magnification is the quotient of these focal lengths, because the 
image i4'B' of a distant object would be formed at the principal focus 



of the mirror if there were no prism to reflect it. Therefore it sub- 
tends at the mirror an angle of A'S'// radians equal to the angle 
subtended by the object itself, as is readily seen from Fig. 70, where 
the object {AB) subt(mds the angle f, and the image B'A' subtends an 
equal angle r. The angle subtended by the virtual image 
(Fig. 69) at the eye is approximately A'B' jf' radians, where/' is the 
focal length of the ocular, so that the ratio of the angles is/:/', as 
stated above. In the great hundred-inch parabolic reflector at Mt. 
Wilson, the prism is replaced by a mirror which reflects the light back 
toward M, Then near M the light is reflected sideways, as in Fig. 69. 
Thus the ocular can be located conveniently near the base of the in- 
strument, and the telescope is only aboirt half as long for the same 
degree of magnification. 

462. The refracting astronomical telescope. Most modern tele- 
scopes are of this type, which was invented by Kepler. The objective 



Fig. 71, 

L in Fig. 71 forms an inverted real image B^A* at a distance/, so that 
the angle subtended at the lens by both image and object is S'A'// 
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radians. The ocular forms the still inverted virtual image 
and if R'A' is at the principal focus of L', the angle subtended at the 
eye is approximately R'A'//' radians; therefore the magnification is 
and the length of the telescope is / + /'. It is then ob\ious that 
high magnifying power demands a long tube to allow for a long focal 
length of the objective. 

463. The terrestrial telescope. When a telescope is used to exam- 
ine the heavenly bodies, the inversion by the astronomical instrument 



is of no consequence, but when objects are viewed in a landscape, it is 
necessary to have an erect image. This could be accomplished in the 
simplest way by using a third, or (reeling y lens E between objective 
and ocular, as shown in Fig. 72. If E is placed twi(i(j its focal length 
from the real inverted image R'A', it forms a reinverted image of the 
same size at a'6'. The distance between B'A' and a'V is equal to 4/", 
where /" is the focal length of E. The virtual image a"6" formed by 
the ocular U is then erect and magnified according to the ratio/:/', as 
in an astronomical teh'seope. But since this instrument is longer by 
4/", its total length is / +/' + 4/". 

In actual practice, E consists of 
two similar lenses distant 2/" from 
each other, with the image at the 
principal focus of one of them, as 
shown in Fig. 73. In this way an 
inverted image of the same size as 
the object is obtained, and the total 
increase of length is 4/", as in the 
case of a single lens. But there is a gain in illumination, because B'A' 
is twice as near L' as it would be from the single erecting lens E of 
equal focal length, while there is no loss of light between the lenses, 
as the rays are parallel there. A diaphragm R is placed midway be- 
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tween the lenses, where the rays from the extreme limits of the field 
cross each other, one purpose being the elimination of stray light 
reflected from the walls of the telescope. 

464. Galileo’s telescope. The earliest form of telescope was in- 
vented by Galileo in 1609. It enabled him almost immediately to 
discover the satellites of Jupiter. Their periods of revolution were 
observed soon after by Kepler who used, at first, the same instrument. 
This gave added confirmation to the Copernican theory, and to 
Kepler^s first and second laws of planetary motion, published the 
same year. 

Today Galileo’s telescope survives almost exclusively in the opera 
glass having a magnifying power of from 2.5 to 3 diameters. f For 
this purpose it is simpler and more compact than any other glass, but 
if higher magnification is needed, Galileo’s telescope has serious draw- 
backs, which have led to its being abandoned for astronomical use. 
The chief of these is the fact that when designed for high magnifica- 
tion, its field is much more restricted than that of an ordinary tele- 
scope. 

The instrument consists of a fairly large converging objective L, 
in Fig. 74, and a smaller diverging ocular L'. A distant object 





Fig. 74. 


{AC)a, would form a real image A'C if the leus U were removed. 
This image may be regarded as a virtual object for U, as explained 
in Article 426. If it is at the principal focus F' of L', then p equals 
— and the lens equation reads 

_i4.i - _i 

whence q ^ That is, there is formed in object space a virtual 
and erect image (A"C'0a) whose extreme rays enter the eye as a 

t This means that the linear dimensions of the object appear so many times 
larger. Its area however is multiplied by the square of Af, 
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parallel beam aa\ The magnification is and as the two principal 
foci are assumed to coincide, evidently a = A'C'lff and a' = A'C jf 
radians. Hence M = ///'. The length of the telescope is / — 
and if the magnification is three diameters, as constructed in Fig. 74, 
the distance between lenses is only twice the focal length of the 
eyepiece. 

466. The prism binocular. This ingenious instrument combines 
the compactness of Galileo^s telescope with the higher magnifying 
power and field of the terrestrial glass. The magnification is accom- 
plished by the same arrangement of lenses as that used in the astro- 
nomical telescope, but the formation of an erect image is brought 
about by two pairs of total reflections within two prisms, each revers- 
ing the direction of the beam by two ninety-degree deviations. 

A single rciflection from a plane mirror results, as we have seen, in 
either perversion or inversion of the image, so that it takes two such 
processes both to pervert and invert. Now the real image formed by 
a converging lens is both perverted and inverted, but in the prism 
binocular, two pairs of reflections restore it to its natural condition for 
examination under the eyc^piece. At the same time, the actual length 
of tho. instrument demanded by a given magnifying power is greatly re- 




duced. This is shown in Fig. 75 (a), where the lenses AA are the 
objectives, and BB are the oculars. The effective distance between 
them (approximately the focal length of A) is not far from three times 
the length of the instrument. 

The two internal reflections in the prisms P result in neutralizing 
the perversion of the real image formed by A, while the two internal 
reflections in the prisms Q reinvert the image so that it is seen erect. 
The reversal by the two internal reflections of each prism is made 
clear from an inspection of Fig. 76 (b), where the incident rays are 
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reflected in reverse order. If a is above b, V is above a'. But if a is 
to the right of b as seen from the source, then a' is to the left of 6' as 
seen from the same point. Therefore prisms P pervert, and prisms 
Q invert. 
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PROBLEMS 

1 . It is desired to form a real image of an object magnified 12 diameters, 
with a lens whose focal length is 3G cm. What are the obje(;t and image 
distances? Ans. p = 39 cm; g = 468 cm. 

2 . A camera lens has a focal length of 10 in. and a diameter of 2.5 in. 
When wide open, the correct exposure with a certain plate and illumination 
is 1/8(X) sec. What is its maximum rating? What exposure would be proper 
with a stop rating //22.G? Ans. f/4; 1/25 sec. 

3 . The distance between a slide in a projecting lantern and the screen is 
4 m. The lens has a focal length of 36 cm. How far from the slide should 
it be placed? Ans. 40 cm (or 360 cm, impracticable). 

4 . A converging lens forms a virtual image of an object magnified 6 di- 
ameters. The object is 18 cm from the lens. What is the focal length of 
the lens? Ans. 21 .6 cm. 

6. A myopic eye cannot see objects clearly beyond 10 in. What is the 
focal length of the lens needed to enable it to see objects clearly at a distance 
of 6 ft.? At infinity? Ans. 11.61 in.; 10 in. 

6. A farsighted eye cannot see clearly objects ?iearer than 4 ft. What is 
the focal length of the lens needed to enable it to see clearly objects at a 
distance of 14 in.? Ans. 19.8 in. 

7 . Calculate the magnifying, power of a simple microscope focused to 
form a virtual image at 10 in., if the focal length of the lens is 1.5 in. Ans. 
7.7 diameters. 

8. What is the magnifying power of a reading glass whose focal length is 
10 in., if it is held 6 in. from a book with the eye 1 ft. away from the lens? 
Ans. 1.7 diameters. 

9. What is the maximum magnification attainable with the lens of Prob- 
lem 8, and with the eye at the same distance from the book? Ans, 1.8 
diameters. 

10 . A compound microscope has an objective whose focal length is 5 mm, 
and an ocular whose focal length is 2 cm. What is the maximum magnifica- 
tion when the lenses are 10 cm apart? Ans. 216 diameters. 
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11 . What is the magnification of the microscope of Problem 10, focused 
to avoid eyestrain, when / is not assumed short compared to A? What is 
the approximate value when/ is assumed negligible? Arts, 200 diameters; 
188 diameters. , 

12 . A compound microscope has an objective of 0.5 cm focal length and 
an ocular of 0.8 cm focal length. How far apart should they be to obtain a 
magnification of 500 diameters, avoiding eyestrain? Arts. 8.8 cm. 

13 . An opera glass 8 cm long has an objective whose focal length is 10 cm. 
What is its magnifying power? Ans. 5 diameters. 

14 . The length of a refracting astronomical telescope is 5 m. Its magni- 
fying power is 249 diameters. What is the focal length of the ocular? 
Ans, 2 cm, 

16 . An astronomical telescope has an objective of 120 cm focal length and 
an eyepiece of 2 cm focal length. The lenses are 152 cm apart for observing 
an object with minimum eyestrain. How far off is it? Ans, 6 m. 

16 . An astronomical telescope is adjusted to form a real image of the sun 
15 cm beyond the ocular. The objective has a focal length of 150 cm and the 
ocular has a focal length of 2 cm. How far apart are the lenses? Ans, 
152.3 cm. 

17 . How far apart should the lenses be in Problem 16 when the telescope 
is used to observe the moon with minimum eyestrain? Ans, 152 cm. 

18 . What is the focal length of the objective of an astronomical telescope 
with a distance of 84 cm between the lenses and a magnifying power of 20 
diameters? Ans. 80 cm. 

19. The objective of a terrestrial telescope has a focal length of 80 cm. 
The erecting lens has a focal length of 18 cm, and the total length of the 
telescope when observing distant objects is 156 cm. What is its magnifying 
power? Ans. 20 diameters. 

20 . An opera glass measures 3 in. between objective and ocular. The 
focal length of the objective is 5 in. What is its magnifying power? 
Ans, 2.5 diameters. 



CHAPTER 35 


Dispersion and Spectra 

466. Dispersion of white light. The bending of a beam of light 
when it passes through the interface between two different media has 
been called refraction. But this word is derived from the Latin 
prefix re, + frangere (to break), and was probably taken as the name 
of the phenomenon already described, because white light when 
refracted is broken down into the various colors of which it is com- 
posed. As some colors are bent more than others, this decomposing 
process is now called dispersion. It is due to the fact that light of 
different wave lengths travels with different speeds through a refract- 
ing medium. This means that the medium has a different refractive 
index for the different wave lengths (colors), instead of a single value, 
as we have so far assumed. 

If a narrow cylindrical pencil P of white light meets an optically 
denser medium, as in Fig. 76, it is no longer a cylinder after passing 

the interface, but broadens out into a 
wedge of light, and when it falls on the 
lower face of the slab shown in the dia- 
gram, the spot formed there is elongated 
and colored, beginning with red farthest 
from the normal N, and ending with 
violet nearest A". This dispersion is so 
slight as to be barely noticeable with a 
slab of glass or shallow layer of water, but 
may be made increasingly evident by 
increasing the depth, or by using solids or liquids of especially high 
dispersive power. 

It is evident from the figure that the refracting medium has a 
higher refractive index for violet light than for red, since the violet 
is bent more than red toward the normal. This means that violet 
light is more retarded than red in its passage through such a medium. 
In general, light of shorter wave length is more retarded in passing 
through transparent bodies than light of longer wave length, and has 
a higher refractive index. 
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467 . Wave length of light. As in all other forms of wave motion, 
the velocity of light is equal to the wave length times the frequency, v, 
or V = pX.f When light is retarded by a medium such as glass, the 
frequency is unaltered, but since V decreases, X must decrease also 
in direct proportion. Therefore X is not a constant quantity for a 
given vibration, but depends upon the medium. In general, values 
of X for different colors are given as the wave length in air or in a 
vacuum. They are so short for visible light that several special 
length units shorter than the centimeter are commonly employed 
to measure them. These are the micron, which is defined as 
a millionth of a meter, or cm; the millimicron, mu, which 
is a thousandth part of a micron, or 10"’^ cm; and the ^^tenth 
meter, or Angstrom unit,t defined as 10“^® m, or 10"® cm. 
Thus the waves emitted by common salt volatilized in the flame of 
a Bunsen burner have an average length of 5893 A, 589.3 mu, or 
0.5893 ti, according to the unit chosen. As the velocity of light in 
air is nearly 3 X 10^^ cm/sec., the frequency of these particular waves 
is 3 X 10^®/ (5893 X 10"®) = 5.09 X 10^^ vibrations per second. 

468 . The chromatic spectrum. The dispersion of white light into 
a series of colors may be considerably increased by using two refract- 
ing surfaces instead of the one considered above. When the second 



surface forms a prism out of the medium, it increases the deviation, 
as proved in Article 424, and the colors are further separated at the 
same time. This arrangement is shown in Fig. 77. A source of 
white light, not shown, illuminates the narrow horizontal slit S, and 
the lens L, before the prism is introduced, forms a real white image 

t In conformity with current practice, we shall use the Greek letter v (nu) to 
represent the frequency of light waves, instead of n or/. ^ 

t This unit is named after the Swe^sh physicist, Anders J, Angstrom (1814- 
1874). It is pronounced awngstrum in Swedish. 
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of the slit on the screen at TT. But when the prism is placed in the 
path of this convergent beam, instead of a single image of the slit, 
there is a succession of colored images, forming a continuous band 
from red to violet, shading gradually into (?ach other. This series 
of images of the slit forms what is known as the chromatic (colored) 
spectrum or simply the spectrum, of the white light of the source. 

To obtain a good spectrum, the refracting edge ee of the prism must 
bo accurately parallel to the slit, and the prism should be rotated about 
this as an axis until the resulting spectrum shows minimum devia- 
tion. In a darkened room the spc^ctrum is then cU^arly seen with the? 
colors arranged in the order of n^d, orange, yellow, green, blue, and 
violet. There is no sharp limit to the various colors, each shading 
into the next by imperceptible degrees. Thus yellow is followed by 
greenish yellow, yellowish green, and green. Between blue and violet 
is a shade sometimes described as indigo, which is not quite blue, and 
not quite violet. Purple, as that name is commonly used, and 
magenta, do not appear at all, for they are not pure spectral colors, 
but mixtures of the two end colors, red and violet, in different propor- 
tions. 

If the light which illuminates the slit is monochromatic, that is, 
light of a single wave length, there is no dispersion, and a r(^al images of 
the slit is formed where the corresponding color belongs in the con- 
tinuous spectrum. The line G, in Fig. 77, would be a luminous green 
image of the slit on a dark background if the slit were illuminated 
with monochromatic green light. This shows clearly that the band 
of spectral colors is really a continuous succession of slit images, as 
has been stated. 

If any color or single wave length is missing from the incident light, 
a black band or line occurs at the corresponding part of the spectrum, 
and this may be described as a missing group of images, or of a single 
image of the slit. If the slit is narrow, the line corresponding to a 
given wave length is narrow also. In short, spectral lines, as they are 
called, are slit images, whether they are luminous or dark lines. They 
are straight if the slit is straight, curved if it is curved, and would not 
be lines at all if the light came through a pinhole. 

469. Recombination of the colors. In a celebrated experiment by 
Newton, two prisms of the same kind of glass and having the same 
refracting angle were arranged as in Fig. 78. In this way a pencil of 
white light is broken up into colors by the first prism. Then, in 
passing through the second, the colors are recombined so that the 
emergent pencil is white again, having the same direction as the inci- 



Chap. 35 ] 


DISPERSION AND SPECTRA 


437 


dent pencil. It is as if the light had passed through a single glass 
slab included between the parallel planes ab and a'6', as indicated by 
the dotted lines. 

This experiment proved that white light is really made up of all the 
colors of the spectrum into which the first prism resolved it, and that 
these colors are not crcatc^d by the 
process of refraction. Therefore, 
true white light contains all possi- 
bl(i wave lengths between the ex- 
treme limits of the red and violet 
ends of the spectrum, as perceived 
by the human eye. Wave kmgths 
which correspond to a great(ir 
b(inding than that of violet, or less 
than that of red, are, strictly speaking, not light at all, although they 
are emitted by most luminous sources. At any rate, they are invisible 
and contribute nothing to the whiteness of light. 

460. The spectrometer. This is an instrument used for the pro- 
duction, examination, and measurement of spectral lines. It is 
shown in plan in Fig. 79, and consists of a collimator^ C, at one end of 
which is a slit S illuminated from the source whose rays are concen- 
trated there by the lens L, which is not a part of the spectrometer. 




The slit is at the principal focus of a lens at the other end of the colli- 
mator tube, so that the emergent rays are parallel. These enter the 
prism P which is mounted on a table that can be rotated about a 
vertical axis (that is, normal to the plane of the diagram). The ob- 
jective of the telescope T receives the rays which are brought to a focus 
in the principal plane of the ocular. In this plane are located the 
cross hairs cc, so that the spectrum image and cross hairs lie in the 
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same plane and are simultaneously magnified by the ocular. The 
collimator is fixed, but the telescope and prism rotate about the same 
axis, while verniers attached to them read angles on a circular scale 
commonly graduated in degrees and half degrees. 

461. Continuous spectra. Incandescent solids and liquids emit 
light of all wave lengths up to a minimum length which depends upon 
the temp)erature. Thus red-hot iron emits a spectrum that is con- 
tinuous as far as it goes, but it docs not reach appreciably into the 
blue or \iolet, while white-hot iron would show all the colors. A jet 
of illuminating gas emits a continuous spectrum caused by incan- 
descent solid particles in the flame. Incandescent liquids also (jmit a 
continuous spectrum, and if gases under very high pressure could be 
heated to incandescence, they might also. At ordinary pressures, 
gases cannot be made luminous by temperatures available in th(» 
laboratory, but they are made to give out light in other ways, such as 
by an electrical discharge, and then the spectrum produced is not 
continuous. 

462. Line spectra. If an electric discharge passes through a 
partially exhausted tube containing the gas whose spectrum is desired, 
only a selected group of wave lengths is radiated, and the spectrum 
appears as a series of bright-colored line images of the slit. These 
lines serve as a valuable means of identifying gases, and this method 
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of identification is known as spectrum analysis. Such a series of 
lines is shown in Fig. 80, which represents the line, or emission 
spectrum, of oxygen. 

Substances not nonnally gaseous may be made to emit line spectra 
under certain conditions, as when their salts are volatilized in the 
flame of a Bunsen burner, or when an electric arc passes between the 
terminals of a metal whose emission spectrum is desired. In the case 
of an ordinary spark discharge, the resulting spectrum has lines due 
both to the metal of the electrodes and to the surrounding gas. But 
as this gas is progressively exhausted, the lines due to the electrodes 
disappear, and there remain only those due to the gas as described 
above. In general, both arc and spark spectra have many more lines 
than those produced in a flame. 
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463. Band spectra. These spectra have a very complicated struc- 
ture of lines grouped in ‘‘bands/' each band being densely packed with 
lines at its edge of longer wave length, and fading out with wider dis- 
tances between the lines in the direction of shorter wave lengths, as 
indicated in Fig. 81. The bands are of varying breadth and spacing, 
depending upon the substance producing them. 

Band spectra are emitted under certain conditions by many sub- 
stances which normally give line spectra. If a spark discharge is 
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passed between electrodes coated with a compound of mercury, for 
instance, a feeble discharge produces a band spectrum, while during a 
heavy discharge, only the line spectrum is emitted. Since a heavy 
discharge disrupts the molecules of a compound, this is interpreted to 
mean that band spectra are characteristic of the molecule, while 
line? spectra belong to the atom. 

Some compounds break down so easily, as a result of a discharge, 
or in a flame, that it is very difficult to obtain their band spectra. 
This is why, in the Bunsen flame, the salts of the alkaline elements 
give only th(! line spectrum of their metallic component, so that 
sodium, whether as a chloride, carbonate, or nitrate, gives the same 
flame spectrum, the characteristic yellow lines. Modern theories of 
atomic and molecular structure have been guided to a large extent by 
attempts to give, a rational explanation of the nature of the spectra 
emitted by various substances under various conditions. A detailed 
study of band spectra has made it possible to learn a great deal about 
the way in which atoms are bound together in molecules. 

464. Absorption spectra. When white light passes through certain 
liquids or solids containing dissolved metals, the spectrum is discon- 
tinuous, having broad black bands not very sharply defined at their 
edges. These bands indicate what is known as selective absorption. 
Euby glass, such as is used in the photographic dark room, absorbs 
all wave lengths except for red and a little orange. Blue cobalt glass 
has several bands due to the absorption of all the orange and yellow, 
and most of the red and green, leaving blue and violet, and narrow 
bands of red and green. Didymium glass transmits all colors freely 
but yellow, where a strong and well-defined absorption band is found. 
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A solution of chrome alum has strong absorption bands in the violet, 
orange, and yellow. This makes it appear green by transmitted day- 
light, but purple by the light from an incandescent lamp, which is 
relatively rich in red. 

Some substances transmit light very freely up to a certain limiting 
w^ave length, and are then opaque. Glass ceases to be transparent 
for waves shorter than 3500 A, which is only a little beyond visible 
violet (about 4000 A), and it is also quite opaque in the extreme infra- 
red region of thermal radiation. On the other hand, quartz is highly 
transparent in the ultraviolet region as far as 1800 A, while rock salt 
is particularly transparent in the infrared. Other substances are 
quite opaque in the visible spectrum and highly transparent to thermal 
radiations, as was poink'd out in Article 297. 

Sele(*.tive absorption occurs also as a result of reflection from the 
surfaces of crystals. It is by no means complete after a single reflec- 
tion, but if a beam of light undergoes repeated reflection from suc- 
cessive surfaces of the same kind of crystal, only very long wave 
lengths arc left. These are usually called by the German name of 
rest strahlen (residual rays). Rubens and Nichols in this way isolated 
waves as long as 0.01 mm. 

466. The Fraunhofer lines. It was explained in Article 300 that 
good radiators are good absorbers of radiant energy. This is true in a 
very special sense in the case of selective absorption, for then light of 
precisely those wave lengths that a body absorbs are readily emitted 
when that body is heated to incandescence. Substances which emit 
a line spectrum under suitable conditions also absorb the particular 
frequencies emitted, and no others, exactly as a given piano string 
responds to a musical tone by absorbing some of its energy and then 
re-emitting it, as has already been pointed out. 

In the year 1802, Wollaston noticed some dark lines crossing the 
otherwise continuous spectrum of the sun. These were rediscovered 
in 1814 by Joseph von Fraunhofer, who made a careful study of them 
and mapped about 600, giving the more prominent ones alphabetical 
names, beginning with A in the extreme red, and ending with H in 
the violet. The significance of these lines was not at first understood, 
but in 1859 Kirchhoff gave the correct explanation based on labora- 
tory experiments in which similar lines were reproduced. The visible 
surface of the sun, called the photosphere, is much hotter than the 
surrounding gaseous envelopes, known as the reversing layer and the 
chromosphere, which constitute the sun's atmosphere. The photo- 
sphere behaves like an incandescent solid in emitting a continuous 
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spectrum. Its light in passing through th(i reversing layer and 
chromosphere partially loses by absorption those wave lengths 
which the less luminous gasc^s are emitting. The energy thus ab- 
sorbed is in turn re-emitted; otherwise the gaseous envelopes would 
become steadily hottt^r. But the re-emission takes place in all 
directions, so that only a small fraction of the luminous energy that 
started toward the ol)server can reach him, and the light due to these 
particular wave lengths is very much less intense than that which has 
not been so absorbed. These absorbed portions of the spectrum 
then appear dark against their more luminous surroundings. How- 
ever, during an eclipses of the sun, it may be seen that the reversing 
layer and chromosphere emit bright line spectra, showing that the 
gases they are made up of are emitting at the same time they ar(‘ 
absorbing. 

This phenomenon may be reproduced in the laboratory by passing 
light from a glowing solid through the flame of a Bunsen burner in 
which some common salt is being volatilized. If the continuous 
spectrum is weak and the sodium flame is strong, the two yellow lines 
(Di and A) appear bright against a darker background. But if the 
continuous spectrum is made gradually stronger, the D lines gradually 
fade in comparison, and finally appear reversc^d, being dark against 
a much brighter background. This is beicaus(^ the flame absorbs 
these wave lengths from the continuous spectrum, although they are 
still emitted by the fainter light of the flame as much as before. 

The FraunhofiT linens extend both into the ultraviolet and into the 
infrared of the solar spectrum, and 22,000 have been mapped. The 
infrared portion of the solar spectrum has been photographed as far 
as 11,900 A, and explored to 20,000 A by means of the bolometer. 
The ultraviolet reaches only to about 3000 A, becjause shorter waves 
are absorbed by the (‘arth's atmosphere. Many, though not all, of 
these lines have been identified with the spectra of known elements. 
These elements must therefore exist in gaseous form in the solar 
envelope, or in the earth^s atmosphere, whose absorption accounts for 
some of the lines, such as the B line in the red due to oxygen. The D 
lines are due to sodium, and another, the Du line, seen only as an emis- 
sion line from the chromosphere during an eclipse, is due to the gas 
helium in the outer solar atmosphere. Helium was discovered in the 
sun before it was known on the earth, and named from the Greek word 
helioSy meaning svn. Among the other important Fraunhofer lines 
are the E and G lines due to iron, the C and F lines due to hydrogen, 
and the H and K calcium lines. 
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The spectra of most of the stars are absorption spectra similar to 
that of the sun. Many of their lines indicate the presence of known 
elements, while some are still unrecognized. Some of the diffuse and 
planetary nebulae have bright line spectra, but the spiral nebulae 



Absorption spec^trum. Dytiimium 
(a) 



Line spectrum. Argon. 


(b) 




Plate 5. 

Photographs of spectra arranged to correspond in wave length, with red at the 
left. In (a) note the remarkably sharp absorption band in the yellow. In (c), the 
D, E, F, and G Fraunhofer lines are clearly visible. In (d) and (c), the bands 
look like fluted columns, whence the term “fluted spectrum,” by which they were 
formerly known. 


have both types, absorption and emission in the same spectrum sug- 
gesting a galaxy of stars like our sun, combined with true nebulous 
masses to account for the bright lines. 

466. Irrationality of dispersion. It would seem natural to expect 
that the only difference in the distribution of the spectral lines pro- 
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duced by different prisms would be in their extent, and that the 
spectrum produced by a highly refrangible (large refractive index) 
glass prism could be exactly duplicated by a prism of less refrangible 
glass but with a larger refracting angle. In other words, we should 
expect, a priori, that all spectra of the same substance would be alike 
except as to extent, and that by proportionally reducing the length 
of one, or stretching out another, they could be brought into exact 
coincidence. In Newton’s time this was supposed to be the case, 
but since it was later found untrue, this peculiarity of the spectra 
formed by glass prisms is known as the irrationality of dispersion. 

As an example of irrationality, we might compare the solar spectrum 
as produced by two prisms, one of flint and one of crown glass, having 
refracting angles such that the total lengths of the two spectra are 
the same at the same distance. As crown glass has less refracting 











B r /) 

y 

7 

7 

G 

H 











B c O K F G // 


Fig. 82 . 

power than flint, its prism must have a larger angle to produce an 
equally long spectrum. But even when this is done, the spectra do 
not coincide throughout, as is evident from Fig. 82. 

On the other hand, we might cut two prisms so that a chosen line, 
as F, might be deviated through the same angle in both spectra. If 
this is done, the two spectra have different lengths and no other part 
would be equally bent by both prisms, while if the two prisms have 
the same refracting angle, their spectra differ in deviation, length, 
and relative position of the lines. 

467. Relative deviation. In order to compare the dispersive 
properties of different sorts of glass, we must remember that both 
bending and dispersion depend upon the angle of the prism as well as 
upon the nature of the glass. A comparison of their ability to bend 
light is based upon the angular deviation (Fig. 83) of a given line, as 
Dd, divided by the refracting angle of the prism. This ratio, D/A, 
may be denoted by 8, and is known as relative deviation. Two 
narrow prisms made of the same glass, but with different refracting 
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angles, would have the same relative deviation for the same line. 
Tliis follows from equation (2), Article 424, where n = (A + Z))/A. 
Solving it for Z), we have 



D = A(n- 1). 


( 1 ) 


Hence D varies as A, if n has the 
same value in different narrow- 
angled prisms. 

The relative df^viation may now 
be obtained from (1), giving 

5 = J = n - 1, (2) 


wh(^re n is the refractive index corresponding to the light that is 
deviated through the angle D. 

468. Coefficient of dispersion and dispersive power. If we wish 
to compare different sorts of glass with respect to their ability to 
extend the spectrum, we must choose two lines whosci angular separa- 
tion can be definitely determined. These are usually the C line in 
the red, and the F line in the blue, both due to hydrogen. The ratio 
of their angular separation to the refracting angle of the prism is 
called relative dispersion. Thus, with reference to Fig. 83, th(^ angu- 
lar dispersion exhibited by the F and C lines is Dp — Dcy and their 
relative dispersion is {Dp — Dc)/A. This is also called the coefficient 
of dispersion, and may be denoted by A. 

If we substitute for Dp and Dc their values obtained from equation 
(1) in the last article, then 

A = _ 1) _ (nc - 1), 

or A == Up — Tic- (1) 

This coefficient varies with the nature of the medium, but as explained 
in Article 466, it does not vary in the same way as relative deviation. 
A change in one is not ac<;ompanied by a corresponding change in the 
other unless prisms made of the same medium are compared. The 
ratio between these two properties of a prism (dispersion and bend- 
ing) is known as dispersive power, and is usually denoted by o). 
That is, 0 ) = A/5. But A = Up Uc, and if the bending power of a 
prism is measured by the relative deviation of the sodium (D) lines 
in the brightest part of the spectrum, 5/? = %> — 1. Therefore 


riF — ric 
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Sometimes the B and //, or even A and H, lines are used in deter- 
mining A, thus giving slightly different values for the dispersive power. 

Equations (1) and (2) are derived on the supposition that the prism 
has a small refracting angle, and they cannot be applied to large- 
angled prisms. But actually they are most used in connection with 
lenses, and then this condition of a small angle A is sufficiently^ 
realized. 

The following table gives values for the refractive indices n^, 7^/>, 
and Upj as well as 5/), Apc, and Q3pc, for several transparent media. 



Uc 

ni) 

np 


A^’c 

OiyC 

Wat(‘r(20°C) 

1.3311 

1.3330 

1.3371 

0.3330 

0.0060 

0.0180 

A light crown glass (15° C) 

1.5145 

1.5170 

1.5230 

0.5170 

0.0085 

0.0164 

A dense flint glass (15° C)* 

1.6444 

1.6499 

1.6637 

0.6499 

0.0193 

0.0297 

Rock salt (18° C) 

1.5407 

1.5443 

1.5534 

0.5443 

0.0127 

0.0233 


469. Chromatic aberration. When a ray of light traverses a lens, 
it is deviated exactly as if it were passing through a prism whose 
faces were planes tangent to the lens at the points of entry and 
emergence. Such a ray then must suffer dispersion as w^ell as devia- 
tion. If a plane wave originating in a point source is brought to a 
focus by a thin lens of small aperture, as in Fig, 84, the different colors 
have different foci. This is because the glass has different indices of 
refraction for each wave length, 
and /, as we have se(m, depends 
upon n according to the relation 
</> = 1// = (n - 1)(/Si - S 2 ), as 
shown in equation (1), Article 
432. Since n is greatest for 
violet light, / is shortest for 
these rays, and longest for red, 
as indicated in the diagram. 

If the point source is focused on a screen placed at the focus F, it 
is not seen as a sharp point image, but as a small disc with a violet- 
hued center surrounded by a reddish halo. At JS, the center is 
reddish instead, and has a violet-hued halo. Actually the latter is 
the better position for a sharp focus because the brightest part of the 
spectrum (yellow) lies much nearer rod than violet. But in eitVier 
case the image is not sharp, and w’^hether it is that of a star or of some 
point in an object viewed with a field glass or focused on a photo- 
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graphic plate in a camera, it is seriously lacking in definition. In the 
case of a star observed through a telescope which does not correct 
chromatic aberration, the image is distinctly colored. This defect 
of lenses is wholly different from spherical aberration, and may ap- 
pear even when th(i latter has been eliminated by a suitable design of 
the lens combinations. 

470. Achromatic combinations. To correct chromatic aberration, 
use is made of the irrationality of dispersion. If dispersion were 
rational, dispersive power would be the same for all kinds of glass, so 
that a supplementary lens which brought the foci V and R together 
would at the same time straighten the ray so that no deviation would 
result. It would then reduce the combination to the equivalence of 
a parallel-sided slab, as would be the cas(^ if two lenses, one concave 
and the other convex, were combined, as in Fig. 85 (a) , when each is 



of the same kind of glass. But fortunately this is not the case. The 
prc^^lem is to combine two lenses of two kinds of glass so that the two 
spectra produced may have the same length between two arbitrarily 
chosen lines. Then the dispersion of one lens will be exactly neutral- 
ized by the other at the limits chosen, but there will be an out- 
standing bending of the light, so that the combination functions as a 
single lens, as shown in Fig. 85(b) for the B and II lines. 

The condition of achromatism is that the focal length of the two 
lenses for the C and F lines shall be the same. From equation (2), 
Article 440, 1/f = 1/fi -f I// 2 , where/' is the focal length of the com- 
bination. But by hypothesis, fc' = /f'; therefore the basic equation 
for calculating an achromatic doublet may be written 


471. The direct-vision spectroscope. It is possible to combine 
two prisms made of two kinds of glass with different dispersive powers, 
so that some one wave length will pass through the combination with- 
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out deviation, while others will be more or less bent, thus forming a 
spectrum spread out on either side of the undeviated image of the 
slit. This ‘‘dispersion without deviation'^ is the reverse of an achro* 
matic combination, where we have “deviation without dispersion.'^ 
The arrangement indicated in Fig. 86 is known as a direct-vision 
spectroscope, and is both portable and compact. It serves the pur- 
pose of rapid qualitative examination of the spectra from different 
sources, but is not well adapted to quantitative measurements. 

The design of the direct-vision prism combination is based on equat- 
ing the deviations produced by the two prisms having different angles. 



Fig. 86. 


Th(‘ D lines are usually selected to be und(iviated, so that in the 
case of small-angled prisms, A(n/) - 1) = — 1), from which 

the ratio of the angles, A : A ', may be calculated. In the actual instru- 
ment, there arc usually two crown-glass prisms and one of flint glass, 
as shown in Fig. 86, and these are combined with the collimator and 
telescope in a single tube. 

472. Anomalous dispersion. This is a change in the usual order 
of the colors of the spectrum produced by prisms of certain sub- 
stances. A portion of the spectrum where the wave length is short 
has a smaller index of refraction than another portion with longer 
wave lengths, thus reversing the usual order of the two color groups. 
This was first noticed by Talbot and later investigated by LeRoux, 
who, in 1860 and 1861, used a hollow glass prism filled with iodine 
vapor, and found the violet light less bent than the red. In this case 
the refractive indices are 1.00205 for rod, and 1.00192 for violet. 

In 1870, Christiansen, a Danish physicist, investigated the spec- 
trum of a strong alcoholic solution (18 per cent concentration) of 
fuchsine contained in a hollow glass prism of small refracting angle, 
and obtained a similar reversal. Fuchsine is one of the aniline dyes, 
and is often used in making red ink. It is red violet (magenta) by 
transmitted light, but in the solid state has a bluish-green sheen known 
as surface cohr, which is due to selective reflection. 

The spectra produced by prisms filled with strong solutions of 
fuchsine, or still better, by thin prisms made of the solid substance, 
start with blue; then comes violet, then a dark absorption band, and 
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then red, followed by orange and yellow in their proper order, but at 
the wrong end of the spectrum. Thus green and part of the blue arc 
missing, and the two transmitted portions are reversed, though keep- 
ing to the proper sequence of their component colors, as shown in 
Fig. 87. 

It was later found that a great variety of substances exhibits this 
phenomenon, including many aniline dyes. Among the number ar(^ 

chlorophyl, and glass 
colored with di- 
dy mium , uranium , 
or cobalt. Vapors of 
I ^ I I ^ I o I y metals like sodium, 

Fig. 87 . and gases under cer- 

tain conditions, as 

in the protuberances of the sun during an eclipse, also exhibit anoma- 
lous dispersion. These all have absorption bands, and it is precisely 
around such a band that this effect is produced. 

Such substances also exhibit selective reflection, though not neces- 
sarily as strikingly as fuchsine, and light of any wave length lying 
within the absorption band undergoes total internal reflection at all 
angles of incidence, including zero degrees. This means an infinite 
value of the index of refraction, since n = 1/sin C, where C is the 
critical angle, and at normal incidence, sin C == 0; so n = <». 

473. The Doppler effect. Light, as well as sound, has a Doppler 
effect. When the source and the eye are approaching or receding 
from each other, there is an observ^ed change in frequency. A line 
in the spectrum of a star is displaced toward the red end of the spec- 
trum (corresponding to lower pitch of sound waves) when the star 
and observer are receding from each other. The same line shifts 
toward the violet (higher pitch) when the source and the observer 
are approaching each other. With light, however, there are not 
two cases, as with sound, and only relative motion between eye and 
source is significant, because we cannot regard space as a fixed 
“frame of reference^^ to which motion can be related, such as the 
atmosphere in transmitting sound waves. 

The change in frequency of light, due to the Doppler effect, is 
synonymous with a change in wave length, because according to the 
principle of relativity, the velocity of light c, in space, is a constant, 
and not affected by motion of either the source or the observer. 
Therefore an increased frequency means shorter wave length, and 
vice versa. As a consequence of this postulate, it can be proved that 
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when the relative velocity of approach between source and observer 
is Vf the modified frequency p' is given by 


V c + v 

, 

C — V 


and for relative recession, it is given by 


( 1 ) 


■'-"i 


c — V 
c + v 


( 2 ) 


These values may also bo obtaiin^d by taking the square root of the 
product (geometrical mean) of the oi)served frequencies for approach- 
ing source and approaching observer in a fixed medium, like sound 
in air, or a receding source and receding observer. Thus the 
product of equation (2), Article 354, and (3), Article 355, gives 


(/)2 = 



when c is substituted for F, the velocity of sound. 


The square root of this expression is equation (1) above. 

A measurement of the shift of the spectral lines makes it possible 
to calculate the speed with which a star is moving in the line of sight, 
oven though it may be thousands of light years away. But its mo- 
tion at right angles to the line of sight can be found only by the 
parallax method in the case of a few relatively nearby stars. 

474. Spectroscopic binaries. Double stars may also be detected 
by the Doppler effect, when they are too far off to be resolved into 
their components by the most power- 
ful telescope. These doublets, known 
as spectroscopic binaries, revolve 
about an axis lying between the two 
components. If this axis is not in the 
line of sight, there will be a component 
of the motion of each of the two stars 
in the line of sight. These motions go 
through a cycle of changes, and are in- 
dependent of the motion of the binary as a whole, toward or away from 
the eye. Thus in Fig. 88, the component A of the binary AB is seen 
just starting toward the eye at E as it rotates about the axis X, while 
B is about to recede. In these positions there is no Doppler effect, 
except as the pair may be receding from or approaching the earth. 
But a quarter of a period later, when they are at A' and R', the. light 
of a spectral line from A is shifted toward the violet, while a line in 
the spectrum of B is shifted toward the red. This results in splitting 



Fig. 88. 
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up a line common to both into two lines that separate to a certain dis- 
tance, and then meet again at the end of half a period of revolution of 
the binary. In this way the velocities of rotation and the period may 
be measured. The period may be as long as several years, but in most 
cases it is surprisingly short, being less than ten days for the majority, 
and in a few cases it is only a few hours, a period implying enormous 
velocities. More than a thousand spectroscopic binaries have been 
discovered, though in about 80 per cent of them the light from one 
component is so faint that their double character is inferred from the 
period of the cyclical displacement of a single spectral line that does 
not double up in the manner just described. 

476. The Zeeman effect. In 1896, Professor Zeeman, of Holland, 
made the important discovery that when a radiant source emitting a 
bright line spectrum was placed between the poles of a powerful 
electromagnet, the lines were split up into a number of component 
lines. In the simplest case, one line becomes throe with the two outer 
lines equidistant from the original line between them. But if the 
light is viewed in the direction of the field, a line that yields a triplet 
in the usual or ^^normaP^ Zeeman effect is spread out into two lines 
symmetrically displaced on either side of its usual position, and to the 
same distance as the outer lines of the triplet. Lines having originally 
a more complicated ^^fine structure*' are correspondingly altered, 
giving rise to very complex patterns. 

This linking of radiation with magnetism had already been shown 
possible by Faraday and Kerr in the field of polarized light, as will be 
explained later, but Zeeman's discovery gave a clue to the inner struc- 
ture of the atom which has been of the greatest value. As the effect 
is found in the spectrum of sun spots, it has also furnished important 
data on the electromagnetic conditions of solar phenomena. 

476. The Stark effect. It was natural to expect that, if a strong 
magnetic field produces a change in the atomic mechanism concerned 
with radiation, a strong electrostatic field should produce a similar 
effect. In 1913, Stark, a German physicist, found this to be the case. 
The lighter gases, such as hydrogen and helium, are most easily 
affected, though the phenomenon may be foimd in the heavier gases 
also. The result of applying the field is to split up a line into several 
components, their number depending upon the particular line ob- 
served and the strength of the field. 

477. Resonance spectra. Professor R. W. Wood discovered in 
1906 that if a powerful source of monochromatic light were thrown 
upon the vapor of metallic sodium, a series of bright lines was emitted 
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by the vapor, provided the wave length of the illuminating source 
coincided with one of the lines of that series. This was also found to 
be the case with mercury and other vapors, and the phenomenon was 
called resonance radiation. 

The series of lines so produced is due to absorption by the vapor, 
which then re-emit^s the energy absorbed in a variety of frequencies 
having a well-defined numerical relation to each other. This phe- 
nomenon, as well as the Zeeman and Stark effects, is now largely ex- 
plained by an increasingly intimate knowledge of atomic structure 
and the theory of quanta, but such explanations are beyond the scope 
of this volume. 

SUPPLEMENTARY READING 

R. A. Houstoun, Intermediate Light (Chap. 7), Longmans, Green, 1925. 

J. K. Robertson, IntrodiLction to Physical Optics (Chap. 6), D. Van Nostrand, 
1935, 

PROBLEMS 

1. The strong green line of the mercury arc has a wave length of 0.00005461 
cm. Write this number expressed in microns, millimicrons, and Angstrom 
units. What is the light’s frequency? Ans, 5.49 X 10^'* v.p.s. 

2. Using equation (1) of Article 470, (1) of Article 432, and (2) of Article 468, 
prove that the condition of achromatism is given by a>i/(/i)£> = — 

3 . A positive crown-glass lens has a focal length of 36 cm for sodium 

light, (a) What is the proper focal length of a flint-glass lens for sodium 
light to form with the crown-glass lens an achromatic doublet, as specified in 
Article 470? (b) What is the focal length of the doublet? (Use equation 

derived in Problem 2, and (2) of Article 440.) Ans. (a) —65 cm; 
(6) +80.3 cm. 

4 . It is desired to make a doublet of crown and flint glass having a focal 
length of 48 cm. What are the required focal lengths of the two lenses for 
sodium light? (Use equation (2) of Article 440 and equation of Problem 2 
simultaneously.) Ans. +21,5 cm and —38.9 cm. 

6. A prism of crown glass has a refracting angle of 10®. What is the re- 
quired angle of a flint-glass prism to form a direct-vision spectroscope? 
(Actually such small angles would not be used, but they are liere assumed so 
that the simplified formula of Article 471 may be applicable.) Ans. 7.96®. 

*6. Calculate the angular width of the spectrum betw’een the C and F 
lines fonned by the prisms of Problem 5, using equation (1) of Article 467. 
Ans. 4.15'. 

♦7. If the emergent light of the prism pair of Problems 5 and 6 is a plane 
wave, and is then focused on a screen by a lens of 50 cm focal length, what is 
the length of the spectrum between the C and F lines? Ans. 0.60 mm, 

8. By means of a diffraction grating (Article 505), the lines of a certain 
star’s spectrum indicate a 0.2 per cent increase in frequency. How fast are 
the star and the observet approaching each other? (Take c - 3 X 10^). 
Ans. 599.4 km/sec. 



CHAPTER 36 


Interference of Light 

478. Conditions of interference. We have already seen in Articles 
325 and 352 that water waves and sound waves “interfere’’ when their 
vibrations are in opposite phase, so that crests are neutralized by 
troughs, or compressions are neutralized by rarefactions. Something 
very similar can occur when two b(^ams of light meet in opposite 
phase, and the result is seen in alternating light and dark regions where 
we should expijct continuous illumination. Such phenomena were 
first studied extcmsively by Fresnel, and are convincing evidence of 
the wave character of light. 

Just as in the case of sound or water waves, so with light, we must 
employ only a single wave length, so that we may obtain simple and 
stationary interference patterns. Light of a singk? wave length is 
called monochromatic. It may be produced in suflScient purity for 
mast purposes by burning fused sodium chloride in the flame of a 
Bunsen burner, although there are really two sodium lines of slightly 
different frequency. A more strictly monochromatic source is the 
mercury arc used with a filter which passes the light of only oih^ of its 
spectral lines. The brightest of these is one of the green lines (X == 
5460.7A), and there are filters which transmit practically all of this 
light, but stop light of the other visible mercury lines. Such an ar- 
rangement constitutes the brightest monochromatic source available 
in the laboratory. 

There are two additional requirements for the interference of light 
waves, which do not apply to waves of sound or water waves. These 
are that the two beams which are to interfere must start from the 
same source, and that the difference of path must not exceed a rather ; 
indefinite maximum. 

479. Nature of light waves. The fact that light from different 
sources cannot interfere, or rather cannot produce an interference 
pattern, has an important bearing on the nature of light waves. The 
evidence both of interference phenomena and experiments with polar- 
ized light shows that light waves are transverse vibrations, but very 
different from water waves, which are also transverse. In water 

452 



Chap. 36 ] 


INTERFERENCE OF LIGHT 


453 


waves, the vibrating particles move in circles or ellipses whose plane 
is vertical and in the direction of propagation. Vibrations of light 
appear to lie in a plane normal to the direction of propagation, and 
take place in every conceivable direction within that plane. 

As light originates in the individual atoms of the luminous body , 
and as the smallest point source contains millions of atoms, a pencil 
of light at any point in space or moment of time represents disturb- 
ances of all sorts of phases and directions. But, however complicated, 
each of these may be resolved into components along rectangular 
axes, and added up, so that there are then only two independent 
vibrations at right angles to each other. If these vibrations are 
combined into a single resultant, this resultant may be regarded as 
representing instantaneously all the complex vibrations from which it 
was d(^rived. Its phase? and amplitude? are the resultant phase and 
amplitude e)f the beam, and its 
direction determines a plane that 
may be called the instantaneous 
wave plane. Such a plane in- 
cludes the direction of the beam, 
and is thus normal te) the plane of 
vibration of a single (imaginary) 
vibrating particle. The relation 
of th(?se planes to each other is 
shown in Fig. 89. Any plane, as A A, is a plane in which the displace- 
ments or disturbances occur. It is normal to the direction of propaga- 
tion V and to the plane of the sine waves SSS, whose instantaneous 
position in space is determined by the direction of the vector B, 

From the point of view of the time of a single vibration, the char- 
acter of vibration of the resultant, represented by B in the diagram, 
changes very slowly. Thousands of vibrations may elapse before 
there is any appreciable change in the wave plane, for instance. But 
from the point of view of visical impression, the amplitudes and in- 
stantaneous wave planes change very rapidly, as well as the phase 
relations between two different beams. 

From the foregoing it is clear that beams of light from two sources 
cannot produce an interference pattern. The changes of vibration 
in one beam, produced by one group of atoms, have no relation to 
the changes taking place in the other, which originated in another 
group of atoms. They may indeed interfere from time to time and 
produce a pattern of bright and dark bands for an instant, but the 
eye cannot detect such fleeting phenomena. Therefore, in order to 
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obtain visible interference phenomena, the injberfering beams must 
originate in a single source. 

480. Allowable difference of path. The reasoning of the preceding 

article also makes it clear why two beams originating in the same 
source cannot interfere if the difference in length of their paths before 
recombining is too great. It is just possible to detect interference 
when the path difference is about as great as 78 X 10^ wave lengths. 
Then we can calculate the corresponding distance and maximum 
allowable time interval for some particular wave length. The D lines 
of sodium have a mean wave length of 5893 X 10“® cm. Therefore 
the maximum allowable path difference is 78 X 10^ X 5893 X 10“® = 
46 cm. The velocity of light is about 3 X 10^® cm/sec. ; therefore the 
time during which the vibrations remain sufficiently constant for 
interference is 46 3 X 10^® == 1.5 X 10“® second, or about onc-and- 

a-half billionths of a second. 

481. Interference from two narrow apertures. In 1801, Thomas 
Young, an English physician and natural philosopher, discovered the 
interference pattern produced by light from a “point source'^ passing 
through two small holes. This is similar to the case with sound 
described in Article 352, and is explained as follows: 

In Fig. 90, let S be a point source of light, such as a small hole in a 
screen lighted from behind. Let A and B be two other holes close 

together in a screen shown 
only in section. These two 
openings, in accordance with 
Huygens’ principle, may be 
regarded as independent 
sources of light, and if SA = 
SBy their vibrations are the 
same in phase, plane, and 
amplitude at any instant. 
Then at C, or anywhere 
along the OC axis where the 
distances AC and BC are 
equal, the light arrives from both A and B in the same phase. The 
amplitude is then double that due to either source alone, and the energy 
is quadrupled, because, as in all forms of harmonic vibration, the 
energy is proportional to the square of the amplitude. 

But there are also points like p where the difference of path is not 
zero, but equals half a wave length. Then the vibrations of the two 
beams at such a point are in opposite phase and destroy each other, 
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so that the energy developed there is practically zero. The locus of 
these interference points in the plane of the paper is given by 
Bp — Ap = X/2, which is the equation of the hyperbolic curve shown 
by the dotted line, as in the similar case with sound waves. This 
locus is of little interest here, however, but the locus of p (or p' simi- 
larly defined) on a screen MNy passing through pCp' and perpendicu- 
lar to the paper, is of more importance. These loci are hyperbolic 
also, as shown in Fig. 90, and would appear as two dark curved lines 
above and below the bright straight-line locus d(^fined by C. 

If Sf Ay and B are slits, seen above in section, whose length (normal 
to the paper) is greater than the width of the screen MNy the loci 



of p and p' are straight lines parallel to the bright line of reinforce- 
ment through C. But, as we have already learned, at any point p 
(Fig. 91) where the path difference is an even number of half wave 
lengths, there is reinforcement, while at a point where the difference 
of path is an odd numlxir of half wave lengths, there is interference. 
This results in a succession of bright bands parallel to the slits, and 
the bands are defined by the relation Bp — Ap = mX. They are 
se^parated by dark bands whose equation is Bp — Ap = (2m + 1) X/2, 
where m is any integer including zero. The distance x of each band 
from the line through C is found as follows: Draw the line AD so that 
Dp = Ap. Then if p is in the first dark band above the axis, 
BD = X/2. The triangles pCO and ABD are very nearly similar; 
therefore BDfAB = x/L approximately, or X/2d = x/L. For other 
dark lines, (2m + l)\/2d = x/Ly whence 

(2m + 1)XL 
25 

This gives the distance of each dark band from the central bright 
band through C, in terms of the distance between the slits and the 
distance L between slits and screen. These are easily measured, so 
that X may be calculated for a given wave length, or the wave length 
may be c^culated if a: is measured. 

M2. Fresnel’s biprism. In Young’s experiment, the fact that the 
pattern is rather dim and the bands very close together makes accurate 
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measurements diflScult. But two similar ^ arrangements due to 
Fresnel give much brighter and broader bands. One of these con- 
sists of two mirrors slightly inclined to each other so as to form 



two virtual images of the illuminated slit S. Then the reflected 
beams form an interference pattern such as would be produced by 
two beams from the virtual images if they were the slits of Young’s 
experiment. 

The other arrangement, called Fresnel’s biprism, is an arrangement 
of two narrow-angled prisms, as shown in Fig. 92. The prisms are 
placed with their bases in contact and parallel to the slit, so that an 
observer at C on the axis SD produced would see virtual images of S 
at A and B, The beams of light coming through the two prisms form 
an interfe^ronce pattern as if A and B were illuminated slits, as may be 

understood from the following considera- 
tions. Any ray of light from S which 
reaches C through the upper prism appears 
to come from A, and has an exactly corre- 
sponding ray that comes to C through the 
lower prism, apparently from B, These 
symmetrically situated rays reach C after 
traversing exactly the same distance in 
air and the same thickness of glass, and 
so reinforce each other. Therefore all 
the light which arrives at C from one 
prism is reinforced by all the light arriv- 
ing there from the other, and a bright 
band is formed at the center of the field 
and parallel to the slit. Points such as 
P in Fig. 92, lying at a distance x from the 
axis, receive light from the upper prism 
by a route which is shorter than the corresponding rays from the 
lower prism, as is evident from the diagram. This results in rein- 
forcement or interference according to whether the virtual path 



Plate 6. 

Photograph of the interfer- 
ence pattern formed by 
Fresners biprism, using a slit 
source and sodium light. Note 
curvature. 
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difference BP — (or really SVP — Sa'P) is an even or odd number 
of half wave lengths. 

483, Colors of thin films. The colors seen in soap bubbles, and 
in oil films floating on water, are due to interference. The interfering 
beams are produced by reflection from the two surfaces of the film, 
and the color is caused by the destructive interference of a portion of 
the spectrum, leaving the rest to reach the eye. As true white light 
is composed of all the spectral colors combined in a certain distribu- 
tion of intensities, any alteration in their distribution, or the removal 
of any portion, results in 
coloring the beam. In Fig. 

93, let a narrow pencil of 
parallel rays whose wave 
front is ah fall upon the thin 
layer of some refracting 
medium of thickness t. The 
ray incident at h is in part 
rcifracted at an angle /3 to d, 
and then partly n^flec-ted at 
the same angle to c, where 
it joins that part of the 
ray through a which under- 
goes reflection at c. These are now in a position to interfere, provided 
their difference of path is an odd number of half wave lengths for 
some portion of the spectrum. 

The geometrical path difference is the difference between the route 
6 to d to c, and that from a to c. Now drop a perpendicular from c to 
the ray 6d, meeting it at e. Since this is perpendicular to the refracted 
ray, it indicates the r(?fracted wave front of the beam according to 
Huygens’ construction, as shown in Fig. 18, Article 328. Therefore 
the refracted wave has traveled from h to c, while the wave in air has 
gone from a to c, and the path differenct^ is edc. But if dc is produced 
to meet at / a perpendicular from c as shown by the dotted lines, then 
obviously cd == d/, and the path difference is cd/, and ed/ = c/ cos = 
2t cos 

This difference in actual distance is located in the medium of the 
film, and must be multiplied by the index of refraction of the film to 
reduce it to an equivalent path in air, so that the path difference is 
made equal to 2tn cos i8. But it was explained in Article 324 that 
transverse waves, reflected against dense media back into rare, 
undergo a reversal of phase; therefore the external reflection at c 



Fig. 93. 
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results in increasing the effective path difference by half a wave 
length. The internal reflection at d in the case of oil on water has no 
reversal, for oil is optically denser than water. 

We may now state the conditions of destructive interference for a 
given wave length as 

(2m + 1)^ = 2tn cos ^ 


which reduces to 


mX = 2tn cos 


( 1 ) 


where m is any integer. 

The preceding theory accounts for the variety of colors seen when 
oil spreads out over water, because each color depends upon the par- 
ticular wave; length destroyed by interference, and this varies both 
with the angle of incidence of the light which determines /3, and with 
the thickness of the film. 

Soap bubbles and soap films in general exhibit beautiful colors, 
especially just before they break, when they are thin enough to render 
m small. The thinnest portion, where the rupture is to occur, finally 
turns black, because if 2in cos jS is less than X, no interference can take 
place, oven of the first order, except that due to the reversal at the 
upper surface, which destroys all colors alike. But before this condi- 
tion is reached, the last color to be seen is a pinkish hue caused by the 
destruction of violet. This color experiences first-order interferenc(i 
with a minimum thickness, because X varies as tj and X is least for 
violet light. 

If soap films are thicker than two or three wave lengths of light, 
no colors appear, because then the conditions for interference may 
apply to several wave lengths simultaneously, and the mixture of hues 
resulting from the removal of several colors from the reflected beam 
appears as white light. 

484. Newton’s rings. A classical experiment by Newton illus- 
trates the preceding principle in a very beautiful manner. A plano- 
convex lens of large curvature is 
pressed upon a piece of black glass 
that serves as a mirror, as shown in 
Fig. 94. In this case the layer of air 
between the two acts as the medium 
which produces interference by re- 
flection at the interface between it 
and the lens, and at the surface of 
the mirror. Thus the incident light 
undergoes two reflections, and the resulting beams can interfere. 
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The central spot where the lens and mirror touch is black, because 
of the black-glass mirror and not because of any interference. Then 
outside this center the first wave lengths to interfere are those of 
violet light, which leave a pinkish-hued inner ring. Red light is the 
last to be destroyed in the first-order colors, and the result is a blue- 
violet outer ring. Then the series begins all over again, but as rings of 



Plate 7. 

Pliotograph of Newton’s rings, using sodium light. 


higher orders begin to overlap, they are progressively fainter, and soon 
merge into white light. With monochromatic light a great many 
black rings are visible, though their position changes with the angle 
at which they are viewed, and they crowd closer and closer together 
at increasing distances from their common center. 

486. Michelson’s interferometer. Perhaps the most remarkable 
method of producing interference phenomena is that invented by 
A. A. Michelson, an eminent American physicist. It consists in di- 
viding a beam of light by partial reflection and partial refraction, 
sending the two beams over different routes to two mirrors, where they 
are reflected back toward the source and finally recombined to produce 
interference. This is shown in Fig. 95, where a source of monochro- 
matic light S at the principal focus of the lens L sends a parallel beam 
to the so-called ^'half-silvered^' mirror m. This has a thin silver 
coating, indicated by the heavy line, which divides an incident ray 
ab into two of equal intensity. One of these, a, the result of reflection 
at an incident angle of 45^", is bent through 90® and reaches the mirror 
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Ml after passing through the transparent slab of glass n. It is then 
again reflected, and returns to m as indicated by the dotted line a'. 
There it again divides, but only the refracted portion which reaches 

the eye at E is to be 
considered. 

The other ray, 6, is 
refracted by the glass 
slab of the half-silvered 
mirror, and emerges 
parallel to its original 
direction. It is then re- 
flected from M 2 and re- 
turns to m, where it 
passes through the glass 
and is half reflected in- 
ternally by the silver 
film. This second re- 
flection results in a deviation of 90°, and this second ray 6' finally 
reaches the eye parallel with the first, and in a condition to interfere 
with it. 

The slab n is introduced to make the aa' path equival^^nt to the 
bb' path, for it will be noticed that the oa' ray passes through the slab 
m only once, while the bV ray passes through it three times. There- 
fore, if n is of the same thickness as m and inclined at the same angle, 
the distances of the mirrors Mi and M 2 from the half-silvered surface, 
which divides and recombines the rays, are equal for equal optical 
paths of the two rays. 

It would seem that if the equality of the ray paths were exact, the 
two beams should reinforce each other, but this is not the case, fpr 
whereas a is externally reflected twice in air against silver, ray b is 
reflected only once in this way, and once internally in glass against 
air when it returns to m and is bent downward through 90°, as shown. 
Therefore ray a has experienced two reversals of phase, and ray h only 
one, so that there is half a wave length difference of phase between 
them. This means that they interfere, and the central band of the 
system thus formed is a dark one. 

If one of the mirrors, usually M 2 , is moved so that its surface is 
always parallel to its original position, but its distance from m is 
altered, the bands shift across the field and may be counted as they 
move. If, for instance, M 2 is moved away from m a distance of one 
millimeter, a path difference of two millimeters is introduced, and 
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thousands of lines pass before the eye. Since each of them corre- 
sponds to a path difference of one wave length of the light used, the total 
number of bands counted measures in terms of light waves twice the 
distance through which the mirror is moved. In this way Michelson 
measured the length of the “meter of the archives’^ in terms of the 
wave lengths of three of the lines of the spectrum of cadmium. As 
measured by the red line in this spectrum, the length of the meter is 
1,553,163.6 X, so that if the standard meter were destroyed, it could 
be reconstructed from cadmium wave lengths with almost perfect 
accuracy. 

486. The Michelson and Morley experiment. The question of 
whether or not the velocity of light depends upon the motion of the 
observer through space began to be discussed quite early in the last 
century. Certain experiments, such as that by Airy on the aberra- 
tion of light from the stars, and by Fizeau on the velocity of light 
through a moving stream of water, gave results which secerned to indi- 
cate that the ether, which was supposed to be the vehicle of light, was 
dragged along with moving matter. 

In order to test this (question, Michelson and Morley, in 1881, per- 
formed a vital and celebrated experiment with the aid of the inter- 
ferometer described above, though modified to increase the distances 
of the mirrors M from the half-silvered mirror. It was set up so that 
one of these distances wtis parallel to the orbital motion v of the earth 
through space, and the other at right angles to it. 

Now if there is a stationary ether through which the earth is 
moving, there would be an ether stream, or “diift,” which would de- 
crease the velocity of light c, going with it, and increase it when the 
observer moved against the drift. Then c — v and c + v are the two 
resultant velocities. One of the rays, as a in Fig. 95, would have the 
higher speed relative to the apparatus before reflection by Afi, and 
the lower speed after reflection (or vice versa), while tlie othcir, h, 
would be affected very much as a rifle bullet would be affected by a 
wind blowing across its path, , causing it to take a longer route in 
reaching the target. 

The difference of time taken by the two rays to complete their 
separate paths, as influenced by such an ether drift, can be shown to 
equal Iv^/c^y where I is the length of each path. This would mean a 
shift of the bands from the position they would occupy with no ether 
drift. Therefore, if the whole apparatus is carefully rotated through 
90®, so that the ray b occupies the place of ray a, we should look for a 
displacement corresponding to twice the time difference, or 2lv'^Jc-, 
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Calculation shows that the predicted shift should be easily observable 
provided I is long enough. But Michelson and Morley found no such 
effect, although they could have detected one several times smaller 
than the calculated value. 

This negative result was so important that the experiment has been 
repeated many times under increasingly rigorous conditions, and with 
longer and longer distances between the mirrors, though always with 
the same result, except in one instance. Professor Dayton C. Miller, 
working at the Mount Wilson observatory in California, obtained a 
small shift of the bands which seemed to indicate a relative motion of 
the earth, or solar system, with respect to some fixed medium. , But 
the e^ddence against such a view is so strong that the scientific world 
decidedly inclines to the belief that it is impossible to detect absolute 
motion through space, and according to the doctrines of relativity, 
such an idea as absolute motion is meaningless. Indeed, relativity 
owes its origin to the Michelson and Morley experiment. 
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PROBLEMS 

1. A screen is 1 m from two slits illuminated by sodium light (mean X = 
5893 A). The slits are 0.1 mm apart. Calculate the distance of the sixth 
dark band from the axis. Ans. 3.24 cm. 

2. What is the distance between the slits in Fig. 91 , w^hen the fourth dark 
band, formed by light of wave length 0.6 microns, is 8 mm from the axis on 
a screen 2 m away? Ans, 0.525 mm. 

3. If the dark bands formed by two slits (Fig. 91) are 0.6 mm apart, 
when d = 0.4 mm and L = 50 c ti, calculate X. Ans. 0.48m. 

4. A parallel beam of sodium light strikes a film of olive oil floating on 
water. The oil's refractive index is 1.46. When viewed at an angle of 30° 
from the normal, the eighth dark band (m = 8) of the system is seen. What 
is the film's thickness? Ans. l.72p. 
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487. Examples of diffraction. It is fairly easy to observe diffrac- 
tion phenomena with no other apparatus than the two hands. Hold 
one hand at arm’s length toward a window, and obtain a narrow band 
of light shining between two fingers. Then look at this band through 
a similar very narrow slit formed by the fingers of the other hand held 
close to the eye. If the two slits are nearly parallel, the illuminated 
slit appears wider than when looked at directly, and on either side of 
it, in the “shadows” of the fingers, are parallel rows of bright and dark 
diffraction bands. 

Another experiment is to view an illuminated pinhole Hina, screen, 
through another pinhole //' in another screen two or thn^e feet from 
the first. If the eye is at certain definite distances from H', depend- 
ing on the size of //', the illuminated hole H appears brighter than it 
does when seen directly with no scre(!n interposed, while from other 
positions of the (sye it is hardly visible at all. 

488. Cause of diffraction. Diffraction phenomena are those in 
wliich light is observed to “bend” around comers and produce inter- 
ference patterns that are not accounted for on ttie simple assumption 
that it travels in straight lines. Huygeas’ principle, as we have so 
far used it, is iasufficient to account 
for diffraction, and it must be ex- 
tended as follows; Let da in Fig. 96 be 
an infinitesimal area of the spherical 
wave front originating in S. This ele- 
ment sends out a wavelet which we 
must now regard as effective, not only 
in the direction of the normal A, as has 
already been assumed, but also in any 

direction D, making with N an angle d that is less than 90®. We shall 
further suppose that the amplitude of the disturbance in the D direc- 
tion decreases gradually until it is zero in the direction V normal to iV. 
This supposition is based on observation, and is described as the effect 
of increasing obliquity. If then such a wave front meets a screen 
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having a pinhole whose area is c?a, the wavelet shown above starts 
from that hole as a new source, and spreads out in all directions be- 
yond the screen, but with diminishing intensity as 6 increases. 

489. Half-period elements. In Fig. 97, It^t MON be the plane 
section of a spherical wave front originating in the point source S. 
For an eye at Ey the point 0, where the axis SE intersects the wave 
front, is the pole of that surface. With 0 as a center, describe the 
small circle mn, like a parallel of latitude such that the distance from 
m to E is half a wave length longer than the distance from 0 to E; 
that is, mE — OE = X/2. Similarly the small circle m'n' is defined 

hyrn'E-OE^^X The 
zones inOn and m'mnn' 
are called half-period 
elements, beca\ise each 
elementary circle of one 
zone has a correspond- 
ing circle in the next, 
which sends out dis- 
turbances differing in 
phase by half a period 
at E. Thus each zone 
interferes almost com- 
pletely with its neigh- 
bor at that point with 
reference to which the zones were determined. The zones for an 
eye at E' would be different, and they vary also with changing 
values of the wave length. 

In most cases the portion of the wave front which we have to 
consider in problems of diffraction is so small that it may be regarded 
as substantially plane. It is then easy to prove that the areas of the 
different zones in a given case are all equal to each other. 

490. Resultant illumination. The half-period elements, both of 
plane and spherical wave fronts originating in a point source, all have 
practically the same area, provided ri and are large compared to 
the wave length. We should then expect that they would each pro- 
duce nearly equal illumination at E, so long as their distances from E 
do not materially increase. But actually, quite apart from a very 
gradual increase in distance, there is another and much more impor- 
tant cause of decreasing illumination at E from elements increasingly 
far from 0. This is the effect of increasing obliquity, already re- 
ferred to. The result is that light from zones increasingly distant 
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from 0 becomes rapidly less effective at E, so that only a relatively 
small number of zones need be considered. If this were not so, light 
would bend around corners much more than is the case. 

We may now express the amplitude of the disturbance at E as 
the sum of the disturbances due to the series of half-period elements. 
These are of progressively diminishing amplitude, and as they are 
alternately in opposite phase, the successive amplitudes have opix)site 
signs. Setting D as the resultant amplitude at Ey and as a com- 
ponent due to the nf h zone, we have 

D = d\ — (12 + ds — <U dh — ... dny 

where di>d 2 >dz>dA> . . . It can be shown that the limiting 
sum of such a series is half of the first term. Therefore the amplitude 
at Ey due to the entire wave front, is di/2, or half of the amplitude 
that would be produced there by the central zone aloiKi. As wave 
energy varies as the square of the amplitude, the luminous intensity 
would be four times as great with only the central zone exposed. 

491. Effect of a perforated screen. If a sen^en having a hole just 
large enough to transmit the first half-period element were inter- 
posed between the wave front and Ey we should realize the condition 
described in the last article, and the point source would appear four 
times as bright as when seen with nothing intervening. If the 
source is far enough away to consider the wave front plane, we may 
calculate the position of J? as follows: Referring to Fig. 97, let mH 
(denoted by p) be the radius of the opening in the diaphragm, and 
let S be so far away that the wave front is a plane defined by mH, 
Let a denote mEy and let h denote HE, Them p^ = and the 

area A of the opening is given by 

A = 7r(a^ ~ ¥), (1) 

By hypothesis, a — h = X/2, or, a = 6 -f X/2. 

Substituting in (1), we have 

A = T[{b + X/2)2 -- 62] 

= 7r(6X + XV4). 

But X2/4 is vanishingly small compared to 6X, and may be dropped. 
Then A = vb\. But A also equals ttp^; therefore irp^ = t 6X, and 
6 = pVX, or more generally, 

5 = pVnX, (2) 

where n is any integer. 
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We are now able to calculate b for any assumed pinhole diameter 
and light wave length. Thus, taking a diameter of one millimeter, 
p = 0.05 cm. Take X = 5 X 10“ ® cm (a reasonable average), and 
let n be unity for the boundary of the first order maximum. Then 
6 = 25 X 10“V(5 X 10“^) = 50 cm. The various maxima and minima 
follow as the eye approaches the pinhole. The first minimum is found 
when n = 2: then b = pV^X = 25 cm. The second maximum, less 
intense than the first, is at b = pV 3X = 16 1 crn from the opening. 
The second minimum is at 12.5 cm, and so on to maxima and 
minima of higher orders. 

492. Zone plates. If every alternate zone is eliminated, it is 

possible to obtain a much greater illumination at E than the maximum 
due to the central half-period element. Then with, say, only the 
odd terms in the vibration series acting, Z> = + ds + ds + * . » • 

This is achieved as follows: A system of black 
rings of varying breadth is drawn on a sheet of 
paper These are then photographed, and the 
resulting glass negative appears as in Fig. 98. 
The black zones, if correctly drawn, stop the 
light from every alternate half-period ele- 
ment, while the transparent zones transmit 
all those elements which reinforce each other 
at E, The spacing (assuming a distant source) 
is easily obtained from p^ == nb\ (equation (2), Article 491), where p is 
the radius of the successive circles that define the half-period zones. 
For a given wave length and eye position, b\ is constant; hence 
p* = nfc, where n is any integer. Therefore the radii of the successive 
bounding circles must vary as the square roots of successive integers, 
or \/T: \/2: \/3 and so forth. Such a zone plnte acts like a converg- 
ing lens, in that a parallel beam of light falling upon it forms a brilliant 
focus at a definite distance. 

493. Diffraction with cylindrical wave front. Diffraction phe- 
nomena are more striking and more easily produced when the source 
is an illuminated slit, and when other slits or straight edges are used 
to diffract the resulting waves. If the slit is fairly long, the portion ’ 
of the wave front which concerns us is cylindrical, with the slit as its 
axis. The half-period elements are now curved strips bounded by 
elements of the cylinder. Figure 99 suggests the cylindrical front 
with horizontal strips bounded by the elements m, m', n, n', and so 
forth. The areas of these strips, unlike the half-period zones already 
discussed, are not equal. They grow smaller at increasing distances 
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from 0. Let ai represent the area of the central strip. Let (h repre- 
sent the sum of the areas of the next two strips, mm' and nn'. Let 
as represent the sum of the areas of the strips m'm" and n'n", and so 
on. Then by a simple calculation w^c may show that the ratio a2: Ui is 
0.41, indicating a decrease of nearly 60 per cent. The ratio 03:02 is 



Fig. 99. 


0.78, a decrease of only 22 per cent. Thus the areas of successive 
strips steadily decrease, though' the change is more and more gradual 
as they recede from the pole. 

494. Effect of cutting off half-period elements. Suppose a second 
slit is interposed between the luminous slit S (Fig. 99) and the eye, 
so that only a limited number of half-period elements passes through. 
If this auxiliary slit (parallel to S) is gradually opened, the illumina- 
tion at E steadily increases until, when the entire area Oi is exposed, 
the light received at E reaches a maximum of intensity. As the slit 
is still farther opened, the areas are exposed. But these, by con- 
stniction, tend to neutralize the light from the central half-period 
strip, and the light at E passes through a minimum of intensity. 
This, however, is far from zero, because 02 is so much smaller than Ui. 
As the slit is still farther opened, as is gradually exposed, and we 
reach a second maximum due to ai — 02 + a^. This is not so bright 
as the first, because as is smaller than 02 and does not fully neutralize 
its effect of diminishing the light from Ui. In this way we may pass 
through a succession of maxima and minima of diminishing contrast. 
The minima are less and less dark, and the maxima less and less 
bright, until, when a moderate number of strips have been exposed, 
there is no more appreciable variation, and the illumination at E 
reaches a fixed value which is considerably less than when only the 
central strip is exposed, and is the same as if no obstacle whatever 
were placed between S and E. 
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If a fine wire replaces the slit, it blots out precisely those strips 
which a slit of the same width as the wire would allow to pass. In 
this case we have to consider the effect of ai — 02 + Oa — • • • ± a„, 

with terms beginning at the left pro- 
gressively eliminated as we use wires of 
increasing diameter. This would be im- 
practicable, but we may accomplish the 
same progressive elimination by moving 
the eye toward the wire. When E is at 
the distance which enables the wire just 
to cover ai, the illumination is due to 
02 + as + • . • + «»• This is similar to the 
original series, which gives unobstructed 
illumination at E, but with its largest 
term removed. Therefore the light is 
considerably diminished. It is still fur- 
ther reduced by moving the eye so near 
that the wire blots out both Oi and 02, 
though the decrease is less pronounced 
than before. Thus as the eye moves 
toward the wire, the wire covers more and 
more half-period elements. The illumi- 
nation steadily decreases, rapidly at first 
and then more and more slowly, without undergoing fluctuations of 
intensity, as when it moves toward a slit of fixed width, or, when at 
a constant distance from J5, the slit is gradually widened. 

496. Diffraction pattern due to a narrow slit. We have so far 
considered only light at a single point E lying on the axis SOE^ where 
the eye perceives varying degrees of illumination according to the 
number of strips exposed 
or covered. We shall now 
consider the distribution 
of light over a plane surface 
that includes both E and 
any other point, as P in 
Fig. 100. The edges of the 
slit AB cast geometrical 
shadows of the slit source S 
above a and below 6, while the space between them is illuminated. 
But actually the point P, when it is inside of the geometrical shadow, 
may be within a region of interference or reinforcement, and so denote 




Plate 8. 


Photograph of diffraction pat- 
tern formed by a fine wire and 
a slit source, using sodium light. 
Not© the bright line along 
the axis of the wire, and the 
"straight edge” bands (Article 
490) on either side of the central 
pattern. 
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either a dark or bright band parallel to the image ab of the slit AB, 
If the distance x of P from the axis SOE is such that BP — AP = 
BP ~ CP = BC ~ X, then OP — AP ~ X/2, where 0 lies midway 
between A and B, and the line AC is drawn so that AP = CP. The 
light at P from the upper and lower halves of the slit evidently differs 
in phase, point for point, by half a period, and interferes. But if x 
were such that BP — AP = 3X/2, then P is in a bright band, be- 
cause dividing AB into three parts, instead of into tw^o, as in the 
diagram, causes two of the three parts to interfere at P as before 
but the third gives some illumination there. Thus, proceeding 
into the geometrical shadow from a and 6, we encounter a series 
of alternately light and dark bands. 

If the width of the slit could be made 
less than the wave length of the light 
used, the distance BC would always be 
less than X for any position of P; therefore 
complete destructive interference is im- 
possible. Reinforcement at P would be 
still less possible, for then BC would have 
to equal 3X/2. Therefore in this case the 
illumination grows gradually less without 
fluctuating, as P is taken farther and 
farther into the geometrical shadow. 

The absence of a definite shadow when 
the width of a rectangular opening is less 
than a wave length, applies also to sound. 

The width of a door is usually less than the wave length of many tones 
of the human voice, and as is well known, its frame casts no marked 
sound shadow. We do not have to see persons through an open door in 
order to hear them. But the sides of a wide opening, as that between 
two neighboring houses, cast pronounced sound shadows. 

496. Diffraction pattern due to a straight edge. If the upper jaw 
A of the slit in Fig. 100 is removed, the pattern on the screen is con- 
siderably altered. Within the geometrical shadow the illumination 
falls off gradually, just as it does with a wire of increasing width, 
because the upper series of half-period strips, Om, mm', m'm", and 
so forth, are progressively blotted out by the lower edge B as E moves 
downward below b and the pole O of the wave front moves downward 
below B. At b the illumination is due to all the strips above 0 (now 
coinciding with B), and is therefore half as bright as if there were no 
obstacle at all. But if E is above 6, 0 is above B, and we begin to 



Plate 9. 


Photograph of diffraction pat- 
tern formed by a narrow slit with 
slit source, using sodium light. 
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Shadow 


Distance from Ed^e 


uncover part of the lower series of strips. If E is so placed that the 
edge B uncovers the entire area ai of the central strip, the illumination 
is very much brighter than at any other part of the pattern. Still 
farther up from b, the second strip of the n series is uncovered. This 
^ A tends to reduce the 

1 A brightness, as now 

S /i Aaaaaa Undhturhed 

I J' uX J If g aip ai p m the entire area 02 

^ m Urn interferes destruc- 

, OeomtHca ■ i i ||J p MS tively with Ox. Then 

H S *’ ' when a third n strip 

H ; I exposed, the illu- 

M : ■; niination is some- 

what increased. In 
! ■ ■ I above the 

Fig. 101. geometrical shadow, 

we pass through a 

succession of maxima and minima of diminishing amplitude, until we 
arrive at unobstructed illumination. 

These fluctuations are shown in Fig. 101, where the ordinates of 
the wavy line indicate relative illumination as suggested by the shad- 
ing. The Y axis is the knife edge illuminated by a vertical slit, and 
the geometrical shadow lies to the left. In line with the knife edge, 
the illumination is exactly half what it would be without obstruction. 
A little beyond, the illumination reaches a peak at Ai, which is fol- 
lowed by a minimum at A2, and then by a second narrower and 
fainter maximum at As, and so on. Only a few of these peaks are 
visible, even under the best conditions with strictly monochromatic 
light, and the illumination soon reaches the unobstructed value. 

497. Diffraction 
by a rectangular 
aperture. This is 
similar to the pat- 
tern produced by a 
narrow slit, except 
that we now have 
four edges to con- 
sider and therefore 
two intersecting 
patterns. If Q m 

Fig. 102 represents the opening, the resulting pattern produced by a 
point source is seen to be short where Q is long and long where Q is 


Fig. 102. 
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short. This is to be expected because, in general, the narrower the 
slit, the wider and more widely spaced are the bands. 

The chief pattern is a cross in which the horizontal images are the 
diffraction bands due to the hh edges. The vertical images are due to 
the more widely separated aa edges. In addition to these two series 
are other much fainter images betw^een the arms of the cross. These 
also are fully accounted for by the theory. 

Such patterns are familiar to anyone who has looked at a bright and 
concentrated light through the mesh of an umbrella, or other texture 
in which are small and regular openings. 

Their number increases the brilliancy of 
the patterns, which, however, should be 
th(^ same as with a single opening of the 
same shape. The orientation of the pat- 
tern dc^pends upon tlu^ angular position of 
the edges of the rectangles of which the 
mesh is composed, so that the cross may 
be rotatc'd by rotating the texture through 
which the light is seen. 

A circular opening produces circular 
rings, and a screen perforated with many 
minute holes close tog('ther would form a 
halo of colored rings about a strong point 
source. The colors are due to the fact 
that, for each w^ave length, there is a dis- 
tinct set of rings that coincide less and less at greater angular distances 
from the source. If a transparent screen, sprinkled with minute 
opaque dots of the same area and arrangement as the pinholes just 
considered, is interposed betw^een a point source and the eye, the same 
colored rings appear as with the pinholes. This is explained by the 
theorem of '^complementary screens, which states that at a given 
point in a diffraction pattern, where there would he no light without 
diffraction^ tw^o complementary screens like those just supposed 
produce the same illumination. The colored rings seen around lights 
shining through a fog are illustrations of this phenomenon. 
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Plate 10. 


Photograph of diffraction 
pattern formed by a straight 
edge and a slit source, using 
sodium light. 
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PROBLEMS 

1 . Calculate the radius of a hole in a diaphragm which just uncovers the 
first half-period element of a plane wave of light whose wave length is 
5461 A (green line of mercury), when the eye is 3 m in front of the diaphragm. 
Arts, 1.28 mm, 

2 . Show that the opening of the diaphragm of Problem 1 must have a 
radius approximately \/2 times as large to uncover two half-jxiriod elements, 
\/5 times as large to uncover three half-period elements, and so forth. 

3 . A pinhole of 0.4 mm radius is illuminated with parallel light of wave 
length 5 X 10~^ cm. How far from the pinhole must the eye be placed to 
see the first maximum? How far to see the third minimum? Ans. 32 cm; 
5 1 cm. 

4 . In Fig. 100, show by means of the nearly similar triangles ABC and 
OPE that x/L = BC/d. If L = 150 cm and d = 0.4 mm, how far from the 
axis is the first bright band of light of 5 X 10~^ cm wave length? Ans, 
2.8 mm. 



CHAPTER 38 


Fraunhofer Diffraction 


498. Two kinds of diffraction. In the illustrations of diffraction 
we have so far considered, the pattern was formed directly by a plane, 
or diverging, wave front whose path was modified by some kind of ob- 
struction or opc^ning. This type is known as Fresnel diffraction. 

If a lens is used to converge the light so as to form a real image of the 
luminous source, then the patterns caused by openings or obstructions 
I)laced between th(i source and the converging lens are illustrations of 
Fraunhofer diffraction. 

Though not absolutely necessary, in producing Fraunhofer patterns 
it is desirable that the wave front of the light to be diffracted should 
be plan(‘, and thus form the diffraction pattern in the focal plane of 
the lens. The source of light should either be a long way off, or a 
collimating lens should be used, with a slit or point source at its princi- 
pal focus, the latter forming an ‘^artificial star.^^ As tliis arrangement 
greatly simplifies the theory, and is almost always used in practice, 
it will be assumed in what follows. 

499. Narrow rectangular opening. Let us suppose that light from 
a slit source S in Fig. 103 (a) is made parallel by the collimator L and 



is then passed through the narrow rectangular aperture AB, whose 
width is d. Beyond AB, a lens L' forms a real image of the source S 
in its focal plane at F, If a screen M is placed there, a bright line 
image of S is formed on it, as shown in (6), where the screen is repre- 
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seated as seen from the lens. This central image of the diffraction 
pattern is always bright in Fraunhofer diffraction, and ordinarily is 
the only one observed. 

It might be thought that as the rays indicated in Fig. 103 reach F 
by different routes, there could be no certainty that they would re- 
inforce each other there and i)r()duce a bright line. They might con- 
ceivably arrive in a variety of phases, which would result in partial 
or complete interference. But this is not the case. It follows from a 
theorem due to Fermat that the time required for light to go from the 
source S to its image F is the same for all the rays. Those farther 
from the axis actually have longer paths, but they have a smaller 
thickness of glass to go through, and so are less retarded. This de- 
creasing retardation by the glass just compensates for the increased 
geometrical length, and the optical paths are said to be the same. 

Now consider a point Pi at a distance x from P. The elementary 
^‘Huygens’ strips’’ of the rectangular opening maybe taken as sources 
with r(\spect to Pi as well as with respect to F. These elements have 
equal amplitudes, and if the angle 0 is small, they produce approxi- 
mately equal disturbances at Pi. But in this cfise there are path dif- 
ferences to be considered. The path from B to Pi exceeds that from 
A to Pi by the distance PC, where AC is normal to the inclined paral- 
lel rays. If BC is one wave length, the upper and lower halves of AP 
destroy each other by interference. Thus Pi is the center of the first 
minimum with a similar dark baud P'l below F, These points are 
readily located from the similar triangles PiOF and PAC, whence 

sine = - = ^, very nearly, (1) 

or “ * 

X = f\/d. 

When BC = 3 X/ 2 , we may divide AP into three equal strips whose 
widths are Aa, a6, and bB. Then the path 6P2 is a wave length 
longer than AP2, so that the two upper strips destroy each other at 
P2. This leaves the third strip bB to produce illumination at P2, the 
locus of the next maximum above F, This bright band and P'2 below 
F are therefore much fainter than the central band. The distances 
P2F, calculated as above, give 

sin 0 very nearly, ( 2 ) 
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The variation of illumination as P recedes from the axis is shown 
by the solid curve as a function of the distance x in Fig. 104, and the 
various values of BC in 
terms of X arc also in- 
dicated. The central 
band is twice as broad 
as those on either side 
of it, because it is in a 
sense the sum of two 
bands on either side of 
the axis at F. The in- 
tensity of illumination 
of the first and second 
diffraction bands may Fig. 104. 

be calculated from the 

theory, and are found to be 1/22 and 1 /62 of the illumination of the cen- 
tral image, respectively. Thus they arc too faint to be easily observed. 

600. Rectangular opening and two sources. In tliis case each 
source forms its own pattern, similar to Fig. 104. If the angular 
separation of the sources is small, the two maxima, and will 
overlap to such an extent that the eye cannot see them as separate 
images. But if coincides with the first minimum of (he pattern of 

as indicated by Fig. 104, the tw^o images can be seen as separate, 
and they are said to be resolved. The angular width of each half of 
the central image is found from sin 6 — \/d (equation (1), Article 499), 

or 6 = \/d, very nearly. Then the 
angle a (Fig. 105), which the two 
images (and therefore the two ob- 
jects) subtend at the lens, must at 
least equal 6 if they are to be re- 
solved. That is, a = \/d is the 
test of resolution, and is known as 
‘‘Rayleigh^s criterion.'' 

601. Resolving power of a lens. If the opening which determines 

the Fraunhofer diffraction pattern is circular instead of rectangular, 
a point source forms a circular image with diffraction rings around it, 
instead of with bands on either side of it. The theory which gives the 
position of the successive maxima and minima is more complicated 
than the one for slits, but the result is similar. In this case the cri- 
terion of resolution is 1 




( 1 ) 
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where d represents the diameter of the opening instead of the width of 
the slit. If the diaphragm containing the opening is removed, the 
whole lens is exposed, and its diameter replaces that of the circular 
opening in equation (1). This is illustrated in Fig. 106, where light 



Fig. 106. 


from two stars subtends an angle a at the objective L of the telescope. 
The images of the stars are seen just resolved, with the center of one 
on the extreme periphery of the other, in accordance with Rayleigh^s 
criterion. 

Resolving fxiwer of a lens is measured in terms of the minimum 
possible angular separation of two objects which it can form into dis- 
tinct images, and this power increases as a decreases. Therefore the 
resolving power of a lens varies directly as its diameter and inversely 
as the effective wave length of the light. This wave length may be 



Plate 11. 


(a) Photograph of pinholes Uluminated by sodium light and viewed through a third 
pinhole. Note portions of first and second diffraction rings, (h) Photograph of pinholes 
so close together that they are imperfectly resolved because of overlapping of their 
diffraction rings. 

either that of the D lines of sodium, which are near the brightest part 
of the solar spectnim, or a general average such as 5 X 10”^ cm. 

If instead of white light, monochromatic violet could be used, the 
resolving power of a lens would be considerably increased. This idea 
is employed in the ultraviolet microscope, where invisible light of very 
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short wave length is used in connection with quartz lenses and a 
photographic plate to receive the image. Thus the structure of an 
object otherwise too fine for resolution may be photographed and 
examined. 

602. Calculation of resolving power. Consider a telescope whose 
objective has a diameter of 20 cm. Then since X^) = 56 X 10”"® cm, 
a = 1.22 X 56 X 10"®/20 == 3.416 X 10~® radians. But a radian 
equals 206,265 seconds of arc; therefore a = 0.7" very nearly. This 
means that two stars whose angular separation is 0.7" are barely re- 
solved by the lens, while if the diffraction discs are to just touch each 
other, the angular separation must be twice as great. 

A telescope with a large objective can separate stars that one with a 
small objective would be quite powerk^ss to n^solve, even though both 
might have the same magnifying power. This is one reason for the 
use of objectives of large diameter, quite apart from the desirability 
of collecting a large amount of light from the fainter stars and nebulae 
which could not otherwise be seen at all. 

The resolving power of the human eye is very poor compared to 
that of a telescope objective; therefore, although the star images re- 
ferred to above might actually be resolved, they would not be seen as 
such, unless the magnifying power of the telescope were correspond- 
ingly great. 

It is easy to measure the resolving power of the eye by ruling 
parallel lines close together on a piece of paper, placing it in a strong 
light, and observing the lines from increasing distances. When they 
no longer appear as separate lines, the limiting angle of resolution has 
been reached, and this angle can be calculated from the known spacing 
of the line^ and their distance from the eye. If then the lines are 
viewed through a pinhole punched in a card, the observer must come 
nearer them in order to see them resolved into separate lines. 

603. Two rectangular openings. Two narrow slits close together, 
like a single slit, give rise to a diffraction pattern of the Fraunhofer 
kind, but in addition they produce an interference pattern such as was 
described in Article 481. Let light from a narrows slit be made paral- 
lel by a collimating lens and fall upon two other narrow slits close 
together, equally wide, and parallel to the slit source. Such slits are 
readily improvised by ruling fine cuts with a pen knife in the film of 
a fogged photographic negative. In Fig. 107 (a), the lens L' forms 
two real images of the slit S at the same point F, Each is from light 
passing through one of the slits A and R. The combined image at 
F has the usual diffraction bands above and below it, as represented 
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in Fig. 104, but these have twice the amplitude and are four times as 
bright because there arc two slits instead of one. 

In addition to the simple pattern just described, there is super- 
imposed upon it an intc^rference pattern of narrower l^ands, as stated 
above. These are quite widely spaced when A and B are close to- 
gether, but become increasingly fine as the distance d between A and 
B is lengthened. The conditions for the formation of these inter- 
ference bands are shown in Fig. 107(6). Let P (Fig. 107(a)) be the 



locus of a dark interference band whose angular separation from the 
axis is 0. Then the rays AM and BN must differ in phase by tt radians 
when they arrive at P. This moans that if AC is normal to the rays 
AMf BC must be half a wave length. Thus all the light from the slit 
AA' will be in opposite phase, point for point, to the light from BB\ 
If this condition is fulfilled, since BC is normal to 4C, sin 9 = X/2d. 

In general, dark bands occur w^hen BC is an odd number of half 
wave lengths, and bright bands occur for an even number of half 
wave lengths, so that 

sin e - (2n + 1) — (1) 

locates a dark band, and 

sin 0 = (2) 


locates a bright band. The resulting pattern, when both d and the 
width AA^ of the slits are fairly small, is indicated in Fig. 108, where 

M represents the central diffraction im- 
age crossed by eight dark bands. The 
two adjacent maxima ilf ' are more faint, 
and of course only about half as wide, as 
was shown in Fig. 104. The third maxima, 
in reality barely visible, are about the 


M' 


M 

Fig. 108 . 


AT 
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same width as the second, and crossed by the same number of dark 
bands with the same spacing. 

604. Astronomical application. If instead of a single source S, 
there are two sources, like two stars close together, two patterns, like 
Fig. 108, are formed. If these patterns are coarse and the angular 
separation a of the stars is very small, then the two patterns coincide 
so closely that the observer sees only one. But if d is progressively 
increased, the patterns become finer and fim^r and then their small 
angular separation begins to be apparent, just as two pieces of cheese- 
cloth held one over another against a window pane look quite different 
according to whether the meshes coincide or are “out of step.'' 

Suppose then that the distance between the two slits is slowly in- 
creased until the two veay fine patterns are out of step, so that the dark 
bands of one coincide with the bright bands of the other. Then the 
bands disappear and the image M of the double star (Fig. 108) looks 
like that of a single star if its “components" arc equally bright. If 
they are not, the bands pass through a minimum of intensity but do 
not disappear. The pattern crossing M is restored if d is further in- 
creased until the two systems are once more in step. 

In the manner just described, with two slits over the objective of a 
telescope, it is possible to measure the angular separation of the com- 
ponents of a double star that are too close together to be resolved by 
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Courtesy of Carnegie Institviion of Washington, 
Plate 12. 

Interference patterns from artificial stars, taken in the Pasadena laboratory 
of Mt. Wilson Observatory. 

any telescope. The distance d between the slits is increased until the 
clearness of the interference pattern reaches a minimum. Then the 
angle subtended by the two stars is given by a = fcX/d, where X is the 
effective wave length of the star's light, and is a constant whose 
value (1.22 to about 1.45) depends upon the character of the star ob- 
served. If the distance of the double star from the earth is also 
known, the linear separation of its components may be calculated. 
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One of the most brilliant achievements of modem astrophysics is 
the measurememt of the angular diameters of some of the brighter 
stars such as Betelgeuse, Antares, Aldebaran, and so forth. This 

method, devised principally by 
Michelson, is like that just de- 
scribed, but here the two opposite 
sides of the star’s disc take the 
place of the two components of the 
doublet. As a, the angle subtended 
by the star at the telescope, is so 
excessively small, the distance d 
must be much greater than the 
diameter of the objective of any 
existing telescope. In order to provide this necessary distance between 
the slits, a “beam interferometer” 20 feet long spans the top of the 
great reflector at Mt. Wilson. On this beam are mounted two pairs of 
relatively narrow prism mirrors. The outer pair corresponds to the 
two slits, and is movable up to a total separation of 20 feet, each prism 
being 10 feet from the axis of the telescope (Plate 13). These reflect 



Fig. 109. 



Courtesy of Carnegie InstittUion of Washington. 


Plate 13. 

Twenty-foot beam interferometer mounted on 100-inoh reflector at Mt. Wilson, 
showing outer prisms 12 feet apart. 
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the light to the pair of fixed-prism mirrors directly over the telescope, 
where the light is bent a second time through 90° and enters the tele- 
scope parallel to its axis, as indicated diagrammatically in Fig. 109. 

606. The diffraction grating. There are two kinds of gratings- 
transmitting and reflecting. Reflection gratings are used in most im- 
portant investigations. They are ruled with a diamond on speculum 
metal. The ruled lines scatter the light so that it is regularly re- 
flected only from the spaces between. These when illuminated 
become the source of Huygens’ wavelets as if they were so many 
parallel slits. But since such gratings are very expensive, those most 
commonly used for demonstration and simple experiments are col- 
lodian ^ ^replicas” of the original gratings. The collodian film has 
ridges corresponding to tlu' ruled lines. These also scatter the light, 
so that the smooth spaces between act like slits. 

As the theory of the transmission grating is the simpler one, it alone 
will be considered here. We may then imagine a grating composed of 
a system of parallel slits 
close together, which is 
shown greatly enlarged 
at G in Fig. 110. Each 
slit, when illuminated, 
becomes the source of 
Huygens’ wavelets. If 
the individual slit is very 
narrow, the light is dif- 
fracted through quite a 
large anghi B away from 
the axis of the incident beam, just as if there were only one slit. In 
the diagram, a slit S is shown illuminated by a monochromatic source 
not shown. The light from >S, made parallel by the lens Li, passes 
through the grating G and is concentrated in the central image C by 
the lens Although the geometrical distances from the various 
slits to C are different, the optical paths are the same, in accordance 
with Fermat’s principle. Therefore light rays from all the slits arrive 
at C in the same phase and reinforce each other there without regard 
to the wave length of the source. 

At points such as Pi, there may be reinforcement, provided the 
light from the successive slits differs in phase by an integral Humber of 
wave lengths. The conditions which determine this reinforcement 
are readily understood from Fig. Ill, where the construction is identi- 
cal with Fig. 107 (6), except that now there are more slits. As before. 
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is drawn normal to the diffracted rays. Then if SB" = X, 
CC" = 2X, DD" = 3X, and so forth, the light from each slit reinforc- 
ing that from every other slit at Pi, since the path from each slit is 
one wave length longer than the path from 
the slit just above it, point for point. 

The condition of reinforcement at Pi is 
fulfilled when the distances like AB (or A'S')> 
known as the "grating element," d, satisfy 
the equation d sin ^ = X. But we should 
also have reinforcement if d sin 0 = 2X or 
3X, or any integral multiple of the wave 
length. Therefore, in general, sin 6 = nX/d, 
where n is any integer. We may also set 
N = 1/d, where N is the number of ruled 
lines per linear centimeter, and is called the grating constant. Then 
the grating equation becomes 

sin 6 = nN\, (1) 

When n = 0, we have the central undiffracted image. If n = 1, the 
]:)oints Pi indicate the first-order spectra for light of wave length X. 
These are located by sin = WX. When n = 2, the spectra are 
farther from the axis at points P2, defined by sin O 2 = 2N\, Third- 
order spectra are located by sin ^3 = 3iVX, and so forth. 

Spectra of increasingly higher orders lie farther and farther from 
the axis. Their total number is limited by the narrowness of the slits 
of the grating, for the spectra are clearly visible only within the region 
of the central diffraction image such as would be formed by any one 
of the slits. Then if the slits are narrow but relatively far apart, a 
large number of orders very close together are visible. If the spacing 
is finer, the spectra are more widely spaced, and consequently fewer 
are visible. If the slits are wide, very few are visible in any case, 
606. Grating spectra. If white light falls upon the slit S, the many 
wave lengths present are spread out in a spectrum. The violet light, 
having the shortest wave length, is bent least, while red, having nearly 
twice as great a wave length, is bent through nearly twice as large an 
angle. From this it is apparent that the second-order spectrum begins 
with violet just beyond the end of the red of the first order, because 
2\v is a little larger than \r. But the third-order violet falls within 
the second-order spectrum, because 3Xy is less than 2X7^. In fact, 
this results in an overlapping beyond the yellow-green, and renders 
half of the second-order grating spectrum of white light almost useless. 
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In order to have a spectrum in which the colors are pure, and the 
absorption or emission lines sharp, it is essential that the light re- 
ceived at a given point, as Pi (Fig. 110), shall be practically mono- 
chromatic. In the elementary theory given in the last article, this 
question was not raised, and in fact, wdth the few openings shown, 



Courtesy Professor A, L. Foley, Indiana University. 

Plate 14. 

Photograph of sound wave meeting a plane grating. Wavelels due both 
to transmitted and reflected sound illustrate how a diverging beam of light 
behaves with a grating of much finer ruling. 

monochromatic light from the source, though brightest at Pi, would 
by no means be extinguished at other nearby points. It would grad- 
ually fade out with a change of $, until the path difference from adja- 
cent openings became equal to X/2 or 3X/2, when interference would 
be complete for that wave length. But this is not the case when there 
are many slits. 

Let us now suppose that we are dealing with a grating having 10,000 
ruled lines (or spaces) and illuminated with white light. Light whose 
wave length has a particular value Xi is seen at an angle 0 which satis- 
fies the equation sin 0i = N\i, and forms a first-order image of the 
slit S. Now consider a wave length X 2 which differs from Xi by one 
part in 10,000, or .01 per cent. Then the first few openings send out 
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beams in the direction B practically in phase with each other, and there 
is no appreciable interference. But the phase difference between 
them steadily increases, each succeeding space adding .01 per cent to 
its value, until at the 5001st space, this amounts to 5000 X .01 per 
cent, or 50 per cent phase difference. In other words, light of wave 
length X 2 , coming from the 5001st space, is in opposite phase from that 
from the first space, and they destroy each other completely at the 
point where the light of wave length Xi was perfectly reinforced. 
The second space and the 5002nd interfere in the same way; the 5003rd 
destroys the third, and so on, so that all the light from the first 5000 
spaces is completely destroyed by light from the second 5000. 

We have thus shown that only light differing in wave length by less 
than .01 per cent from Xi can be seen at Pi. This means that the 
lines in an absorption or emission spectrum formed by the grating are 
fairly narrow and sharp, and that the colors in a continuous spectrum 
are fairly pure. This result was achieved by having many grating 
spaces, regardless of the fineness of the ruling. So it is evident that 
increasing the total number of ruled lines increases the fineness of spec- 
tral lines and the purity of spectral colors. On the other hand, close- 
ness of ruling indicated by a small value of d, or a large N, results in 
longer spectra with increased resolution of tlieir parts. 

The following conclusions regarding the grating may now be made; 
The sine of the angular deviation is directly proportional to the wave 
length, which is not true of prism spectra; therefore if N (or d) is 
known, th(^ wave length of a given spectral line is easily measured. 
The angular deviation for a given wave length, and consequently the 
angular dispersion of the whole spectrum, depenu upon N. Purity 
of the spectrum depends upon the total number of ruled lines, and is 
therefore enhanced for a given value of N by having a long grating. 
The grating spectrum is much less brilliant than the prism spectrum 
because the light of a given wave length forms not only part of the 
central white image at C where all waves come together, but also part 
of the two spectra for each of the orders represented, whereas in a 
prism spectrum a given wave length has only one path. The number 
n of orders of the spectrum that may be formed by a grating of a given 
width of slit decreases as the value of N increases, so that if N is very 
large, only the first and part of the second order are produced, but 
if N is small, many orders with correspondingly small dispersion may 
be found. 
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PROBLEMS 

1. A lens whose focal length is 40 cm forms a Fraunhofer dififraction 
pattern of a slit of 0.3 mm width. Calculate the distance from the axis of 
the first dark band and of the next bright band, using sodium light. 
(MeanX = 5893 A.) Arts. 0.79 mm, 1.18 mm. 

2. What is the angle of resolution (a) of the slit in Problem 1 , using light 
of the same wave length? Arts, 64 '. 

3. Calculate the angle of resolution of a lens whose diameter is 8 cm, 
using sodium liglit. Ans. 1.85". 

4. Two narrow slits arc 0.0 mm apart. Using light of 5 X 10“® cm wave 
length, calculate the angle which locates the third dark band (n == 2 ). 
Arts. 7' 9". 

6 . Calculate the distance between dark bands in the pattern formed, as 
in Problem 4, by a lens whose focal length is 80 cm. Ans, 0.06 mm. 

6 . A transmission grating has 4000 lines/cm. Calculate the angular 
deviation of the second-order spectrum of sodium light. Ans. 28®8'. 

7. A grating ruled with 6000 lines/cm forms the first-order siDectrum of 
a certain line at an angle of 18°. What is the line’s wave length? 
Ans. 5150 A. 

8 . Calculate the grating constant {N) of a grating which forms the third- 
order spectrum of sodium light at 1.6 cm from the central image on a screen 
80 cm from the grating. Ans, 1131ines/cm. 



CHAPTER 39 


Polarized Light 

607. Meaning of polarization. In general, the word polarization, 
or polarized, means that a body or a phenomenon takes on a changing 
aspect according to the direction from which it is considered. Thus 
the motion of the earth around its axis appears quite different accord- 
ing to whether it is viewed from one of its poles or elsewhere. A 
magnet also has poles, and in consequence its properties are different 
in different directions. A beam of light would seem to have no such 
preferred points or planes, and in general this is the case, because the 
behavior of a reflected or refracted beam of ordinary light is quite 
independent of the plane of incidence, which contains both the incident 

and the reflected or refracted ray. 
Thus if a ray of light is incident on a 
mirror AB, as shown in Fig. 112 (a), 
the ray reflected at P, indicated by 
the dotted line, together with the in- 
cident ray, determines the plane of 
incidence, which is that of the paper. 
But if the mirror is rotated through 
90° about an axis, as indicated, then 
(6) shows that although the angle of 
incidence is the same as before, the 
incident ray now comes toward the observer, and the plane of inci- 
dence is normal to the paper. Such a rotation of the mirror, however, 
does not alter either the angle of reflection or the intensity of the re- 
flected beam, which is constant even when the mirror is rapidly ro- 
tated. We may then conclude that a beam of ordinary light is the same 
on all sides, since there seems to be no plane of incidence which favors 
reflection more than any other. If there were such a plane, it would 
mean that if we could look at a beam of light from the side, it would 
have different aspects according to our viewpoint, just as a knife 
blade looks different when seen sideways or edgeways. 

608. Plane polarization. The lack of a preferred plane, indicated 
by the experiment just described, seems inconsistent with the picture 
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of light propagation already given, in which it is regarded as a trans- 
verse vibration. The direction of vibration must have a definite 
orientation, and apparently it should have different properti(\s accord- 
ing to whether light is thought of as vibrating at right angles to the 
observer, as it streams past him, or edgeways, like the knife blade. 
But if there is such a direction, and if it changes nearly a billion times 
per second, as seems likely (see Article 480), then it may be thought of 
as assuming all possible orientations about the ray as an axis, in an 
incredibly short time, and as all directions are equally represented, 
none of them is preferred. 

But now suppose the vibrations are limited to a single plane; then 
the beam is polarized, and we should look for a difference in its be- 
havior under the varying conditions of reflection brought about by 
rotating the mirror described above. Such a beam can be produced, 
as we shall see, and is then said to be plane polarized. Other forms of 
polarization are possible, such as elliptical or circular, when the vibra- 
tions are in elliptical or circular paths about a ray as an axis. But at 
present we shall consider only the simpler case of plane polarized light. 

609, Polarization by reflection. When light is reflected from a 
nonconductor of electricity, such as water, glass, varnish, and so forth, 
it is found to be partially plane polarized. This was discovered by 
Malus in 1808. By ^^partial polariza- 
tion’^ is meant that, on the whole, ^ 

the waves vibrate more in one plane \ f 

than in any other, as suggested in Fig. \\ // 

113, where the vectors representing A\ \ h 

the displacement are shown lying in 

various planes about a single ray viewed 
end on. These planes show a prefer- y \\N 

ence for the plane whose trace is PQ, y y 

where it intersects the paper, and the ^ ' 

group is said to be partially polarized q 

in the plane whose trace is MN for a Pig, 

reason about to be explained. 

In Fig. 114, two panes of glass are so related that the light incident 
at 45® on P, called the polarizer , is partly transmitted, and partly 
reflected to A, the analyzer^ where again it is partly reflected and 
partly transmitted. In (a) the two panes are parallel, and the beam 
r, after the second reflection, is found to be stronger than the trans- 
mitted beam t In (6) the lower pane has been turned through 180® 
about a vertical axis, such as was shown in Fig. 112, and the relative 
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(a) 


(b) 

Fig. 114. 


(c) 


intensities of r and t are found to be the same as in case (a). But 
when the lower pane is rotated through 90°, as shown in (c), the re- 
flected ray r, normal to 
the paper, is less intense 
than the transmitted 
ray t. This shows that 
the light was partially 
polarized by the first 
reflection, and the plane 
of polarization has been 
taken as the plane of 
incidence, which is the 
plane of the paper. It 
is, however, quite cer- 
tain that the plane of 
the vilirations of a polar- 
ized ray of light is per- 
pendicular to the plane of polarization. This is like saying that 
the earth is polarized in the plane of its equator, because the poles lie 
on opposite sides of this plane. Although such a de^finition is logical, 
it is clearer to explain the phenomena of polarized light in terms of the 
planes of vibration. These planes are 
indicated by dots when the vibrations 
are in a plane normal to the paper, 
and are indicated by short transverse 
lines when the vibrations are in the 
plane of the paper. Thus the ray 
transmitted by P, in Fig. 114, is 
partly polarized to vibrate in the 
plane of the paper, while the reflected 
ray vibrates in a plane normal to the 
plane of the paper. 

Referring again to our panes of 
glass, we may make an examination 
of the beam transmitted by the first 
pane, as shown in Fig. 115, where the 
second pane is free to rotate around 
the incident ray as an axis. The beam 
transmitted by the analyzer is stronger 
than that reflected in both (a) and (6), for their planes of vibration are 
similarly related to the surface of the glass in each position. But in 



(a) 


(fe) 


(c) 


Fig. 116. 
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(c), when the analyzer had been rotated through 90®, the reflected ray 
coming directly toward the observer is the stronger of the two, because 
the vibrations of the incident light arc parallel to the reflecting sur- 
face, as in Fig. 114 (a) and (6), and this is evidently the condition 
which especially favors reflection. 

510. Brewster’s law. In the preceding diagrams the angle of in- 
cidence was taken as 45® for the sake of simplicity of construction. 
But if other angles are used, it is found that the degree of polarization, 
and consequent differences in the intensity of the beams separated by 
the analyzer, depend upon the angle. This fact was discovered in 
1815 by Sir David Brewster, who formu- 
lated the law named for him, that polar- 
ization by reflection is most complete 
when the angle between the reflected 
and refracted rays is 90®. In Fig. 116, 
a beam of light is partly reflected and 
partly refracted at the surface of a 
medium like glass or water. The re- 
sulting beams are partly polarized, as 
indicated by the dots and cross linos. It is evident that if the angle 
between Pa and Pb is 90®, the angle of refraction r must be the com- 
plement of the angle of incidence f. Therefore sin r = sin (90® — i) = 
cos and the index of refraction n equals sin i/sin r = sin ^Ycos i = 
tan i, so that the most effective angle for polarizing by reflection is 
one whose tangent is equal to the index of refraction of the reflecting 
medium. The refracted beam is also more polarized at this angle 
than at any other. Hence the angle which produces the most com- 
plete polarization by reflection or refraction is known as the polarizing 
angle of the medium. It is 57® to 58° for ordinary glass, and 53® 7' for 
water at 0® C. A few substances (notably glycerine), whose index of 
refraction is approximately 1.46, were found by Jamin to produce 
perfectly plane polarized light by reflection at the polarizing angle. 
With most substances the reflected light is more or less elliptically 
polarized and cannot be completely extinguished by another mirror.f 

511. Double refraction. In discussing the simple phenomena and 
laws of refraction as described in (Chapter 32, it was assumed 
that the refracting medium was isotropic. That is, it had the same 
optical properties in all directions because its atomic or molecular 
structure conformed to no definite pattern. But crystals have a very 
definite structure due to the arrangement of the atoms in what is 

t Paul Drude, Theory of Optics (p. 294), Longmans, Green & Co., 1929. 
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known as a space lattice) to be considered more fully in connection 
with X-ray spectroscopy. Such a medium is anisotropiC) and the be- 
havior of light is affected by the direction it takes through the crystal. 

About the year 1670, Erasmus Bartholinus, a Danish philosopher, 
discovered that crystals of Iceland spar (calcium carbonate, or calcite) 
split up a ray of light into two rays, so that objects seen through them 
appeared double. The meaning of this was not undf^rstood at the 
time, although Huygens was able to explain it in part from the point 
of view of his wave theory, and discovered the fact that the refracted 
light was polarized. But it was not until 1808, when Malus discov- 
ered polarization by reflection, that general interest in these phe- 
nomena was awakened and numerous investigators began to examine 
the propagation of light in crystals. 

All mineral crystals, except those belonging to the cubical system, 
exhibit double refraction, as well as other substances whose atomic 
structure conforms to certain patterns. Even isotropic bodies, such 
as glass, may exhibit double refraction when subjected to strain. 

If a black dot on a piece of white paper is viewed through one of the 
surfaces of a rhomb of Iceland spar, it appears as two dots, each of a 

paler tint than the original, and if 
the rhomb is rotated about a vertical 
axis under the eye looking straight 
down, as in Fig. 117, then one of 
the images appears to rotate about 
the other, which remains fixed. More- 
over the fixed image appears a little 
nearer to the eye. 

Now it is evident that if the rhomb were of glass, the dot would 
appear single and would not rotate; therefore the immovable image 
seen through the spar is the normal or ordinary image, and the other is 
the abnormal, or extraordinary image. The ordinary image is the one 
which seems nearer, and this fact shows that Iceland spar has a higher 
index of refraction for the ordinary ray than for the extraordinary, 
since, as we have seen, a glass slab seems to bring objects nearer, and 
the higher its index, the nearer they appear. Thus, from this simple 
experiment, we know that one of the two beams produced by the 
double refraction of calcite behaves like ordinary light, and is more re- 
tarded than the other, which behaves quite differently. 

612. Wave-surface construction of double refraction. Huygens 
realized that this phenomenon involved two types of propagation, and 
showed correctly that whereas the ordinary beam had a spherical wave 



Fig. 117. 
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front in doubly refracting media, the extraordinary beam had an ellip- 
soidal wave front. Before describing his construction, however, it 
will be well to explain the meaning of an optic axis. This is any direc- 
tion in a crystal in which both ordinary and extraordinary rays travel 
with the same speed, and so have the same index of refraction. Some 
crystals have several such axes, but two of the most important, Ice- 
land spar and quartz, have only one, and we shall here consider only 
this kind. 

If, them, the two rays travel with the same speed in a given direction 
through a crystal, the line so indicated is an optic axis, and any lin(‘ 
parallel to it is an optic axis also. Then, having determined this 
direction, we can imagine the crystal as being made up of a bundle of 
an infinite number of such lines all pointing the same way. 

In Fig. 118, let MN represent the surface of a crystal of Iceland 
spar whose optic axis has the direction AX in the plane of the paper. 
Let a beam of light 
bounded by the rays a 
and b and having a plane 
front ABhe incident on 
the surface at an angle i. 

Then with A as a center, ^ 
draw a circle whose ra- 
dius is to BC as the ve- 
locity of the ordinary 
ray in the crystal is to 
the velocity of light in 
air, and finally draw Cp 

tangent to the circle. v 

We have now completed 

Huygens’ construction for ordinary light, as in Article 328. The 
circle represents the spherical wavelet emanating from A, and pC is 
the wave front of the refracted beam, while the radius Ap is one of 
its rays. 

But there is another mode of propagation which travels out from 
A as an ellipsoid of revolution. It is tangent to the circle at S on 
the optic axis, where the two velocities are equal, and its major axis 
is at right angles to AX. If the ellipse is rotated around the optic 
axis AX, it develops a surface of revolution that is the wave front of 
this disturbance emanating from A. A line from C, tangent to it at 
q, is the extraordinary wave front of the original beam after extraor- 
dinary refraction. The line Aq, drawn through the point of tangency, 
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is a ray, but it is not in general perpendicular to the wave front, as is 
always the case in isotropic media. 

The indices of refraction of the two rays 0 and E are obviously dif- 
ferent. The ordinary ray is the more bent, and has the higher index 
because it is more retarded, except along the optic axis. This index 
is constant for all angles of incidence, according to SnelFs law, but 
the extraordinary ray has a variable index depending upon the angle 
of incidence and the direction of the optic axis. 

Those crystals in which the extraordinary ray travels in general 
faster than the ordinary, and so has a smaller index of refraction than 
the ordinary index, are called negative crystals. ( 'lystals in which 
the ordinary rays travel faster, and have the smaller index, are known 
as positive crystals. 

Quartz is the most familiar example of the positive crystal. Its 
wave front construction diagram differs from the preceding in that 

the ellipsoid of revolu- 
tion lies within the 
sphere, and is tangent 
to it along its major 
instead of its minor 
axis. This is shown 
in Fig. 119, where the 
extraordinary ray E is 
th(^ more bent. The 
ellipsoid of revolution, 
which is the wave front 
of the disturbance from 
A, shows that the ex- 
traordinary ray travels as fast as the ordinary along the optic axis, 
but more slowly in other directions, and the two differ most in speed 
along the minor axis of the ellipse, whereas the greatest difference in 
negative crystals is along the major axis. 

613. Polarization in double refraction. Shortly after the dis- 
covery of double refraction by Bartholinus, Huygens, in studying the 
phenomenon, found that the rays were polarized. This fact is made 
evident by placing one doubly refracting crystal over another of equal 
thickness and looking at a black spot on white paper through both. If 
they are symmetrically placed so that the optic axes are parallel, the 
second crystal acts simply as if the first had been doubled in thickness, 
and the two images are more widely separated than before. But as 
it is rotated about a vertical axis while the eye looks directly dovm- 
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(«) 


( 6 ) 


Fig. 120. 


ward, four spots appear, and at an angle of 45® between the crystals, 
these are all equally intense. At 90® then' are two spots again, at 
135® four, and at 180® only one. After this the same succession of 
events takes place until the orig- 
inal position is recovered. 

The explanation is that the two 
beams produced by the first crystal 
arc completely polarized in planes 
at right angles to each other. The 
ordinary ray is polarized in a plane 
known as a principal section. In 
the type of crystals we are consider- 
ing, this is a plane ivhich includes 
the optic axis and a normal to the 
refracting surface. In Iceland spar 
the optic axis may be determined 
with reference to a corner, such as 
A in Fig, 120 (a), where the three angles a, |S, and 7, made by the faces 
meeting there, are all obtuse. Then a line Aa which makes equal 
angles with the three faces or edges is an optic axis, as are all lines 
parallel to it. Any plane parallel to Aa and to a normal A', A', A", 
and so forth, is a principal section. Therefore in Fig. 120 (5) the 
principal section is defined by A and a line drawn from its base 
parallel to Aa, because the upper and lower surfaces to which A is 
normal are the refracting surfaces for the point p. If this plane is 
supposed parallel to the plane of the paper, the ordinary ray is polar- 
ized in that plane, and its vibrations are normal to it as indicated in 
the diagram, while the vibrations of the ex- 
traordinary ray are in the principal section. 

514. Vector diagram of polarized beams. 
The explanation of the various images seen 
when one crystal is rotated above another is 
most clearly understood by the use of vector 
diagrams in which the direction of the vector 
represents the plane of vibration when look- 
ing at the beam end on, and its length is pro- 
portional to the amplitude of the vibration. 

Thus in Fig. 121, the two vectors 0 and E 
represent the amplitude and planes of the vibrations of the ordinary 
and extraordinary rays seen looking down on the crystal, as shown in 
Fig. 120 (6) , Then if another crystal is placed over it, with their princi- 


0 o' 




Fig. 121. 
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pal sections parallel, the second crystal is, so to speak, in phase with the 
first, and its effect is to increase the divergence of the rays due to its 

vectors 0' and E' parallel to 0 and E, 
But now if the upper crystal is ro- 
tated through say 30°, as in Fig. 122, 
the ordinary ray from the lower one is 
resolved into two components vibrat- 
ing in the directions O' and E', These 
give rise to a rather strong beam Oo', 
and a weaker one Eo\ while the ex- 
traordinary beam is also resolved into 
two of similar amplitudes, that is, E^ 
Fig. 122. and Oe. These four evidently be- 

come equally intense at 45°. At 90°, 
O' coincides with E^ and E' with 0, and only two spots are visible. The 
other cases are similarly explained until we reach 180°, when the fact 
that there is only one spot visible is accounted for by the reverse bend- 
ing of the extraordinary ray, as shown in Fig. 123 (5). This counter- 
acts the separation 
shown in (a). 

615. Nicol’s prism. 

The most effective 
method of producing a 
beam of plane polar- 
ized light was invented 
by William Nicol, a 
Scottish physicist, 
after whom the device 
is named. NicoFs 
prism is made of Ice- 
land spar, and delivers Fig. 123. 

half of the incident 

light in a completely polarized beam. A rhomb of this substance about 
three times as long as it is thick is obtained by cleavage from the 
crystal, which may have a variety of forms. This rhomb is then cut 
across the ends so as to change the natural angles at C and D from 
72° to 68°. The crystal is then cut in two, along a plane perpendicu- 
lar both to a principal section and to the new surfaces CB and AD, as 
indicated in Fig. 124, where we may assume the plane of the paper to be 
a principal section with respect to a beam R. The two parts of the 
crystal are then cemented together with Canada balsam, whose refrac- 
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tive index lies between the indices of the ordinary and extraordinary 
rays, that is, Uo > n^> n,. When the ray R enters the crystal, it splits 
up into two rays, as shown. The ordinary ray is th(* most deviated 
and is polarized in the principal section, as indicated by the dots. 
When it reaches the 
Canada balsam, it is 
going from an opti- 

cally denser into an op- / 

tically rarer medium, 
and is totally reflected, 
because the angle a 
is greater than the 
critical angle, which 
is 59°. The extraor- 
dinary ray, however, 

in entering the balsam, is going into an optically denser medium, 
because > rie, and there is no apprecia])le internal reflection. 
In passing again into the crystal from the balsam, it is going 
from dense to rare, and we might expect total reflection, but 
the angle of incidence is a little less than the critical angle, which 
is about 57°. This circumstance, coupled with the fact that its 
plane of vibration is better suited to transmission than reflection, 
as explained in Article 509, results in an almost complete trans- 
mission of the extraordinary beam E, The plane of vibration, as we 
have seen, is parallel to the principal section, so that the emer- 
gent light, when viewed from the end of the crystal, is vibrating in 
the plane indicated by the diagonal line across the small circle in 

^ — 7 -^ 7 r 125, which is parallel to the shorter 

y 7 / diagonal of the end face of the crystal. 

/ / / A pencil of light polarized by a NicoFs 

/ / 'Oy' / / prism passes perfectly freely through another 

NicoFs prism having its corresponding 

planes parallel to the first. But if the latter 
’ is rotated through 90° about the pencil as 

an axis, the light is completely extinguished, though it is completely 
restored at 180° from the original position. Between these positions 
more or less light passes the second prism according to the angle 
between them, and the intensity of the transmitted light is found by 
projecting the vector representing the vibration produced by the 
polarizer (first prism) upon that of the analyzer (second prism), 
exactly as E is projected on W in Fig. 122. Then the intensity 
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of the transmitted light is proportional to the square of this com- 
ponent. 

616. Polaroid, A new material for polarizing light, called Polaroid 
invented by E. H. Land of Boston, was first offered commercially in 
1935. It promises to rei)lace the Nicol’s prism in many of its appli- 
cations, as well as to open up new uses because of its relative cheap- 
ness and the possibility of greater size. 

Polaroid is a film of cellulose acetate somewhat similar to cello- 
phane, but it has imbedded in it, as in a suspension, many minute, 
synthetic, doubly refracting crystals. These crystals are all oriented 
the same way by giving the film a stretch in one dirciction during the 
X>rocess of manufacture. As in the case of tourmaline, each crystal 
transmits only one beam of polarized light, the other being absorbed 
within the crystal. In thc^ visible spectrum, about 40 per cent of the 
light is transmitted inste;ad of an ideal 50 per cent, and the polarization 
is very slightly imperfect at the two ends of the spectrum. 

Films of Polaroid can be })roduced having far greater area than the 
sections of the largest NicoFs prisms, and are available for such appli- 
cations as stereoscopic proj (action, and the elimination of glare from 
automobile headlights. The projciction involves in principle two lan- 
terns throwing on the same screen images of a pair of films taken from 
different positions, as in stereoscopic views. By means of Polaroid 
filters, one lantern polarizes the light vertically, the other horizon- 
tally. When seen with the unaided eye, the pictures mak(^ a confused 
jumble, but each person in an audience can be equipped A\dth Polaroid 
spectacles so oriented that the right eye sees only the right-hand 
picture, and the left eye sees only the left-hand picture. The result 
is stereoscopic vision such as has previously been achieved somewhat 
imperfectly by projecting red and green picti^res which are viewed 
through red and green glasses. 

To eliminate headlight glare, both headlights and windshields of 
automobiles might be equipped with Polaroid having the axis of polar- 
ization at 45° with the horizontal. If this angle were in the same 
“sense'' in all cars, then the axes of the light from approaching cars 
would be crossed at 90° so that windshields would extinguish the light 
of headlights. They would, however, transmit road illumination as 
seen through the windshield of the car which produced it. 

617. Polarization by scattering. When light passes through a 
medium in which particles are suspended, its path becomes visible 
from the side, as in a barn filled with hay dust, where beams of light 
are strongly marked by the “motes” in their path. This is due to re- 
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flection from the surfaces of these relatively large particles. But if 
the suspended particles are so small that their diameters arc compa- 
rable to the wave length of the light, then the light is not reflected, but 
diffracted, as when it bends around a fine wire, and each particle be- 
comes, as it were, a secondary source. The light diffracted in this way 
is partially polarized in the plane that contains both the original and 
diffracted rays. This fact may be determined by examining both the 
light reflected at the polarizing angle from the surface of a liquid, and 
the light diffracted from the particles it holds in suspension, as those 
used by Perrin in studying the Brownian movements. 

If a jar, shown in Fig. 126, contains a liquid with fine particles held 
in suspension (soapy water will answer), we may examine a reflected 
beam A , or a diffracted beam B, 
with the aid of a NicoPs prism, 
as indicated. It will then be ob- 
served that if the prism is set to 
extinguish A as much as possible, 
it will also extinguish B as much 
as possible, without rotating it 
about its axis. This is strong 
evidence for the view, mentioned 
in Article 509, that the dir(^ction 
of vibration, indicated by the 
heavy dots, is normal to the plane 
of polarization defined by D and A, the incident and reflected rays. 
For if this were not the case, it would mean that the vibrations of the 
vertical beam D, which an' all normal to its direction, as indicated by 
the radiating arrows, must have been i*otat(Hl through 90° by the sus- 
pended particles, and would then be represented by the dotted cross- 
lines of ray B, It is much more plausible to assume that the vibrations 
are correctly indicated by the heavy dots, which represent polarization 
due to a selective effect without any rotation. Therefore, since both 
A and B are said to be polarized in the plane defined by D and A, it 
follows that their vibrations must be normal to the so-called ^‘plane 
of polarization.'' 

618. Interference of polarized light. Like ordinary light, polar- 
ized light may be made to interfere provided, first, that the interfer- 
ing beams originate in the same plane polarized beam from a common 
source; second, that the interfering beams differ in phase by half a 
wave length; and third, that they are polarized in the same plane. To 
produce these conditions, light from a monochromatic source may be 
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polarized by passing it through a Nicolas prism. This light may then 
be split up into two plane polarized beams by any doubly refracting 
medium. These beams, on emergence, necessarily differ in phase be- 
cause of their different velocities, and their vibrations are in planes at 
right angles to each other. Components of each of these, vibrating 
in a single plane, are finally obtained by using a second NicoPs prism, 
and are therefore in a condition to interfere, provided the phase differ- 
ence is a suitable one. 

If a plate is cut from 
a quartz crystal so 
that the optic axis is 
parallel to the surface 
of the plate, the maxi- 
mum retardation of 
the extraordinary ray 
is obtained, provid(‘d 
the incident light falls 
perpendicularly on 
the plate. In Fig. 
127 (a), a plate of 
quartz Q, cut as speci- 
fied, is shown placed 
between two crossed 
NicoLs,^^ the analyzer 

A being turned through 90° with respect to the polariz(?r P. Their 
planes of vibration are indicated in Fig. 127 (b) by the vectors A and 
P. Let the optic axis of the quartz lie in the plane whose trace is 
Qe; then the ordinary ray transmitted by the quartz plate vibrates 
in the plane represented by Qo (that is, polarized in the plane of the 
optic axis), and the extraordinary ray vibrates in the plane defined by 
Qe* The beam from the polarizer is decomposed by the quartz into 
two component vibrations a and 6, parallel to Qe and Qoj and ob- 
tained by projecting P upon these vectors. These components 
emerge from the quartz and pass into the analyzer, which admits only 
their components parallel to A. Therefore the vectors a' and b', ob- 
tained by projecting a and h on A, are in a condition to interfere, 
provided they differ in phase by an odd number of half wave lengths. 
It will be noted that they are already in opposite phase regardless of 
path difference, as indicated by the direction of the arrows. This 
results from the double decomposition, which is equivalent to half a 
wave length difference of optical path. Therefore, if they are to 
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interfere, the extraordinary ray must be retarded in its passage tiirough 
the crystal by an even number of half wave lengths. Thus if the path 
difference is X, the vibrations a' and V differ by X + X/2 = 3X/2, 
which is an odd number of half wave lengths, and interference results. 

619. Colors due to thin crystal plates. Beautiful colors are pro- 
duced when thin sheets of selenite or mica are placed between two 
Nicolas prisms. In this case, wliite light is used, and the vector dia- 
gram for uniaxial crystals is the same as in Fig. 127 (6), though S 
should be 45® for maximum brightness. The relative retardation of 
the two rays in passing through the crystal is different for different 
colors, violet being the most retarded, as in ordinary refraction. 
Suppose a thin plate of selenite is placed between two crossed Nicols 
with its optic axis at 45® from the plane of the polarized beam. Let 
the thickness of the crj^stal be such that the path difference for green 
light, owing to retardation, is an oven number of half wave lengths. 
Then green will be completely destroyed, because of the extra half 
wave length explained above, when the beams are recombined by the 
analyzer. The resulting light is white minus green, and appears of a 
reddish hue. If red had been destroyed, the resulting color would bo 
greenish. Destruction of yellow leaves a bluish tint, and so, for any 
color destroyed, the residue of the spectral coloi’s gives a beautiful 
tint due to their combination. If 6 is not 
exactly 45®, the colors are less brilliant, 
and if the Q vectors coincide with P and A , 
no light is transmitted. 

In the foregoing arrangement, tlu^ field 
of the interference colors is black. That 
is, if the plate is not as large as the beam 
in which it is placed, it has a black back- 
ground, because the Nicols were crossed. 

But if they are parallel, as in Fig. 128, 
the background is white, although the 
quartz plate may still give interference 
colors. In this case, however, the condi- 
tions for interference are not the same. If 
P is projected upon Qo and as before, and these components are 
projected upon A, the resulting vectors point in the same direction, and 
are equal if ^ = 45®. There is now no phase difference due to this reso- 
lution, and if the rays are to interfere, the path difference in the crystal 
must be an odd number of half wave lengths, instead of even, as be- 
fore, and that color which was previously destroyed with crossed 
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Nicols is now most freely transmitted. This results in a hue which is 
‘^complementary” to that previously produced by the same crystal 
plate, because the two colored beams would, if combined, produce 
white light, what is missing in one being present in the other. They 
are then said to complement each other, as will be more fully explained 
in the next chapter. 

620. Rotation of the plane of polarization. Let a plate of quartz 
be cut with the optic axis parallel to the faces of the plate, and further, 
let it be of such a thickness that when a beam of polarized mono- 
chromatic light is sent through it, the extraordinary rays arc retarded 
half a wav(‘ length more than the ordinary. Then such a plate has 
the power of rotating the plane of polarization of the incident light, 
and it is known as a “half-wave quartz.” The angle through which 
_ the plane of polarization is ro- 

tated dfipends upon the direc- 
tion of the optic axis of the 
quartz with reference to the 
plane of vibration of light 
from the polarizer, as will be 
seen from the following ex- 
planation: In Fig. 129, if the 
optic axis of the quartz, d(J- 
fined by makes an angle B 
with P, the beam from the 
polarizer is resolved into two 
components, a and 6. But 
on emergence, a has been re- 
versed in phase with reference 
to hj bf^cause of the half wave 
length difference due to the plate’s thickness, and it is now represented 
by a'. Then h and a' recombine to form a resultant R whose plane 
makes the angle 20 with respect to P. This is proved as follows: 
The triangles aPO and a!RO are equal by construction. Then the 
/. POa = 0 = Z ROa'. But Z R'Oa = Z ROa\ since they are vertical 
angles. Therefore LR'Oa = 0, and Z.R'OP = 20. 

521. Rotatory polarization. Certain media possess the property 
of rotating the plane of polarization by an amount dependent upon the 
thickness of the medium. This is quite different from the rotation 
produced by the half-wave quartz, where the amount of rotation is 
determined by the position of the optic axis, and where the thickness 
cannot be varied. 




Chap. 39] 


POLARIZED LIGHT 


601 


The angle a through which the plane of polarization is rotated de- 
pends only upon the wave length with a given thickness of the sub- 
stance. If the source is monochromatic, an analyzer set with its 
plane of transmitted vibrations perpendicular to those from the 
polarizer will extinguish the light before it has entered the substance, 
but it must be set at a new angle, 90® + a, to extinguish the light 
after passing through it. If wliite light is used, no definite plane 
exists, for the different wave lengths are rotated through different 
angles. The amount of rotation varies nearly as the inverse square of 
the wave length, and when the analyzer is set to extinguish the red 
light in the emergent beam, the remaining colors are more or less 
freely transmitted, giving a complementary hue. Similarly, advanc- 
ing the analyzer to extinguish yellow or any other color leaves a tinted 
residuum. Therefore the rotatory power of a medium has no meaning 
and cannot be measured, unless light of a specified wave length is 
used. This is usually light of the D lines of sodium. 

Quartz plates cut normal to the optic axis, and other double- 
refracting crystals, have the property of rotating the plane of polari- 
zation. Some cause a rotation which is clockwise when viewed 
toward the source of light. These are calk'd dextrorotatory. Some 
cause a counterclockwise rotation, and are called laevorotatory. 
A fev; substances such as quartz are found to have both kinds of rota- 
tion in different crystals. Some liquids such as turpentine, solutions 
of Rochelle salts, quinine sulphate, nicotine, camphor, and sugar are 
also ^^optically active,^' as it is called. The most important of these 
are the various sugars, such as dextrose (cane sugar), which is dextro- 
rotatory, and laevulose (fruit sugar), wdiich is laevorotatory. 

522. The Laurent saccharimeter. The measurement of the optical 
rotation produced by sugar in solution is very important in a number 
of ways. Sugar appears in the urine of those afflicted with diabetes, 
and the amount present may be accurately determined by the degree 
of rotation produced. Import duties on liquids containing sugar may 
be based on the degree of concentration, and this is most easily and 
accurately measured in the same way. And in general, researches in 
chemistry and physics often depend upon an accurate measurement 
of the degree to which a medium lik»3 sugar is optically active. 

It would seem as if all that is necessary to determine the angle of 
rotation would be two NicoFs prisms as polarizer and analyzer, a mono- 
chromatic source of light, and a tube to contain the solution. But this 
arrangement is not at all sensitive, as it is impossible to determine 
with precision the exact angle at which complete extinction occurs. 
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Several polarimeters (called saccharimeters when graduated to 
read sugar concentrations directly) have been constructed to give 
accurate measurements of the angle a. The most important of these 
were designed by Laurent and by Soleil. The latter instrument is 
the more delicate, but for most purposes the less complicated and 
less expensive Laurent type gives suflSciently accurate results. 






Fig. 130. 




In addition to the two Nicol's prisms, the Laurent saccharimeter 
has a collimating lens to produce a parallel pencil of light, an eye- 
piece for close observation, and a half-wave quartz plate which partly 
intercepts the light before it enters the column of liquid to be ex- 
amined. The optical train is shown in Fig. 130, where S is the 
monochromatic source, usually a sodium burner, C is the collimating 
lens, P the polarizer, and Q is a half-wave quartz plate with a hole in 
its center, or half of a disc of the half-wave quartz. The tube T is 
fitted with plane-glass covers at its ends and contains the solution 

whose rotatory power is to be measured by 
turning the analyzer A as observed through 
the ocular E, 

If the optic axis of the quartz ring (or half 
disc) is set at an angle 6 with the vector P, 
the beam which goes through the quartz is 
A rotated through 20, as indicated by the 
vector Q in Fig. 131 . If T were inactive and 
if the analyzer were set in the position in- 
dicated by the vector ^4, so as to make equal 
angles with P and Q, the light which has 
been rotated and that which was not would 
appear equally intense, as indicated by the 
equal components a and b, and the quartz 
ring would appear just as bright (or dark) as the hole through which 
the originally polarized light passes without alteration. If the angle 6 
is small, the two transmitted beams would be almost extinguished and 
equally dark, but a very slight shift of A makes one brighter and the 
other darker. The eye is very sensitive to such gradations when 
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placed side by side, and it can judge of equality with sufficient pre- 
cision to read the setting of A, on a scale fitted with a vernier, to a 
tenth of a degree, or even better. 

Now let the tube T be filled with an optically active liquid which 
rotates both P and Q by equal amounts, depending upon the length of 
the tube and the nature and concentration of the liquid. This angle 
is found by making a setting of A, first with distilled water in the tube, 
and then with the solution in question. The difference of these read- 
ings gives the value of the angle of rotation. Care should be taken 
to avoid setting the analyzer so as to bisect 26 in the position A'. 
Then the two components of P and Q, projected on A', are also equal 
and very bright. But this setting is highly insensitive because these 
projections are proportional to the cosine of 6, and the cosines of small 
angles are very insensitive to small changes of the angle. 

When the analyzer is set correctly, with distilled water in the tube, 
the field appears as in Fig. 132 (a). Then when the solution is intro- 
duced, the balance is ^ 
disturbed, and the field 
appears as in (&) . But 
by rotating the ana- 
lyzer, the equality of 
the comix)nents a and 
b is restored, the field once more appears as in (a), and the angle a 
may be read by the vernier. 

623. The Faraday and Kerr effects. In 1845, Michael Faraday, 
the eminent British physicist and pioneer in the realm of electro- 
magnetism, discovered that polarized light, in passing through 
isotropic media such as glass, was affected by a magnetic field which 
rotates the plane of polarization. This effect is most pronounced in 
media havi ■'g a high index of refraction, so that flint glass (n^ = 1.65) 
or carbon bisulphide (no = 1.63) gives a much better result than ordi- 
nary glass, or water (no = 1.33). 

In demonstrating the Faraday effect, the substance to be examined 
is placed between the poles of a powerful electromagnet pierced with 
holes so that the light may pass through them parallel to the lines of 
force. In Fig. 133 are shown the essential parts of the apparatus for 
examining the magneto-optical rotation produced by the magnetic 
field acting on the medium M, This is placed between the poles N 
and S as shown, and a Laurent optical system is provided, having a 
polarizer P, half quartz Q, and analyzer A. The analyzer is first 
set so as to make the field of unifonh brightness with the sample M in 
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place, but with no magnetic field. Then the switch K is closed and 
the battery B excites the magnet. This unbalances the optical setting 
as seen from and the analyzer must be turned through some angle 
d to restore the two parts of the field of vision to an equal shade. The 
angle through which it is turned measures the amount of the rotation, 
and its direction is found to be clockwise when viewed from the source, 
provided the magnetic field is directed the same way {N to S) as in- 
dicated in the diagram. This is like the rule of the right-handed 
screw, which moves away from the observer when turned clockwise. 



Fig. 1.33. 


If now the field is reversed, the sense of the rotation of the plane of 
polarization reverses also. From this it is evident that such a beam, 
if reflected back through M against the magnetic field, would experi- 
ence twice as great a rotation as after a single passage, because with 
its direction reversed, the rotation would appear counterclockwise 
from the analyzer, when directed against the magnetic field. But 
this is equivalent to a clockwise rotation for an observer at L. Thus 
the total rotation is doubled. 

When polarized monochromatic light passes through a given sub- 
stance, the angle of rotation produced by the magnet depends upon 
the strength of the magnetic field and the length of path through M . 
But it depends also upon the wave length of the monochromatic 
source, in the same way as in passing through a sugar solution, or any 
substance capable of rotating the plane of polarization. That is, the 
angle varies nearly as the inverse of the square of X, as stated in 
Article 521. 

Faraday tried to detect the influence of an electrostatic field on the 
plane of polarization, but failed to do so. This effect was ultimately 
discovered by Dr. Kerr of Glasgow, who in 1875 announced the result 
of an experiment which showed that plane polarized light passing 
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through a dielectric became elliptically polarized under the influence 
of a strong electrostatic field. This means that the vibrations occur 
in elliptical orbits, instead of in a straight line as in plane polarized 
light. Ke^rr discovered also that plane polarized light, when refl(Kjted 
from the polished surface of a very powerful electromagnet, becomes 
elliptically polarized. 
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PROBLEMS 

1. Calculate the polarizing angles of light crown glass, dense flint glass, 
and rock salt with sodium light, using Brcwstcr^s law. Ans. 56° 36' (crown), 
58° 47' (flint), 57° 5' (rock salt). 

*2. The ordinary index of refraction for sodium light in calcite (Iceland 
spar) at 18° C is 1,6584. The extraordinary index is 1.4864. If a thin la- 
mina of this crystal is cut with the optic axis parallel to the plane of the 
lamina and placed between crossed Nicols, what is the minimum thickness 
needed to produce destructive interference of sodium light? Ans, 3.4 microns. 



CHAPTER 40 


Color 

624. Colors of nonluminous objects. When an object is not sSf- 
lurninous, it can be seen only by reflected or transmitted light. A 
perfectly white surface reflects all the colors of the spectrum with the 
same relative intensity as it receives them, even if it absorbs a small 
percentage of each. In this sense an ideal mirror is a white object, 
but in general the term white is applied only to surfaces rough enough 
to scatter the light in all directions, so that no mirror images are 
formed, and when illuminated with white light, the surface appears 
white in any position. Black objects absorb all colors in equal pro- 
portion, though a black surface may reflect a small percentage of the 
light it receives and still appear black. The difference then between 
black and white is one of degree only, and with more or less complete 
reflection or absorption they merge into one another imperceptibly 
through tones of gray. 

Perfectly transparent bodies are invisible when surrounded by a 
medium of the same refractive index. A piece of flint glass disap- 
pears when immersed in carbon bisulphide, both having nearly the 
same index. 

Partially transparent bodies, such as colored glass, may transmit 
one color freely while absorbing all others. Red glass appears red 
when white or red light shines through it, but is opaque to light which 
lacks red rays. 

The color of opaque bodies is due to the same atomic properties 
which enable transparent bodies to color a beam of white light. But 
in this case the light penetrates only a short distance below the sur- 
face and then comes out again as a reflected beam, having lost the 
same colors by absorption that would be lost by transmission. Red 
glass reflects red light just as it transmits it, while most opaque bodies, 
cut extremely thin, transmit the same color they reflect. 

In the process of reflection, some of the reflected light has not 
penetrated below the surface, and a certain percentage of incident 
white light remains white and then dilutes any reflected color. This 
dilution is more pronounced if the area of the colored surface is in- 
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creased by scratches or by pulverizing the material. Crystals of 
copper sulphate when pulverized become almost white, and red lead 
becomes pale if it is ground into very fine particles. This is an im- 
portant consideration in mixing pigments, which are minute particles 
of some colored material like red lead, mixed with an oil or varnish 
that acts as a “vehicle.” In ord(‘r to prevent the reflection of white 
light from the surface of these particles with consequent dilution of 
color, the vehicle should have approximately the same index of re- 
fraction as the particles. 

626. Mixing colors. The colors obtained by mixing pigments are 
due to that portion of the spectrum which both pigments reflect while 
absorbing all the rest between them. Thus cadmium yellow absorbs 
blue and violet; French ultramarine absorbs red, orange, and yellow. 
The mixture then appears bright green because the pigments agree in 
reflecting this color with remarkable purity, but between them th(^y 
absorb all the rest of the spectrum. Mixing pigments obviously in- 
volves subtraction of colors, and is quite unlike the addition of colors, 
to be described later. 

If an object is to appear colored, either by reflected or transmitted 
light, the light it receives must contain that color. If not, the object 
appears black or dark gray. A green object appears black in a photo- 
graphic dark room illuminated by a “ruby lamp,” but a piece of 
white paper looks red. Letters written on white paper with red ink 
are almost invisible under the ruby light, because the ink reflects 
red light as freely as the white paper. Thus it is evident that the 
colors of objects depend upon the color of the illumination, and when 
seen under a mercury or neon lamp, may appear totally different 
from their appearance by daylight. 

626. Surface color. Some substances appear differently colored 
according to whether they are seen by transmitted or reflected light. 
Such bodies do not owe their color to selective absorption, but to 
selective reflection. In this case the surface reflects light of a par- 
ticular wave length very powerfully, and the rest is transmitted if the 
body is transparent, or absorbed if it is opaque. Fuchsine, an aniline 
dye, is one of these. Thin films of gold are yellow by reflected but 
green by transmitted light, while white light shining through a thin 
film of silver is colored blue. The spectra of substances having sur- 
face color show strong absorption bands due to resonance of their 
atoms to certain well-defined wave lengths. 

627. Color combinations. Let a spectrum of white light be formed 
as was shown in Fig. 77, but with the slit at the principal focus of the 
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lens. Then place a diaphragm Z), having a rectangular opening, in 
the path of the refracted beam, as shown in Fig. 134. A lens L 
properly situated would fonn real colored images of the slit appearing 
as a continuous spectrum on a screen at P. But if the screen is moved 
out to Sf where L forms a real image of the rectangular opening, this 





Fig. 134. 


image must be w^hite, because all colors pass through the opening in D 
and are all spread over the entire image at S. Thus the lens recom- 
bines the colors split up by the prism. 

With the arrangement just described, we may perform a number of 
interesting experiments by interposing an opaque screen in the plane 
P, so as to cut off different portions of the spectrum, which are recom- 
bined at S. Thus if the screen cuts off red, orange, and yellow, as in- 
dicated in Fig. 135, the rectangular image at S will be colored by the 

sum of green, blue, and violet only, 
and a bluish hue is observed. On 
the other hand, cutting off the green, 
blue, and violet by shielding the 
lower half of the spectrum at P re- 
sults in an orange-red hue at S, If 
we cut out the central colors, yel- 
low and green, the result at S is 
purple-violet, while cutting out the two ends and transmitting the 
central portion produces greenish yellow at S. 

The contrasting pairs of colors just described are called comple- 
mentary colors, because their sum is obviously white. Thus the 
blue color due to green, blue, and violet, is complementary to orange- 
red, formed by the remaining portion of the spectrum. Any two colors 
whose sum appears white are complementary colors, and, as we shall 
see, a great variety of these pairs is possible. The most important are 
green and purple, red and blue-green, and orange and blue. These 
pairs furnish violent contrasts and are used in decoration wherever 




Chap. 40 ] 


COLOR 


509 


this effect is desired. On the other hand, adjacent colors of the spec- 
trum, like green and yellow, red and orange, or green and blue, sug- 
gest each other and do not startle the eye when placed side by side. 

628. Addition of colors. In the experiment just described, the 
hu(^s were obtained by the addition of the colors contained in a broad 
spectral band, but the addition of approximately monochromatic col- 
ors produces other colors in the same manner. Thus if an opaque 
screen at P (Fig. 135) has fairly narrow slits which allow only the red 
and the green of the spectrum to pass, the rectangular image at S will 
appear yellow, although no light of the wave length of spectral yellow 
falls there. Similarly, slits which admit only spectral green and violet 
result in greenish blue, while red and violet produce purple or magenta. 

Like yellow, green-blue has a place in the spectrum with a. definite 
wave length, which, of course, is lacking when it is produced by 
adding green and violet. But the purple formed by the sum of the 
extreme ends of the spectrum is a nonspectral color and has no single 
characteristic wave length. 

If the screen at P has three slits admitting narrow bands of red, 
green, and violet, the? result is white, which is indistinguishable from 
the normal white composed of all the colors. 

The results of the preceding experiments may be summarized in 
the following equations: 


Green + Violet 

= Green-blue. 

( 1 ) 

Violet + Red 

= Purple. 

( 2 ) 

Red + Green 

= Yellow. 

( 3 ) 

Red + Green + Violet 

= White. 

( 4 ) 


By subtracting (1) from (4) and transposing green-blue, we ob- 
tain the complementary relation 

Red + Green-blue = White. (6) 

Similarly, combining (2) with (4), and (3) with (4) gives respec- 

Green + Purple = White. (6) 

Violet + Yellow = White, (7) 

629. The perception of color. It is clear from the facts stated 
above that the sensation of color is quite a different concept from the 
light of the particular wave length or group of wave lengths that 
produces it. Sensation is a subjective experience, while a beam of 
light, whether seen or not, is purely objective. A beam of light hav- 
ing a wave length of 0.56 micron may be called yellow for conven- 
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ience, but a l>eam of red (say 0.72 microns) combined with one of 
green (say 0.52^) looks yellow, although objectively there is no yellow 
in the combination. Therefore care must be taken to distinguish be- 
tween color sensation and ‘‘color^^ used for convenience to denote cer- 
tain portions of the objective visible spectrum. These portions may 
be roughly defined as lying between the following wave-length limits, 
measured in microns (lO""^ cm) : 

Violet 0.33 to 0.45 Yellow 0.55 to 0.59 

Blue 0.45 to 0.49 Orange 0.59 to 0.63 

Green 0.49 to 0.55 Red 0.63 to 0.81 

These six colors are divided into minor gradations sufficiently distinct 

to admit of about 130 recognizable shades, but combinations of the 
six colors produce other color sensations numbering tens of thousands, 
many of which have been more or less accurately classified. 

630. The Young-Helmholtz theory of color vision. The best- 
known theory of color vision was originally proposed by Thomas 
Young (1773-1829), a British physician and natural philosopher of 
remarkable ability. He was the first to postulate the transverse vi- 
bration of light, and in 1802 discovered the fact that any color can be 
produced by the combination in suitable amounts of only three so- 
called ^^primary colors,’^ and suggested a physiological explanation. 
But Young himself did not attach much importance to his theory, and 
it was not until the German physicist von Helmholtz developed it, 
that the scientific world became interested in Young's ingenious hy- 
pothesis. 

The primary color sensations first proposed by Young were red, 
yellow, and blue, having wave length ratios of 8 : 7 :6. But in the same 
year (1802), acting on a suggestion made by Wollaston, he adopted 
red, green, and violet, having ratios of 7:6:5. This triad is undoubt- 
edly correct, if the three-color \dsion theory is the right one. How- 
ever numerous other triads can be used to produce all known colors, 
for as Parsonst puts it, ‘^any three lights are suitable, provided that 
neither one can be matched by a mixture of the other two." 

To account for compound color sensations. Young suggested that 
the eye might be capable of responding to only three fundamental 
kinds of stimuli, each excited by one of the three primary colors. 
These sensations, combined in varying proportions, were assumed to 
give rise to all our color sensations. 

t Sir John H. Parsons. “Thomas Young Oration” (1931). Trans. Opt. Soc., 
Vol. 32, pp. 165-185. 
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The chief physiological aspects of color vision are as follows: At the 
back of the retina, away from the pupil, are thousands of minute 
bodies, packed closely side by side, known as rods and cones. They 
are perpendicular to and almost in contact with the black choroid 
membrane, which lies between the sclerotic and the retina. The rods 
are most plentiful in its outer margins, where color is least appreciated, 
and it is felt that twilight vision (almost devoid of color) is due to the 
rods that perceive only light-dark values. The cones, on the other 
hand, are most plentiful in the yellow spot, where color is most vividly 
perceived. These cones are supposed to contain the three types of 
receiving apparatus (nerve ends?) necessary to perceive the three 
primary colors, but according to the theory, each is not wholly 
insensitive to the other two colors and may be partially stimulated 
by them. 

To account for the known facts of addition of colors, complemen- 
tary colors, and so forth, sensitivity curves have been constructed in 
accordance with the 
available data. 

Probably the best 
are due to Koenig, 
and these are shown 
in Fig. 1 36, where the 
ordinates arc pro- 
portional to sensi- 
tivity, and abscissae 
to wave length. The 
high peak of the 
violet curve shows the observed fact that the eye is most sensitive to 
this color. This is doubtless because the energy received on the earth 
from the sun falls off very rapidly toward the shorter wave lengths, 
although it passes through a maximum in the greenish yellow. 

631. Interpretation of the sensitivity curves. The reason why we 
see white light when monochromatic red, green, and violet are added, 
is shown by the spread of the curves over all visible wave lengths. 
The addition of red and green would appear greenish yellow, because 
that color alone w'ould stimulate the two sensations equally, as at the 
point p in Fig. 136; therefore an equal stimulation of each independ- 
ently at the peaks of the curves produces nearly the same sensation 
as a joint stimulation by a single wave length at p. In a similar 
manner, a suitable stimulation of the violet and green sensations gives 
the impression of blue, corresponding to the point p'. 
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Complementary colors are also easily explained. Suppose, for 
instance, violet light of suitable intensity is added to greenish yellow. 
The greenish yellow stimulates the red and green sensations about 
equally, and the added violet supplies the third component necessary 
for the sensation of white, barring twilight white seen by the rods. 
In a like manner, blue light, which stimulates both the violet and 
green sensations about equally, is complementary to yellow, because 
spectral yellow stimulates red strongly and green much less so. 

It is not surprising that Koenig’s sensitivity curves explain the 
facts so well, because they are drawn so that they should do so, and 
we get out of them precisely what we put in. Though there is some 
physiological evidence that the three independent types of receiving 
organs really exist, it is better to regard Koenig’s curves only as a 
convenient way of expressing what actually happens. 

Whatever may be the ultimate mechanism of color vision, it is 
certain that the eye has a wonderful power of combining colors to 
form new sensations, some of which are radically different from their 
components. This synthetic power is characteristic of the eye, just 
as the power of analyzing compound tones is characteristic of the ear. 
That is why, as Mrs. Ladd-Franklinf has observed, “we can never 
liave in the play of colors intricate aesthetic combinations and involu- 
tions corresponding to musical compositions in tones.” 

532. Hering’s color theory. There are several serious difficulties 
in the way of the Young-Helmholtz theory, such as the two kinds of 
yellow (spectral yellow, and red + green) ; achromatic vision, which is 
unaccounted for by a strictly trichromatic theory; and afterimages. 
These are the well-known colored spots one sees after staring at a 
bright object for some time. If the object is red, the afterimage, 
when seen against a white background, fs tlu* complementary blue- 
green color. These difficulties are better met by a theory originated 
by Ewald Hering (1834-1918), a German physiologist. 

But before discussing Hering’s theory, we should take note of an 
important factor in vision known as the visual purple. This is a 
colored substance contained in the ends of the rods next to the choroid 
and farthest from the pupil. It turns white under exposure to light, 
but in darkness its color is restored from a layer of pigment cells 
between the retina and the choroid. Apparently it is the visual purple 
which gives us our achromatic sensations of light and dark through 
the agency of the rods. If we have fatigued the eye by a bright light, 
the visual purple is temporarily exhausted and the retina is very 

t Ladd-Franklin, Colour and Colour Theories, Harcourt, Brace, 1929, 
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insensitive. But rest in a dark room restores this material, and 
normal sensitivity is regained. It takes four or five minutes in per- 
fect darkness to acquire the maximum supply of visual purple and 
maximum sensitivity to light. 

The behavior of the visual purple just described represents the 
processes of assimilation and dissimilation which go on continuously 
in all living organisms, a building-up and a simultaneous breaking- 
down. Bering used this principle in explaining not only light-dark 
vision, but also that of colors. In the case of achromatic viSion, the 
sensation of black is associated with the assimilative process (A), 
while white is associated with dissimilation (D). Thus with this 
particular pair of opposites, any light at all, such as gray, is dissirnila- 
tive, and causes the bleaching of the visual purple. 

In addition to black and white, Bering based his theory on two 
pairs of opposition colors (gegenfarben). These an^ red and green, 
and yellow and blue, colors which convey no suggestion of each other. 
This then is a tetrachromatic theory having four primary colors in- 
stead of the three proposed by Young. 

According to Bering theni are a red-green proc(^ss and a yellow- 
blue process, in addition to the white-black process already described. 
The red-green process is of the D kind, from the shortest visible wave 
lengths to pure blue, giving the sensation of red. Then it reverses, 
and from blue to pure yellow it is of the A kind, giving a green 
S(msation. From yellow through red it reverts to the D kind and 
again causes the sensa- 
tion of red. Thceyellow- 
blue process is of the 
A kind, from extreme 
violet to pure green, giv- 
ing a sensation of blue. 

From green to the ex- 
treme red it is of the D 
type, and the resulting 
sensation is yellow. The 
intensities of these sensa- 
tions vary with the 
wave length, and may be represented by the two curves shown in 
Fig. 137. Bere we see that the four primary colors are produced by 
the action of a single one of the two processes, for in each case the 
curve representing the other is passing through the neutral line, 
indicating no sensation when that particular wave length acts upon it. 
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The other colors, such as violet, blue-green, and orange, are combina- 
tion colors due to both processes acting simultaneously. 

Hcring^s theory is more popular with painters, physiologists, and 
psychologists than it is with physicists, who regard it as somewhat 
artificial, unsatisfactory in accounting for the observed facts of 
color blindness, and almost certainly wrong in regarding yellow as a 
primary color. Their attitude may be summed up inf the words of 
Sir John Parsons, who concludes that it is “unwise in the present 
state of*knowledge to abandon the methods of examination founded 
upon the three components theory.^’ 

633. Classification of colors. Maxwell greatly extended the 
Young-Helmholtz theory by means of his famous color disc. This is 
made up of sectors of variable angles and hues. When rotated at a 
high speed, the colors of the sectors merge into a single hue, because 
so-called persistence of visual impressions enables the eye to combine 
them. The resulting sensation is the same as that caused by true 
color addition, described in Article 528. In this way Maxwell suc- 
ceeded in matching any desired hue by a combination of two or more 
primary colors, and a formula was obtained expressing the hue in 
terms of its ingredients. Such a formula is 


C = + xXl + x,V, 


( 1 ) 


where S, f7, and V stand for Doniinguoz's primary colorsf, scarlet, 
green, and ultramarine, and Xx^ xtj and are the valences, or 
color co-ordinates, of the combination color C. These valences are 
expressed as numbers whose absolute values are meaningless, but their 
ratios determine the proportion of the tViree ingredients needed to 
match a given color. Thus 65 + 2(7 + 7 LI would define a particular 
hue. 

When two of the valences are zero, C is a primary color. When 
one valance is zero, C is one of the duplex colors — ^yellow, turquoise 
(green-blue), or purple. When xi:x 2 :x^ = 1:1:1, the sensation is 
arbitrarily taken as white. Theoretically, any valence can be nega- 
tive, but as a negative color sensation is meaningless, we have to 
transpose the negative term to the other side of the equation, giving, 
for instance. 


C + XiS = XiG -t- XftUy 
which is a perfectly rational statement. 


( 2 ) 


t ^investigation on Impure Spectra,” by C. Villalobos Dominguez, of the Uni- 
versity of Buenos Aires. Dominguez's primary colors are more correctly named 
than those of earlier writers. 
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In addition to hue, there are two other considerations in color 
classification. These are saturation and luminosity. Saturation 
determines the purity of a color, which is diminished by an ad- 
mixture of white light. Spectral colors are obviously the most 
saturated of all colors, provided we include with them the purples, 
which arc just as ^^pure*^ as the duplex colors of the spectrum. Colors, 
however, such as rose, straw, and lavender, are not found in the spec- 
trum and are not saturated. These are obtained respectively by 
diluting red, yellow, and violet with white; therefore none of the three 
valences can be zero, and such colors are triplex. 

Degrees of luminosity or brightness affect our perception of color 
in another way. Colors of low luminosity are called dull, as *‘dull 
green” or ^‘dull blue,” which are decidedly different from the bright 
colors. In general, these dull colors have no specific name, except 
that with increasing dullness all alike end in black. But dull yellow 
and dull orange have such a special character that they have received 
the distinctive name of brown. 

SUPPLEMENTARY READING 
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Sources of Light 

634. Incandescent solids. When a bar of iron is heated in a 
furnace, as its temperature rises it emits radiant energy over a range 
of frequencies having an upper limit that rises with the temperature. 
As it grows hotter, there is an increasing amount of energy of all fre- 
quencies below this rising limit, very much like the behavior of water 
going over a dam. When the crest of the fall is just above the dam, 
the water falls almost vertically, but as the height rises, some of the 
water is carried farther and farther from the base of the dam, while an 
increasing amount falls within this limit. 

At a temperature a little above 400° C (405° according to Emden), 
the wave length of some of the emitted radiation is sufficiently short 
to affect the eye, and the iron glows with a dull light called ^‘gray 
glow,’’ just barely visible in the dark. When made still hotter, it 
reaches ordinary ‘‘red heat” (about 525°), then becomes “cherry red,” 
then orange, and then yellow at about 1000° C, and finally, above 
1200° C, it is “white hot.” This white heat marks a somewhat indefi- 
nite temperature, because it may still have a yellowish hue at a very 
high temperature. However, as the amount of blue and violet in the 
spectrum of the glowing iron increases, its light becomes more and 
more like daylight, and begins to approach the blue whiteness of the 
electric arc, whose positive crater has a temperature exceeding 
3500° C. 

Different metals begin to be luminous at different temperatures, 
according to their emissivity. Gold begins to emit visible radiations 
at 423° C, and platinum at 408° C, while the temperatures for other 
metals are not very far from these values. 

Like water going over a dam, the energy emitted by a glowing solid 
is not evenly distributed throughout its spectrum. In the water 
analogy, there is a certain range within which most of the water falls. 
So in the case of the heated body more energy is emitted at a certain 
frequency than at any other. This frequency, which corresponds to 
the maximum energy, rises with the temperature, just as the upper 
limit already referred to rises, or, what is the same thing, the wave 
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length which is most freely emitted (where the spectrum is most in- 
tense) becomes progressively shorter. 

636. Wien’s displacement law. In 1893 it was shown by Wien, a 
German physicist, that the wave length which characterizes the maxi- 
mum of energy distribution in the spectrum of a radiating body varies 
inversely as its absolute temperature. This may be written = 
X/r, where X is a constant and has a value of 2885 for black-body 
radiation, provided th(5 absolute temperature T is measured in cen- 
tigrade degrees, and in microns (10“'^ cm). This relation has also 
been derived from purely theoretical considerations, and is exact in 
the case of an ideal black body. With other bodies, Wien’s constant 
is smaller. In the case of platinum, for instance, it is about 2630. 

The significance of Wien’s law is shown by the curves in Fig. 138. 
Each one, representing a stated temperature, shows the distribution of 
the intensity of radiation over a 
range of wave lengths at that tem- 
perature. It will be seen that the 
energy emitted at a given wave 
length increases all through the 
spectrum as the temperature rises, 
but that the increasing maxima 
shift steadily to the left in the direc- 
tion of shorter wave lengths. How- 
ever, even at 1200®, where a black 
body is said to be white hot, the peak 
is well down in the infrared. It is 
thus evident that the sun, whose 
distribution curve observed from 
sea level has a maximum in the yellow-green, must have a very much 
higher temperature than red-hot iron. In fact, using Wien’s formula 
with X = 0.55 microns for yellow light, we obtain T = 5245® K, or 
4972® C.t But the sun is not a ‘‘black body,” and moreover, the 
shorter wave lengths are largely absorbed by the earth’s atmosphere, so 
that this figure is certainly too low. Allowing for those effects, 6000® C 
is considered a reasonable value for the sun’s surface temperature. 

The measurement of energy distribution throughout the spectrum of 
a star is a difficult undertaking, but it has been accomplished by 
spectrophotometry j and in this way surface temperatures of 20,000® K 
have been observed. 

t Compare this value with the one obtained in Article 304 by a different and 
apparently better method. 
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636. Planck’s radiation formula. Various attempts have been 
made to find an expression which would make it possible to calculate 
the energy emitted by a black body at any wave length and tempera- 
ture, or, in other words, to plot the curves of Fig. 138 from purely 
theoretical considerations. With this aim in view, both Wien and 
Rayleigh derived formulae that fitted the experimental curves for 
some portions of the spectrum, but were not at all satisfactory in other 
portions. Finally, Max Planck, a celebrated German physicist, de- 
rived a formula which is a surprisingly accurate statement of the re- 
lations between the energy, the wave length, and the absolute tem- 
perature. In the equation given below, I is the intensity of radiation 
whose wave length is X. Then 

^ “■ - 1 )' 

where c is the velocity of light, k is Boltzmann^s constant (= R/N) 
defined in Article 204, and h, known as Planck^s constant, equals 
6.624 X 10“27 erg-seconds. 

637. The quantum. Planck^s equation is of great theoretical im- 
portance, because it embodies the idea of the quantum, which he 
found necessary in order to account for the observed facts of radiation, 
and so obtain a formula which fitted them. According to the quan- 
tum theory, radiant energy is not a uniform flow, but takes place in 
minute bundles, called quanta, just as matter is not continuous, but 
is made up of separate atoms. The energy of a quantum is equal to 
the product of Planck's constant and the frequency r, or W = hv. 
Since v is not a constant, W can have a great variety of values. Thus 
there are large quanta and small quanta, just as there are large and 
small atoms. A quantum appears to remain iiitact without diminu- 
tion in magnitude as it traverses space, even from the most distant 
stars, although the number of quanta crossing a unit area per second 
must decrease in accordance with the inverse square law. These 
particles of energy are also called photons, and, traveling with the 
velocity of light, they possess both mass and momentum equal to 
hv/c^ and hv/c, respectively. The pressure exerted by radiant energy 
falling on a surface can be calculated from the momentum of the pho- 
tons. It is equal to nhv/c, where n is the number of photons striking 
unit area per second. 

The quantum, although it represents a definite frequency v, does 
not fit with the older wave theory of light. The wave theory is neces- 
sary to account for such phenomena as diffraction and polarization, 
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where we seem obliged to reason in terms of a continuous flow of en- 
ergy in the form of transverse waves. The quantum theory, on the 
other hand, is necessary in explaining some of the observed facts of 
radiation and absorption of energy by atoms and electrons. These 
two ideas seem mutually contradictory, but since 1926 the efforts 
which physicists have made to reconcile them have had a profound 
effect on the development of theoretical physics. About that time 
de Broglie and Schrodinger evolved a new theory known as wave 
mechanicSi which provides a description of both the wave and particle 
aspects of light. This is discussed more fully in Article 797. 

638. Incandescent gases. Not only ordinary gases, but solids in 
the gaseous state may be made luminous in a variety of ways, some of 
which have already been mentioned. Metallic salts, for instance, 
become volatilized in the Bunsen burner, and emit light in certain 
definite wave lengths known as their flame spectra. But the elec- 
tric discharge, either as an arc, an ordinary spark, or through an 
exhausted tube, is the way most commonly used. A continuous dis- 
charge, involving considerable current and rather low voltage, be- 
tween two carbon or metal rods, is called an arc. An arc spectrum 
is due mainly to the material of the electrodes, but there may be added 
the spectra of gases or volatilized metallic salts placed in the path 
of the discharge. The tnie spark is a disruptive discharge between 
terminals, and is characterized by small current and high voltage. 
This kind of spark spectrum is that of the metal of the terminals, 
but when the discharge takes place in an exhausted tube containing 
a rarefied gas, the spark spectrum is that of the gas. Both types of 
spark spectra are similar in character, though they are produced 
under different conditions. 

Flame, arc, and spark spectra of the same substance may differ 
greatly. Sodium, for instance, yields only the familiar greenish- 
yellow D lines when volatilized in a flame of moderate temperature, 
but its spark spectrum has many lines. The arc and spark spectra 
of ordinary metals also differ profoundly. The spark spectrum is 
produced by the ionized atom, and its character further depends upon 
whether it is singly, doubly, or still more highly ionized by the re- 
moval of one or more outer-ring electrons. The arc spectrum, on the 
other hand, is produced by the neutral atom. 

639. Spectral series. It has been known for a long time that the 
lines in the spectra of gases show a certain orderliness of arrangement 
which could not be due to chance. But the frequencies that these 
lines represent are not related by any law as simple as that which de- 



520 


LIGHT 


[Chap. 41 


termines the harmonics of a musical tone, and it was some time be- 
fore this law could be formulated. In 1885 Balmer discovered the 
relation that governs the arrangement of the visible spectrum of hy- 
drogen. This is now usually expressed as an equation which gives 
reciprocal wave lengths of the various lines. Reciprocal wave length, 
or * Vave number,” really means the number of waves per centimeter 
of path of the light, and is more convenient than either frequency or 
wave length for certain purposes. Balmer's equation is 



where R, known as the Rydberg constant, equals 109,678 in a vacuum, 
and m is any integer above 2. Thus, setting m = 3, we obtain the 
wave number of the first line in the series; m = 4 gives the second, and 
so on. These lines are rather far apart at first, but crowd closer and 
closer together as m increases. The limit of the series is found by 
making m infinite, when 1/X == 109,678/4, and X = 3646 A in vacuo. 
This is near the extreme violet end of the visible spectrum, although 
the first, or a, line (m = 3) is in the orange red. The agreement b(v 
tween the observed and calculated wave lengths of the series is 
extraordinary. For instance, the observed wave length of the b limi 
(m = 6) is 4,101.26, and the calculated value is 4,101.30, using R = 
109,721, which is the value of the Rydberg constant in air. 

This series w’as the only one knowm in the spectrum of hydrogen for 
some time, until Theodore Lyman, of Harvard University, discovered 
another series in the ultraviolet, now called the Lyman series. Its 


equation is 



where m == 2, 3, 4, and so forth. Several other series exist in the in- 
frared, the most important having been named after Paschen, who 
discovered it. It is given by the formula 



where w = 4, 5, 6, and so forth. Other elements have similar series 
but they are not so simply described, although the Rydberg constant, 
which differs slightly among the elements, enters into all of them. Its 
calculation for hydrogen by Niels Bohr, an eminent Danish physicist, 
using his famous hypothetical atom, is a remarkable justification of 
the electronic theory of radiation, to be explained later. 
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640. Infrared, Hertzian, and ‘‘radio” waves. Anything having a 
temperature higher than the absolute zero is sending out radiant en- 
ergy, although, as was explained in discussing this question in Article 
295, it receives more than it sends out if it is cooler than its surround- 
ings. Those radiations classed as thermal lie in the infrared portion 
of the spectrum, and are due to the agitation of atoms or molecules 
as a whole, and not of their component electrons. They are usually 
examined by means of the bolometer and radiomicrometer. These 
instruments are very sensitive to small temperature changes, and 
record them electrically, as will be explained later. Specially pre- 
pared photographic plates may also be made sensitive to very long 
waves, and are used in the infrared region. In these ways, E. F. 
Nichols and Tear, American physicists, have explored the infrared 
spectrum of the mercury arc as far as 0.412 mm. 

Infrared rays are much used in heat treatment of certain maladies. 
Those having a wave length of about 11,000 A are highly penetrating 
both in water and flesh, and supply internal heat far more effectively 
than is possible by the slow process of conduction from a hot object 
applied to tlu) surface of the skin. 

Waves longer than those just mentioned are produced by electro- 
magnetic oscillations such as are used in radiotransmission, and there 
is no theoretical limit to the length that may be produced in this way, 
although in practice, waves over twenty miles long are not used, and 
that Icmgth only in transoceanic radiotelegraphy. The shortest waves 
produced by Hertz, who first investigated them, were several meters 
long, the average being about five meters. These he found could be 
reflected, refracted, and diffracted like ordinary light, and he thus 
completely demonstrated the electromagnetic character of light, which 
had previously been affirmed by Maxwell as a result of purely theo- 
retical reasoning. 

Subsequent experimenters, such as Righi and Lel^edew, gradually 
obtained shorter and shorter waves by improved oscillators; in 1897 
Sir Jagadis Bose; of the University of Calcutta, obtained waves only 
6 mm long, and showed that in Iceland spar they suffered double 
refraction like ordinary light. These values remained the minimum 
that could be produced by electric oscillators, until Nichols and Tear 
closed the gap between thermal and electric waves by producing elec- 
tric oscillations whose wave length was only 0.22 mm. This is ac- 
tually shorter than the longest heat waves they had observed. 

641. Ultraviolet light and beyond. Heated solids, as we have seen, 
do not emit much energy in the shorter wave lengths of visible light. 
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because the necessary temperature cannot be obtained in the labora- 
tory, and if it could, they would no longer be solids. The electric 
arc, however, and the sun, w’hich is still hotter, do emit large quan- 
tities of ultraviolet light a little beyond the visible violet. These 
are readily observed by photography as far as 2000 A (0.0002 mm). 
But the shorter waves emitted by the sun are strongly absorbed by 
our atmosphere. Waves much under 2800 A do not reach the earth 
at sea level, and window glass stops waves shorter than 3000 A. 

The effect of sunlight on the skin, known as erythema (sunburn), 
is a maximum at about 2950 A. As this wave length is stopped by 
glass, windows of fused quartz transparent to the shorter waves are 
sometimes used. Sunburn, as Luckieshf has shown, has no value in 
itself, but a moderate irradiation of the skin by the near ultraviolet 
is beneficial. 

In the study of these short waves, quartz prisms and lenses must 
be used, and for still shorter ones it is necessary to work in a vacuum, 
because air becomes practically opaque in this region of the spectrum. 
Below 1850 A, quartz is no longer available, but fluorite prisms and 
lenses make it possible to observe waves down to 1200 A. Beyond 
this, the reflection grating must be used to produce the spectrum. 
The sources of these short waves are lines in the spark spectra of 
various substances, and Millikan has photographed such lines having 
a wave length as short as 136.6 A. 

Beyond the region of what may properly be called ultraviolet light, 
because it is produced in a manner similar to visible light, we enter the 
region of X-rays. These are produced by the bombardment of solid 
metal targets with rapidly moving electrons. Ordinary X-rays, 
such as were first known, have a wave length of the order of 0.1 A, 
but their actual ratige today is from 500 A to 0.06 A. The former are 
very ^^soft,'’ and are so readily absorbed that they cannot penetrate 
the glass of the tube in which they are produced, but must be measured 
inside it. The very hard rays, on the other hand, have high pene- 
trating power, and can pass through a considerable thickness of 
metals, including even lead, which completely stops ordinary X-rays. 

The gamma rays from radioactive substances are similar to X-rays, 
but are still more penetrating. Their measured wave length extends 
from 0.5 A to 0.006 A, which is far beyond the ‘‘hardest’’ X-rays yet 
produced. 

Finally, we should at least mention the famous cosmic rays, 
although their exact character is still in doubt, as we shall see in Arti- 

t M, Luckiesh, Artificial Sunlight^ Van Nostrand, 1930. 
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cle 781. At any rate, some sort of “rays^^ come to us from outer 
space, and their amazing power of penetration indicates either very 
high frequency, or, if they are particles, enormous speed. 

642. Comparison of wave lengths from various sources. The 
following table gives a comprehensive survey of the various ranges 
of waves emitted by the sources we have been discussing. It is 


Name 

Sources 

General Charact(»r 

Wave Length 

C%)8mic 

Outer space 

Can pen(jtrate 70 
meters of water or a 
meter of lead 

(V) 

Ciamma 

Radium, etc. 

Can penetrate a 
foot of lead 

0.006 A to 0.5 A 

X-rays 

Electron bombard- 
ment 

Range from high 
penetration to 
“soft^* absorbable 
rays 

0.06 A to 500 A 

Ultraviolet — 

Chiefly spark spec- 
tra of gases and arc 
spectra of solids 

Highly absorbable 
even by transpar- 
ent media 

136.6 A to 3900 A 

Visible light. . . 

Incandescent solids 
and liquids above 
400® C, also gases 
electrically excited 

Affect the retina of 
the eye. High pene- 
tration of transpar- 
ent media 

3900 A to 7600 A 

Infrared 

Spectra of gases and 
^*rest strahlen'^ 

Radiant heat. Pene- 
tration of many 
opaque media 

7600 A to 0.412 mm 

Hertzian 

Electric oscillations 

More penetrating 
than “heat" waves 

0.22 mm to a few 
meters 

Radio 

Electric oscillations 

Great carrying pow- 
er and penetration 

A few meters to 
30 km 


evident from these figures that there is now no longer any un- 
explored region of wave lengths between the longest waves used in 
radiotelegraphy and the shortest gamma rays emitted by radium. 
In fact, it will be seen that several of these ranges overlap, so that we 
may, for instance, obtain waves whose length is 250 A, either in an 
X-ray tube or from the spark spectrum of one of the elements. Also, 
a wave whose length is 0.3 mm can be produced either by the methods 
of spectroscopy or by electrical oscillations. 

Another conclusion we may draw from the table is that both very 
long and very short waves are extremely penetrating, while those in 
between approach a maximum of absorbability. 
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643. Fluorescence. Many substances, though not, strictly speak- 
ing, independent sources of light, emit luminous energy on their own 
account under the influence of a beam of light falling upon them. 
Those which emit only during the action of the stimulating light are 
said to fluoresce, while those which continue to emit some time after- 
wards are said to phosphoresce. In fluorescence the atoms of the 
substance absorb a portion of the spectrum of th(i incident light, and 
re-emit it in another portion of the spectrum. This transformation 
is nearly always in the direction of lower frequency and longer wave 
lengths, a fact known as Stokes’ law. 

Stokes^ law may be demonstrated by illuminating with violet light 
pieces of uranium glass and paper placed side by side in a dark 
chamber. If these objects are then viewed through amber glass, the 
uranium glass, which is fluorescent, seems to glow on its own account, 
while the paper is hardly visible. The reason is that amber glass is 
almost opaque to the violet light reflected from the paper, but readily 
transmits the lower-frequency green fluorescence excited in the ura- 
nium glass by the higher-frequency violet light. If, however, both 
objects are illuminated by red light, the paper appears brighter be- 
cause it is a better reflector, and there is now no fluorescence. Thus 
fluorescence is usually a sort of “step-down^’ transformation of fre- 
quencies. In accordance with the quantum theory, the energy of 
the incident quantum must exceed that of the fluorescent light, 
so that hvx > hv2. Therefore the fluorescent, or secondary frequency, 
P2, is lower than the primary frequency Pi. In order to see this trans- 
formed light we must observe it as a reflected or scattered, but not a 
transmitted beam. This is because the incident light is always much 
the stronger and masks the much feebler fluorescence, while it is 
transmitted in its original color slightly modified by selective absorp- 
tion. 

A common example of fluorescence is petroleum oil, such as the 
heavy engine oils used in automobiles. These appear greenish brown 
by transmitted light, but the reflected or scattered light has a bluish 
fluorescence, due to the absorption of still shorter waves in the violet. 
This violet, taken from the incident white light, gives the transmitted 
beam a green-yellow hue of low luminosity, in accordance with the 
principle of complementary colors. 

A solution of fluorescin appears yellowish by transmitted light, 
but fluoresces with a beautiful pale-green hue. Eosin, which derives 
its name from the Greek word for davm^ gives a gorgeous rosy fluo- 
rescence. Quinine sulphate, under the action of ultraviolet light, 
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fluoresces in the dark with a pale-blue color, but shows no color by 
transmitted light, because the absorbed ultraviolet cannot affect the 
color of the visible light. Esculin, easily obtained from horse- 
chestnut bark by boiling it in a small quantity of water, also fluo- 
resces with a pale-blue light. A solution of chlorophyl (the coloring 
matter of plants) dissolved in ether fluoresces blood red, but appears 
green by transmitted light. Uranium glass is an example of a strongly 
fluorescent solid. Other fluorescent substances arc^ the mineral 
willemite, fluorspar, certain fossils, and cal cite (Iceland spar). 

Light, after passing through a sufficiently thick layer of fluorescent 
material, loses its power to excite fluorescence in the same substance 
placed in the transmitted beam. This is because the wave lengths 
needed to excite those particular atoms have all been absorbed. 

All bodies which fluoresce within the visible portion of the spectrum 
are excited by ultraviolet light, because the energy of its quanta is 
greater than that associated with any part of the visible range, and 
the step-down process of transformation is therefore always possible. 
This leads to a valuable method for “seeing'^ otherwise invisible 
radiations. Thus we may produce the spectrum of an arc light with a 
quartz prism and lenses and project it upon a sheet of paper previously 
coated with a solution of quinine sulphate, moistened with dilute 
sulphuric acid before using. On this screen the visible spectrum is 
doubled in length, far beyond the usual limits of the violet end, and 
the spectral lines of the arc in this ultraviolet region are clearly visible. 

Professor Wood has invented a kind of glass which is almost opaque 
to ordinary light and to most of the ultraviolet, but transparent to 
the near ultraviolet as produced by the mercury arc. This invisible 
beam may be detected by placing a fluorescent substance in its path. 
A piece of uranium glass seems to glow by its own light, invisible 
streaks of vaseline on paper become luminous, and the teeth and pu- 
pils of the eye of an observer are also fluorescent, while white porce- 
lain or a silver coin appears coal black. 

Rontgen (X) rays may be made visible in a similar manner by the 
fluorescence of barium platinocyanide, which gives out a greenish- 
yellow light under their influence. In practice, the X-rays, after 
passing through the part of the body which is under examination, 
fall upon a screen coated with this material, and a shadow picture is 
formed,” visible in the dark. 

644. Phosphorescence. When the fluorescent light lasts after 
the cause has been removed, the medium, as has been stated, is said 
to be phosphorescent, because moist phosphorus glows in the dark. 
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But very many substances possess this property. A familiar example 
is Balmain^s luminous paint, a sulphide of calcium which glows for 
hours after having been exposed to a strong light. Other substances 
possessing this property are the sulphides of barium and strontium, 
and some of the salts of aluminum, uranium, and platinum, as well as 
all solids which fltioresce. Fluorescent liquids and gases, however, 
are not phosphorescent. 

The explanation of phosphorescence is that some sort of chemical 
change is produced by the original illumination. This change is un- 
stable and therefore of a temporary nature, so that when left in the 
dark, the exposed surface gradually reverts to its more stable condi- 
tion, emitting light as it does so. The rate of this recovery and conse- 
quent intensity of the light emitted vary with the temperature as well 
as with the nature of the substance. Dewar found that a piece of 
ammonium platinocyanide, if cooled to the temperature of liquid 
hydrogen and exposed to a strong light, exhibited no phosphorescence 
when removed to a dark room. But later, as it grew warmer, it 
suddenly developed a brilliant greenish phosphorescence. 

The rate at which the stored-up chemical energy is liberated during 
phosphorescence may be accelerated by warming the body, as we 
have just seen, and invisible infrared illumination produces the same 
result. Wood found that Balmain’s paint, which had been kept in 
the dark for 24 hours after exposure, could have its lost luminosity 
restored for a short time by the action of the infrared, which produced 
a greenish light instead of the characteristic blue of the paint. This 
effect is to be distinguished from fluorescence, because it is not a 
transformation of the incident light into a lower frequency, but is only 
a release of the small residual chemical energy under the action of the 
invisible beam. 

Many organic materials are phosphorescent, and certain fungi and 
dtjcaying wood are phosphorescent apimrently spontaneously, owing 
to slow oxidation which results in the emission of a faint light, A 
strongly phosphorescent fungus is Clitocybe illudens of the family 
Agaricdceae. Mcllvainef says that ‘^the print of a newspaper could 
be read when held close to the mass [of fungi].” Another illustration 
of a slow chemical change producing light is the luminous streak made 
by a phosphorus match when rubbed on a moist surface. Phos- 
phorescence is also excited in many crystalline bodies by the action of 
cathode rays, and in some of them persists for quite a long time after 

t Charles McTlvaine, One Thousand American Fungiy Bobbs-Merrill Co. 
1912. 
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the bombardment has ceased. The light produced by these crystals 
is beautifully colored, some glowing with an emerald-green light, 
others sapphire blue, and some emit a superb vermilion. 

646. Luminescence. This term refers to a source of light not 
primarily associated with heat. Fluorescence and phosphorescence 
are therefore cases of the broader term luminescence. When lumi- 
nescence is due to a primary beam of light, as described in the preceding 
paragraphs, it is called photoluminescence. When it is due to elec- 
tronic bombardment, it is known as electroluminescence. When it 
is excited by infrared rays, as in Dewar’s experiment, it may be called 
thermoluminescence. 

646. The Raman effect. As we have seen, fluorescence occurs 
only in a comparatively small number of substances, but in 1928 Sir 
C. V. Raman, of the University of Calcutta, discovered that all trans- 
parent bodies have a somewhat similar power. The substance to be 
examined is illuminated by a source, such as the mercury arc, giving 
light of one or more definite wave lengths, and the light scattered at 
right angles to the original beam is examined with a spectrometer 
equipped to photograph the spectrum. After prolonged exposure it is 
found that in addition to the original line or lines due to the source, 
other much fainter ones are present. Their positions with respect to 
the line that caused them are perfectly regular and in accord with the 
quantum theory of atomic absorption and radiation. The strongest 
of these secondary lines are of longer wave length than the primary 
line, but some fainter lines are found having wave lengths shorter than 
their primary. The lines of longer wave length are explained on the 
basis of the quantum theory of atomic absorption. According to this 
theory an electron within the atom may be raised from a lower to a 
higher energy level during the impact of a photon, while the energy 
quantum of the colliding photon is correspondingly reduced, which 
results in a lowering of its frequency. The secondary lines of in- 
creased frequency are accounted for by supposing that the incident 
photon can not only give up its quantum of energy to the atom, but 
under certain circumstances can receive energy. This energy, added 
to its own, increases the value of the quantum hv, and therefore the 
frequency. The increase of frequency when the photon receives 
energy has the same value as the decrease when the photon loses en- 
ergy to the atom. It is indicated by the symmetrical position of the 
secondary lines on either side of the primary, so that we may regard 
the transaction due to the collision as a reversible one. The atom can 
either rob the photon of a definite amount of energy during the col- 
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lision, or impart to it the same amount. In one case the frequency is 
lowered; in the other it is raised. 

647. The mechanical equivalent of light. This is defined as the 
power, measured in watts, which corresponds to a lumen of luminous 
flux emitted by a source of white light. The number of lumens is 4r 
times the candle power, and this is measured by a photometer. The 
corresponding mechanical power is measured by some such device as 
a thermopile, after the infrared and ultraviolet portions of the spec- 
trum have been filtered out, so that only the visible portion falls upon 
the thermopile. This is necessarily a somewhat uncertain measure- 
ment, because ^^white’’ light is of variable composition, depending 
upon the nature of the source. However, an average value for the 
mechanical equivalent of light is considered to be about 0.01 watt per 
lumen. 

If we define the mechanical equivalent of light in terms of a mono- 
chromatic source, and choose the brightest portion of the spectrum, 
that is, the yellow-green, then there is no uncertainty as to its composi- 
tion, and more accurate results are possible, as well as much higher 
efficiency. In this case the mechanical equivalent has been found to 
be only 0.00161 watt per lumen. As the eye is capable of perceiving 
light whose intensity is only 10*" lumen, t it is evident that the flow 
of energy required to e^xcite the sensation of light is extremely small, 
being of the order of 10“^® watt. Energy supplied at this rate would 
take thirty thousand years to lift an object weighing one gram to a 
height of one centimeter! 

648. Efficiency of luminous sources. The conversion of other 
forms of energy into light by artificial sources of illumination is ex- 
tremely wasteful, because the greater portion of the energy supplied 
is converted into heat. The efficiency of this process is the ratio of 
the mechanical equivalent of the light emitted to the power consumed 
by the source. This power in artificial sources is supplied either by 
combustion, as in oil or gas lamps, or by a current of electricity. In 
the latter case it is easily measured, while the equivalent power output 
is obtained as described in the preceding article. 

If the mechanical equivalent of white light were definitely 0.01 
watt per lumen, the calculation of the efficiency of an electric light 
from its measured candle power and electric power input would be 
extremely simple. Thus if it has C candle power, it radiates a flux of 

t If we assume the pupil of the eye to be dilated to a diameter of 4 mm, the coni- 
cal intensity of lumen perceived would result from a standard candle at a 
distance of 14 miles. 
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47rC lumens. If this is multiplied by 0.01, the mechanical equivaknit 
of its luminous output is 0.047rC, and if it consumes P watts, the effi- 
ciencyisgivenby e = 0.04^C/P. (1) 

A modem gas-filled tungsten incandescent lamp of moderate power 
requires about 0.9 watt per candle power (a value often erroneously 
referred to as its ^‘efficicncy’O- Therefore the ratio C:P equals 
1/0.9 = 1.11 candle per watt, or 4iW X 1.11 = 14 lumens per watt, 
approximately. The white-light efficiency of such a lamp (assuming 
0.01 as the mechanical equivalent) is 14 X 0.01 = 14 per cent. The 
ordinary carbon arc has an efficiency of 11.8 per cent, while the new 
sodium arc has a net luminous efficiency of 60 lumens per w^att, or 
60 per cent of the electrical energy consumed. 

This method of calculating the efficiency is open to two serious ob- 
jections. These are, first, the uncertainty of the value of the mechani- 
cal equivalent of white light, and second, the fact that white light is 
not as efficient an illuminant as light concentrated in the yellow-green. 
Therefore, even if the value 0.01 watt per lumen were exact, it still 
involves a comparison between an actual source and one whos(^ 
efficiency is not 100 per cent. To obtain this monochromatic 
efficiency we should take 0.00161 watt per lumen as the mechanical 
equivalent, and then ^ ^ o.00644,rC/P. (2) 

This amounts to comparing the output of a lamp with that of an ideal 
source, which, consuming energy at the same rate, concentrates it in 
the brightest part of the spectrum. The efficiency calculated by 
equation (1) is 6.21 times as high as when (2) is used. Therefore a 
tungsten lamp measured by this more exacting standard has an effi- 
ciency of only 2.3 per cent. In a similar manner a carbon arc light 
has a monochromatic efficiency of about 1.9 per cent, a mercury arc 
of 6.8 per cent and a sodium arc of 9.7 per cent. But a glowworm 
exceeds 90 per cent. 

It is evident that we are wasting an appalling amount of energy in 
our artificial illumination, and it is to be hoped that we shall some day 
know how to produce the ‘‘cold light^' of the firefly and glowworm. 
At present the nearest approach to artificial cold light of real intensity 
is that produced by the oxidation of some organic compound. The 
most brilliant of these combinations is when luminol (3 aminophthal- 
hydrazide) is oxidized in an alkaline solution with potassium ferri- 
cyanide and 3 per cent hydrogen peroxide.f The result is a pale 

t Journal of Chemical Education, Vol. 2, p. 142, 1934. 
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bluish light strong enough to read by. But unfortunately the effect 
lasts only a short time, the light fading gradually until at the end of 
about a minute it is no longer more than a faint glow. 
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PROBLEMS 

1. Calculate the wave length of maximum energy emitted by a “black 
body” when heated to the melting point of platinum, 1755^ C. Ans. 1.42/i. 

2. What is the wave length of maximum energy emitted by platinum at 
its own melting point? Ans, 1.30^. 

3. What is the black-body temperature of an arc light which radiates 
energy having its maximum at a wave length of 0,7 p, just below the visible 
red? Ans. 3848® C. 

4. Calculate the energy of a quantum of sodium light, also the mass 
and momentum of the quantum. Ans, 3.372 X 10^'*^ erg; 3.75 X 10“®® g; 

I. 126 X 10”22 dyne-second. 

6. Calculate the wave length of the fourth line in the Paschen series of 
hydrogen in air. Ans, 1 .005^. 

*6. A line in the Balmer series of hydrogen is found tf) have a wave length 
in vacuo of 4.34 X 10 cm. Substituting this figure for X in the equation, 
show that the line is the third in the series. 
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Optical Phenomena in Nature 

649. The mirage. When the successive layers of air just above 
the surface of the earth diflFer in temperature, their density also differs, 
and light passing through them travels at different speeds according 
to the level above the earth’s surface. This results in making the 
wave front of light from a distant source slightly curved in a vertical 
plane, as by the action of a cylindrical lens, even when the object is 
so far off that the curvature would otherwise be negligible. The most 
usual case is when there is a layer of heated air lying close to the earth, 
with cooler air above. Although this is an unstable condition and 
therefore variable, it is observed over hot desert sands and over the 
relatively warm water of the ocean in the early morning, after the 
upper layers of air have been cooled by radiation during the night. 

The result of this unequal temperature has been explained by 
Hastingsf in the following ingenious manner: The wave front in the 



homogeneous layer high up gradually becomes plane, while that in 
the progressively warmer layers below becomes concave forward. 
Thus in Fig. 139, ab represents the curved surface of the earth, 
enormously exaggerated, with a layer of warm air a'6' lying above it. 
As light from the object A enters this layer at c, the lower portion cd 
of the wave front becomes slightly concave, while the upper portion 
cf is almost plane. This is because the light travels faster through the 
less dense air at progressively lower levels. 

t Charles S. Hastings, Neio Methods in Oeometrical Optics (Appendix C), 
Macmillan, 1927. 
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An eye at E would see the object A, owing to the cylindrical por- 
tion of the wave front cd, at a lower point A', and slightly magnified, 
as by a converging lens held close to the eye. But as this is a cylin- 
drical wave front having a horizontal axis, the magnification is only 
vertical. At a still greater distance, with the eye at £' above the 
layer of heated air, there are two wave surfaces, or sheets. These are 
the undisturbed plane wave c'/', and a slightly convex cylindrical 
surface c'd' due to the reversal of the concave cylinder, just as a con- 
verging beam of light diverges after passing through a focus. The 
plane wave front has one erect virtual image of the object at A, but 
the convex front c'd' has a virtual, inverted, and slightly magnified 
image at A'. The effect is of an object and its inverted mirror image, 
as a tree reflected in a lake. The illusion of water is still further 
accentuated, because the sky behind A is also brought down to A' by 
the curved portion of the wave front, so that the traveler in the desert 
seems to see a distant palm tree reflected in a pool of water, where 
there are only the tree and heated sand. 

The same phenomenon in miniature is seen across the rounded sur- 
face of a concrete road at the crest of a hill, the curved hilltop re- 
placing the curvature of the earth shown in Fig. 139. Here the image 
of the sky, owing to the cylindrical curvature of the wave front, is 
formed below the horizon defined by the hilltop, giving an illusion of 
pools of water. This is a sight familiar to motorists on hot summer 
days, but it is possible only when the crest of the hill forms or nearly 
forms an horizon for the observer. 

The other kind of mirage is due to a cold layer of air over cold 
water with a warmer layer above. This is common in the early 



autumn in northern waters. In this case the lower layer is of fairly 
even density, while the upper one is progressively warmer and 
lighter. Hence the cylindrical wave front now forms above the plane 
one, and an eye at JS?, Fig. 140, sees the object A at A', erect, magnified, 
and higher up. The author has seen cliffs on the northern shore of 
Lake Superior (a very cold body of water) magnified in’this way to 
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several times their proper height. Distant boats appear abnormally 
high out of water, but of course no broader than without the mirage. 
Among seamen, this effect is known as looming. 

At a still greater distance than that indicated in the diagram, 
when cf has reversed, an inverted image at A' may be seen. The 
plane portion of the wave front then yields an erect image of A, and 
the now convex wave front forms an inverted and vertically magnified 
image above it. In this way ships apparently sailing upside down in 
the sky are sometimes seen. 

Unhiss the reversal of curvature (an extremely rare occurrence) 
has taken place, the eye must be above the cold layer in order to per- 
ceive the image formed by the cylindrical sheet cf. The image may be 
that of an object below the horizon, visible if the eye is above a'6', 
and invisible if it is below. Thus a few inches up or down are 
enough to determine the visibility or otherwise of the object below 
the horizon. It is really a startling experience to lower one\s head a 
foot or two and sc^e a distant island, which was made visible by the 
mirage, disappear completely from view. 

560. The form of the rainbow. When a ray of sunlight falls upon 
a drop of water it is refracted as by a lens, and emerges as part of 
a converging beam. But before it 
passes out of the drop it may be in- 
ternally reflected one or more times, 
and then, because of the longer in- 
ternal path, the resulting beam tends 
in general to be divergent. In Fig. 

141 a horizontal ray of light is seen 
entering a spherical drop of water at 
p. A portion is internally reflected 
at a and again at p', but a part emerges 
toward p", as indicated. Its direction 
has thus been altered by a very large 
angle approaching complete reversal. 

This angle of deviation is found to be a minimum when the angle of 
incidence is 59°. Then the angle of refraction is 40°, when n for water 
is 1.333. It is now easy to show by the trigonometric relations indi- 
cated in the figure that the emergent light has been deviated by 
138°, so that the ray p'p" makes an angle of 42° with the line AB 
drawn toward the sun. 

It can also be shown that in the particular case assumed above, a 
narrow pencil of rays around Op as an axis is less diverged after emer- 



Fig. 141. 
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gence than all other horizontal rays, which necessarily follow different 
paths through the drop. These, on emergence after one or more 
internal reflections, are so divergent as to be rapidly dissipated. But 
a pencil of light which follows the path pap' is not scattered in this 
way, and an observer at p" would see the drop as a bright point of 
light if its angular relations to him and the source were defined by 
the angle of 42®, as in Fig. 141. 

In order to understand the shape of the rainbow, consider a cone of 
circular section, shown in Fig. 142, whose base ahcxl is perpendiculai 

to the rays of light r. Its ele- 
ments aEf hEy and so on, which 
meet at its vertex E, are inclined 
at 42° to its axis AE, where A is 
opposite the sun and is called the 
antisolar point. Any point on 
the surface of such a cone meets 
the requirements of the drop in 
Fig. 141 with respect to an ob- 
server at E, Then light from the 
sun, evidently assumed to be on 
the horizon, will reach the eye by 
the route of minimum deviation. 
So any raindrop that happens to be anywhere on the surface of the 
cone is seen as a luminous point, and if a shower is falling in the 
region to the left of £, the luminous points formed by the drops as 
they pass through the conical surface appear-as the arc of a circle, 
although actually they form a conical sheet which is seen edgewise. 

A given drop meets the requirements of the rainbow for a given ob- 
server only for an instant, but as there are many other drops to take 
its place, the rainbow seems continuous, although the individual drops 
forming it are constantly changing. Moreover, another observer at 
E' sees another bow formed by a different set of drops, although his 
cone has an axis parallel to that of the observer at J5, and the two cones 
and rainbows are otherwise exactly similar. Hence the futility of 
seeking the fabulous pot of gold at the foot of a rainbow ! 

When the sun is above the horizon, the cone of minimum deviation 
is tilted, with its axis always a continuation of the line between the 
sun and the observer. Thus with the sun at an elevation of an angle 
a, the visible bow is only a portion of the circumference of the circle 
cut off by the earth^s surface, as shown in Fig. 143. When a = 42°, 
no bow appears above the xy plane, which explains why rainbows 
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are never seen when the sun is high above the horizon, but only 
in the early morning or late afternoon, except in high latitudes. 


It is possible to see the entire 
circle of the bow, however, when 
standing on a steep elevation 
and looking off into a nearby 
shower of rain, or spray from a 
waterfall, provided the sun is 
shining behind the observer and 
is not too high. 

661. The colors of the rain- 
bow. The angle of the cone 
where the rainbow is formed, as 
stated in the last paragraph, is 
42°, but only for red light, as the 
value of the refractive index 



Fig. 143. 


(1.333) used in Article 550 is for that color. The other colors of the 
solar spectrum are more deviated by a drop of water, and the total 



‘ Fig. 144. 


minimum deviation for violet, after one 
internal reflection, is 140°, instead of 138°, 
as in the case of red light. Therefore the 
angle of the cone for violet is 40° instead of 
42°. Thus there is a series of coni cal sheets 
lying one inside the other, and bounded 
by the 42° and 40° cones, as in Fig. 144. 
This results in a series of circles or parts of 
circles as seen by the eye at E, with red on 
top and graduating through the colors of 
the spectrum to violet at the bottom. 


652. Secondary bows. I'hese are formed after two internal re- 
flections, as shown in Fig. 145. Here the sun^s light, if horizontal. 


must enter near the bottom of the 
drop in order to reach the observer, 
and on emergence it makes an angle 
varying from 51° for red to 54° for 
violet light. In this way a second set 
of cones is constructed, having larger 
angles than the primary set, and with 
violet lying above the red. This 
secondary bow is necessarily fainter 



than the primary, because of the increased loss of light at the second 
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internal reflection, which is only partial. But it is a little broader, 
since the difference between its limiting angles is about 3°, instead of 
2°, and the colors are in reversed order. 

Bows of still higher orders are possible, but the third and fourth 
orders are only about 50® from the sun, and are therefore much too 
faint to be seen against such a brilliant background as the brightest 
part of the sky. The fifth-order bow, whose angle with respect to the 
antisolar point is 54®, is too faint to be seen even at this favorable 
angle, because of the progressive loss of light involved in five internal 
reflections. 

553. Coronas and halos. Sometimes when the sun shines through 
a fog we see a colored band surrounding it, like a rainbow of small 
angular aperture, but with less well-defined colors. Such a corona 
is even more common around the moon when there is mist in the air, 
and its apparent diameter varies according to the height of the mist. 
These coronas, popularly known as rings around the sun or moon, are 
due to diffraction by the particles of suspended moisture. They are 
easily reproduced on a small scale by holding a piece of glass, lightly 
fogged with steam, between the eye and a point source of light. 

Halos are formed in a manner similar to rainbows, but in this case 
small ice crystals in the upper atmosphere take the place of the rain- 
drops. These are usually right-hexag- 
onal crystals having 60® angles between 
alternate faces, as in Fig. 146, and these 
faces then constitute a truncated prism 
having a refracting angle of 60®. The 
angle of minimum deviation can be cal- 
culated from the prism formula, and is 
found to be 22® when n is set equal to 
1.31, the index of refraction of ice. 
Therefore when myriads of such tiny 
crystals are falling between the observer 
and the sun or moon, some of them 
will always be correctly oriented to bend the light to the observer\s eye 
without the dissipation due to divergence, which would occur at other 
angles. This creates a ring of prismatic colors with red nearest the 
sun or moon, a bluish hue outside, and having an angular radius of 22®. 

Another halo, caused by the 90® prisms which the lateral faces of 
the crystal make with.its bases, is also possible. In this case the angle 
of minimum deviation is 46®, and the resulting halo, in consequence, 
has a 46® radius around the sun or moon. This is much rarer than 
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the smaller type, but is occasionally very brilliant when the crystals 
are sufficiently numerous. 

Sundogs, or parhelia, are vertical areas usually seen on either side 
of the Betting sun at 22® angular distance. They are caused by hexag- 
onal ice crystals falling with their axes vertical, so that the 60° prism 
described above becomes effective only when the crystal has the same 
altitude as the sun. 

There are various other rare phenomena of this sort, involving pre- 
dominant orientations of the crystal in unusual positions, such as 
when the majority are falling with their axes horizontal, but enough 
has been said to account in a general way for these interesting natural 
spectacles. 

564. Color of the sky. In order to understand why the sky is blue, 
it is necessary to investigate the phenomenon discussed in Article 517 
concerning the diffraction of light by minute particles. The intensity 
of the light scattered sidewise in this way varies inversely as the fourth 
power of the w^ave length, so that the shorter w’^aves toward the violet 
end of the spectrum are sent out at right angles to the beam much 
more freely than the longer weaves near the red end. This results in a 
sorting of the light, so that a pencil of white light sent through a sus- 
pension of fine particles appears bluish when seen sidewise, and reddish 
when viewed toward the source, because of the sorting out of the green, 
blue, and violet. 

The red color of sunset is due to a similar sorting in which minute 
dust particles near the earth play an important part. When the sun 


is low on the horizon, it shines through a much 
thicker layer of air than when it is overhead, and 
consequently the shorter waves have a better 
chance of being scattered. 

To account for the blue of the sky we must 
first suppose that the molecules of air act in a 
manner similar to fine dust particles with re- 
spect to scattering, and also that the effect is 
a double one. Thus a beam of light, if it reaches 
us from the portions of the sky away from 
the sun where the blue is strongest, must have 



been sent out from the sun at some angle a to Pig, 147 , 

the line of sight, which would give the beam a 


component H normal to that line, as shown in Fig. 147, where the ob- 


server is supposed to be looking straight up. The scattered light of 


these transverse components, seen from the ground without further 
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modification, would appear blue-violet instead of blue, because of the 
more effective scattering of the shortest waves of the spectrum; and 
indeed this color has been observed from balloons at a very great alti- 
tude. But near the surface of the earth the light scattered by the 
upper strata of air is again scattered in passing downward through the 
denser atmosphere, and during this second scattering the violet is 
thrown out sidewise from the descending beam, which reaches the eye 
at E with a residue of blue. This blue light is partly polarized, as 
explained in Article 517, and can be observed by looking at the sky 
through a Nicol’s prism. The sky then appears darker if the Nicol 
Is “crossed” with the plane of vibration of the light. 
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CHAPTER 43 ' 

Magnetism 

556. Nature of magnets. The property called magnetism, by 
which certain metallic substances attract others at a distance, was 
known to the ancients. They found in Magnesia, Asia Minor, a 
certain mineral, composed of the oxides of iron FeO and Fe 203 , 
which possessed natural magnetism. The name was probably de- 
rived from that of the region in which the ore was first found. This 
ore, known as magnetite, together with the weaker magnetic pyrites, 
constitutes the only natural magnet known. Magnetite is also called 
“lodestonc^^ (leading stone), and was first scientifically investigated 
by William Gilbert, an English physician, whose famous treatise 
“De Magneto’’ appeared in the year 1600. 

If a piece of magnetite is dipped in iron filings, they cling to it, 
especially at certain points wh(;rc the magnetism seems to be con- 
centrated. These points are called the poles of the magnet. A bar 
of steel stroked with a lodestone acquires poles, a fact known to the 
Chinese, who invented the mariner’s compass. Such a bar has ordi- 
narily but two poles situated near its ends, as may be seen from the 
concentration of iron filings there, when they are sprinkled over it. 
A magnetized bar, if pivoted like a compass needle, always lies in the 
north and south magnetic meridian, and the same end always points 
north. This shows at once that the poles are different in kind, and 
the difference is still further exhibited by the action of two pivoted 
needles brought near each other. In this case, two ends of the same 
kind will be found to repel each other, while two of opposite kind 
attract. Thus we derive the familiar law, like poles repel and unlike 
poles attract. The north-seeking poles are called north poles in ordi- 
nary practice, and the south-seeking poles, south poles, though it 
should be noted that these terms are misnomers, because the poles 
of a magnet are of opposite kind from the poles of the earth for which 
they are named. They are also often referred to as positive and nega- 
tive poles. 

566. Coulomb’s law of attraction. An ideal pole is one so far 
removed from its mate as to be practically beyond its influence. It 

541 
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must also be of such small dimensions that it may be regarded as a 
point. In 1785, C. A. de Coulomb, a French physicist, investigated 
the properties of magnetic poles, using long and slender magnetized 
needles in an apparatus similar to that described in Article 580. In 
this way he realized approximately ideal poles and formulated the 
laws of their mutual action. These may be combined in a single 
statement known as Coulomb's law: The force of attraction (or re- 
pulsion) between two poles varies directly as the product of their strengths, 
and inversely as the square of the distance between them. Expressed 
symbolically, this law may be stated as 


where m and m' are the strengths of the two poles, and r is the dis- 
tance between them. If both poles are positive or both negative, F is 
positive, and we know from experiment that the poles repel each other. 
If they are of opposite sign, F is negative, and the poles attract each 
other, 

667. The unit pole. Coulomb’s law tells us how we may define a 
unit pole. In order to do so we must specify the medium between the 
poles, because it is found that the force depends upon the medium. 
It is therefore agreed to assume tliat the action takes place in a 
vacuum. Then we agree that m shall bo so defined that the force not 
only varies as mm' jr'^^ but shall be numerically equal to 7nm' fr^. 
Therefore if F and r are unity, mm' must be unity also, and further, 
if m and m' are equal, each is a unit pole, whose strength may be 
denoted by e.m.u., an abbreviation of electromagnetic unit. Thus we 
arrive at the definition, that a unit pole is one which at a centimeter's 
distance in a vacuum acts with a force of one, dyne upon another pole of 
equal strength. Our unit having been thus defined, Coulomb's law 
becomes 


This is rigorously true, by definition, in a vacuum; but it is also so 
nearly true in air that for most purposes we may use equation (2) as 
if it were exact when air surrounds the poles. 

Equation (2) also shows what is meant by a pole whose strength is 
greater than unity. If m = 1 and m' = 2, the force is twice as great 
as when both are unit poles. If both poles have a strength of two 
units, the force is four times as great as between unit poles, and so on. 
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The dimensions of a unit pole are obtained from Coulomb^s law as 
follows: Since the dimensions of m and m' are the same, we may write 

[F] = [m2L~2]. 

But in general [F] = [MLT'^^]. 

[m] = 

668. Magnetic field. The region around a magnet, in which its 
effect is perceptible, is known as its field. The field is stronger near 
the poles, and becomes weaker as we recede from them. It can be 




examined by sprinkling iron filings on a piece of paper held over the 
magnet. They then form themselves in such patterns as are indicated 
ill Fig. 1. It will be seen that the filings arrange themselves in 
lines, by placing themselves end to end under the influence of poles 
induced in them, thus suggesting the varying direction of the field, 
as well as its varying intensity indicated by the density of their 
grouping. 

The direction of these lines can be studied still better with the aid 
of a small compass placed in the same horizontal plane as the magnet. 
The effect on the compass 
needle is shown in Fig. 2. Let 
sn represent the needle and 
NS the magnet. Four forces 
arc acting, involving one of 
repulsion and one of attrac- 
tion at each end. The re- 
sultants of these pairs act 
in part as a couple tending 
to turn the needle about its axis in a counterclockwise direction, 
until it sets itself, as shown in Fig. 3, when the turning moment 
vanishes. The needle is then tangent to the direction of the field at 
its axis. In this way, by placing the needle at successive positions, 
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the field may be mapped with considerable accuracy. It should be 
remembered, however, that the earth's field is always present, so 
that the field indicated by the compass is the resultant of the combined 
fields of the earth and the magnet. 

On careful examination of Fig. 3, it will be seen that the resultant 
force acting on the south pole of the needle must be greater than that 



(a) 



(fr) 


Plato 15. 

(a) Photograph of iron filings sprinkled on cloth stretched over horseshoe magnets, 
showing field with like poles opposed (repulsion), (b) Photograph of iron filings 
showing field of magnets with unlike poles opposed (attraction) . 

acting at the other end. This is because it is nearer the north pole of 
the magnet, and the attraction vector, to which most of the resultant 
is due, is slightly larger than the repulsion vector at the other and more 
distant end of the needle. The result is an unbalanced force tending 
to translate the needle toward the nearest pole of the magnet. More- 
over, the two resultants do not lie quite in the same straight line, so 
that there is a small unbalanced force acting at right angles to the 
needle and tending to draw it sidewise. If the needle is free, as when 
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mounted on a floating cork, it moves both longitudinally and trans- 
versely toward the attracting magnet. A similar motion also takes 
place when an unmagnetized piece of iron is near a magnet, or in 
general, wherever there is a 
nonuniform magnetic field. 

Then motion results in the 
direction of increasing field 
intensity. 

If the length of the com- 
pass needle in Fig. 3 is made 
very small, the difference 
between the two resultant 
forces becomes negligible, 
they are oppositely directed, and the needle does not move toward the 
magnet. This would be the case when any needle is acted on by the 
carth^s field, for it is vanishingly small in comparison with the dis- 
tances to the magnetic poles of the earth. Thus, if a floating magnet 
were acted on by the earth only, we should have rotation, but no 
translation. The same is true in any uniform field, as will be ex- 
plained later. 

669. Field intensity. In order to measure the effect of a magnet on 
the region surrounding it, we make use of a quantity called field 
strength, or field intensity. It depends upon the position and 
strength of the magnet, and is defined as the force in dynes acting upon 
a unit north pole ai a specified point. ^ Since the force has a definite 
direction, field strength is a vector quantity. It is denoted by H, and 
may be calculated by dividing the force on an ideal pole m' by its 
pole strength, or „ 

m 

The unit of field intensity is now called the oersted, The oersted is 
defined as the intensity at a given point in a field at which the field 
would act with the force of one dyne upon a unit pole placed there. 
Or 1 oersted = 1 dyne/1 pole. Its dimensions are those of a force 
divided by tfie dimensions of pole strength, and are given by 

[H\ == [MLT-yM^UT-^] 

= [MiL-tr-i]. 

t This is on the assumption that the field is undisturbed by the presence of the 
pole. 

t Formerly called the gauss. Renamed after the Danish physicist H. C. 
Oersted (1777*-1851). 
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The value of H at any point in a magnetic field is the vector sum 
of all the forces which act upon a unit pole at that point. Thus, 
in Fig. 4, the field at p is due to both poles of the magnet. Each com- 
ponent is the actual force on a unit pole at p, and these are then added 



Fig. 4. 


vectorially, as indicated. 

We may calculate ff at a given 
point as follows: The force due 
to the pole N of strength m is 
given by Coulomb^s law. Then 
since H = F/m' we have 


which is the force on a unit pole (m' = 1) at a distance n from A. 
Similarly, The resultant field H is the vector sum of 

Hi and and may be obtained graphically or by trigonometry if 
Ij riy and r 2 are known. The value of H at p would really be altered 
by the presence of a magnetized needle there, but this fact does not 
affect the results obtained by calculation, which give field intensity 
and its direction independent of any actual pole at p, 

560. Lines of force. It is a great help in studying magnetic fields 
to have some means of picturing them to the eye, and in a manner 
useful in making calculations. We saw in Article 558 that iron filings, 
in a magnetic field, map lines indicating the direction in which a small 
magnet tends to lie. They also tell us by their distribution where the 
field is intense and where it is weak. Instead of using iron filings, we 
may explore the field with a small compass and plot the lines on a sheet 
of paper. These are called lines of force, and are defined as purely 
imaginary lines or curves which start on a positive or north-seeking pole 
and end on a negative or south-seeking pole. Their direction at any 
point in their course is that of the field H, or the direction in which a 
single positive pole would travel if placed there. 

Even as specified above, lines of force, by crowding together at 
some points and spreading out at others, would give us information 
only as to the field direction and where it is stronger and where 
weaker, but they would tell us nothing of the actual value of the 
field’s strength. To make this possible, let us draw a definite num- 
ber of lines of force starting out symmetrically in all directions from 
each unit pole when considered all by itself. As these lines spread 
out radially, their number crossing a unit area normal to their direc- 
tion must decrease with increasing distance, like everything else 
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which spreads out uniformly in three-dimensional space. That is, 
like luminous flux, their density must vary inversely as the square of 
the distance from the pole. But H decreases in the same way, so 
that the number of lines of force crossing a unit area normal to their 
direction is a correct measure of the field strength. 

In deciding how many lines we shall imagine as starting from a 
unit pole, we may measure the field strength one centimeter away 
from the unit pole. From equation (1) in the last article, H = m/r^, 
and as m and r now both 
have unit value, 11 equals 
one oersted. But the en- 
tire region in which r = 1 
is a sphere surrounding 
the unit pole, and such a 
sphere has an an^a of 47r 
cm^. So if we decide to 
have 47r lines radiate from 
an isolated unit pole, one 
line will cut across every 
square centimeter of the 
surrounding unit sphere. 

Thus in a field where 
// = 1, there will be one 
line of force for each square 
centimeter normal to the field. If there are four lines cutting 
through each square centimeter, as indicated by the dots in Fig. 5, 
then jEf = 4, and so on. As this is a very convenient measure, it is 
usually assumed that lines of force start from a unit 'positive pole and 
end on a unit negative pole, 

661. Magnetic moment. In many calculations the product of the 
pole strength of a magnet and the distance between the poles must be 
found. But neither the position of the poles nor their strength can be 
accurately determined, so that a new unit has been adopted called 
magnetic moment {M), It is defined as the product just referred to, 
or mlf and is readily measured. Its unit is a unit-pole-cm. The need 
for such a unit is seen when we consider the turning moment on a sus- 
pended bar magnet in a uniform field of intensity ff, as shown in 
Fig. 6. The two forces acting on the poles are each equal to Hm. The 

turning moment due to each is obviously Hm ^ sin a, where I is the 

distance between the poles and a is the angle between field and 
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magnet. Therefore the 
total torque L is given by 

L = 2Hm \ sin a 

At 

= Hml sin a 
= HM sin a, 

so that if M and H are 
known, the torque for any 
angle may be calculated. 
It is well to note that L 
vanishes when the axis of 
the magnet is parallel to the field, and is a maximum when it is per- 
pendicular. In the latter case L = HM, and if H is unity, M ^ L. 
Thus magnetic moment may be defined as the torque exerted by a 
unit field on a magnet placed at right angles to the lines of force. 

662. Magnetic dipoles. If the magnet suspended in a field, as 
described in Article 561, is cut in two, each half will be found to be a 
complete magnet with a north- and a south-seeking pole. Each part 
will be found to have half the magnetic moment of the whole magnet. 
This means that the poles must be as strong as before, because if ml 
is half what it was, and I is halved, m is unaltered. If we then cut 
each of these two magnets into two equal parts, we would have four 
complete magnets, each having one quarter of the moment of the 
original bar. No matter how far we carry on this subdivision, we 
always obtain magnets with two poles each, and the sum of their in- 
dividual moments is always equal to the moment of the undivided 
magnet. 

The facts described above led Wilhelm Weber, a German physicist 
(1804-1890), early in the last century to propose the theory that sub- 
stances which could be magnetized were made up of minute molec- 
ular magnets. These elementary dipoles were supposed to have 
their axes pointing at random in all directions until the material was 
magnetized. Then they were thought to fall into line with their 
axes parallel to each other and to the axis of the magnet. For in- 
stance, if an iron bar consists of molecular dipoles oriented wholly at 
random, their fields would neutralize each other, and the bar as a 
whole would be unmagnetized. But if the dipoles were lined up with 
like poles all pointing the same way, their individual fields would 
help each other, and the bar as a whole would become a magnet with 
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free poles at its ends. A chain of dipoles reaching from one end of the 
magnet to the other may be represented by N-s, n-s, n-s, n-S, where 
the capital letters represent the free poles at the ends, all other poles 
being tied together by mutual attraction. Weber’s hypothesis 
seemed justified by a number of facts, among them being a change in 
the dimensions of an iron body when it becomes magnetized. This 
was first observed by Joule, and is called magnetostriction. 

563. Intensity of magnetization. In order to measure the strength 
of a magn(?t, a quantity known as intensity of magnetization is em- 
ployed. This quantity is defined as the magnetic moment per unit 
volume, and is denoted by the letter Jl. Thus 


where M = mZ, as already noted, and v is the volume of the magnet. 
If the magiK^t is a bar of uniform sectional area a, v = al, and we may 
write , 

al 


or 



( 2 ) 


Thus the unit of magnetic intensity is unit pole per cm^. But near a 
pole of strength ???, H = m/r^, so that unit 7/ may also b(i defined as 
unit pole per crn^. Therefore H and d measure the same kind of 
thing and have the same dimensions. 

In order to form a clearer picture of this important quantity <9, we 
may imagine the ends of a long bar magnet, cut apart at its center, 
brought face to face, N opposite S, across a narrow air gap. If each 
pole has a strength of m e.m.u., we may picture the two ends as each 
having m unit poles distributed evenly over its section area a. Now, 
as we have just seen, A = mja; therefore measures the surface density 
of pole strength. 

From the foregoing conception of Jl, a very important relation be- 
tween e9 and H may be derived as follows: Since the two poles are 
supposed to be close together, the field between them is practically 
uniform, and H = a. But m/a = A; therefore, within the gap, 

H = 47re9. (3) 

This way of calculating H from A may also be used to give approxi- 
mate va. ues of H at points very close to the ends of a single bar mag- 
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net when its magnetic intensity is known. Or cS may be found at 
such points from H, Numerical values of A may be very large. A 
bar of hardened steel may be magnetized to retain an intensity of over 
900 (e.m.u.)/cm2. iron can retain an intensity of around 400. 

Natural magnets of magnetite are much weaker, but may be magnet- 
ized to retain an intensity of about 200 (e.m.u.)/cm2. 

664. Magnetizing iron. In Article 562, wc saw that iron may be 
regarded as made up of minute magnets (dipoles) arranged wholly at 

random. Let us now 
suppose that a bar of 
/ ] / y' brought into a 

, field of magnetism, as 

^ shown in Iig. 7. 

f j Under the influence of 

' the field, indicated by 

pjg 7 the curved lines, every 

little dipole in the iron 
bar tends to line up along a line of force. Being more or less free to turn 
inside the iron, they do line up to a certain extent, and as a result of 
their united action, the iron develops induced poles, A'S', at its ends, 
as shown in Fig. 8. 

The process of inducing poles is really not as simple as just indi- 
cated. The field shown penetrating the iron bar is not as great as it 
was before the bar was introduced. Mognot iron 

This is because of the effect of k a^I J—p ^ 

the induced poles. The end of the Fig § 

iron next the 'N pole of the magnet 

now^ has a lot of free & poles due to the S ends of the dipoles at that 
surface. At the surface farthest from the magnet, there are a lot of 
free N poles due to the A ends of the dipoles there. Hence the whole 
magnetic field at a point p (Fig. 8) in the iron will be due both to the 
original field of the magnet and to a new fidd acting against it, as 
indicated by the arrow. This field is due to the free poles induced in 
the inon, and is as usual directed from north to south polarity. It 
tends to weaken the field due to the magnet, and the actual magnetic 
moment induced in the iron is not as great as it would be if its own 
induced poles were not acting against the magnetizing tendency of the 
permanent magnet. This effect is called the demagnetizing action of 
the free poles. In the case of a short thick magnet, the intensity of 
this demagnetizing field is very strong. If the magnet is long and 
slender, the demagnetizing field approaches zero. 
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666. Pennanent magnetism. The degree to which an iron bar 
becomes magnetized by a magnetic field is a very complicated prob- 
lem. It depends upon the freedom with which the little dipoles in the 
iron may turn. That they are not absolutely free is shown by experi- 
ment, for if they were, the weakest field would line them up com- 
pletely, producing saturation^ as such a state of magnetism is called, 
and this does not happen. Another evidence that the dipoles must 
be restricted from turning freely is the fact that once lined up they 
t(‘nd to remain more or less fixed in that condition. If this were not 
so, permanent magnets would be impossible, because their internal 
fields, due to their own poles, tend to swing the dipoles around in a 
direction opposite to that in which they are pointing. 

Suppose for a moment that the dipoles in a magnet were quite free 
to turn in a field due to the poles created by their united action at the 
ends of the bar. Then they would start swinging around to point the 
other way, and as more and more lined up in the reverse direction, the 
free poles at the ends would become steadily weaker. This weaken- 
ing of the free poles would in turn result in a decrease of the demagnet- 
izing action, so that the process of demagnetization would proceed, 
but with less and less vigor. Thus the magnetization would gradually 
settle down to zero, and the magnet would become just a piece of un- 
magnetized iron. The fact that this does not usually happen must be 
due to a lack of freedom of the dipoles to turn unless strong fields act 
upon them. 

Different kinds of iron and steel behave very differently in retaining 
magnetism. If we bring a piece of very soft iron near a magnet, it is 
magnetized by induction, but when we take it away it becomes almost 
demagnetized by the action of its own poles, as just described. If a 
piece of hard steel is brought near a magnet, it too is magnetized by 
induction. But when we take it away, its dipoles do not turn readily 
under the demagnetizing action of its own poles, since this action is 
much weaker than the field which produced its poles. Therefore the 
bar remains permanently magnetized. 

666. Ferromagnetism. Besides iron, a few other substances 
develop a strong intensity of magnetization when put in moderate 
magnetic fields. As their behavior is similar to that of iron, they are 
called ferromagnetic (from Latin ferrum = iron). Steel, which is 
mostly iron, is of course ferromagnetic. In addition, the elements 
nickel and cobalt are strongly magnetic but less so than iron. These 
three form the so-called ferromagnetic group of elements. Quite 
recently the rare metal gadolinium has also been shown to be ferro- 
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magnetic when its temperature is below 16° C, its ‘^Curie point” 
(see Article 568). 

The ferromagnetic metals just named, with the exception of steel, 
are elements. But it is possible to make ferromagnetic alloys of non- 
ferromagnetic elements. The most famous of these are the Heusler 
alloys, wliich are intermetallic compounds such as Mn 3 Sb 2 with an- 
other substance in solid, preferably concentrated, solution. This 
added substance may be antimony (Sb), manganese (Mn), or copper 
(Cu). Illustrations of such alloys are MiisSbg + Sb, Mn 2 Sb + Mn, 
and MnAla + Cu. 

Recently a new series of highly magnetic alloys has been developed 
for industrial purposes. These are generally alloys of two or of all 
three of the ferromagnetic group, iron, nickel, and cobalt. One of 
them, developed by the Bell Telephone Laboratories, is composed 
of 78.5 per cent of nickel and 21.5 per cent of iron. It belongs to a 
group of so-called ^ ^permalloys,” because it has to a high degree the 
property known as permeability j to be defined in a later chapter. 
This means that it behaves as if its constituent dipoles were remark- 
ably free, and so give it strong magnetic intensity in very weak fields, 
though A disappears almost completely when the field is removed. 

667. Para- and diamagnetism. Most substances are not ferro- 
magnetic, but this does not mean that they arc wholly indifferent to 
a magnetic field. If a sphere of aluminum is suspended by a thread 
near a magnet, it will be found to have a very slight tendency to go 
toward the strong part of the field. This behavior is like that which 
would be shown by a sphere of iron, except that the deflecting force 
is very much weaker with aluminum. To account for this we may 
suppose that aluminum, like iron, contains dipoles that are oriented 
by a field and thus create induced poles. Then by means of these 
poles the aluminum is attracted to the magnet which causes the field. 
Such weakly magnetic bodies are said to be paramagnetic. They 
were so named by Faraday, t because in the form of slender rods they 
tend, like iron, to set themselves parallel (from Greek para = beside) 
to the lines of force in a magnetic field. 

In 1778, S. J. Brugmans (1763-1819), a Dutch physicist, observed 
that a piece of bismuth repelled either pole of a pivoted magnetic 
needle. A similar property of antimony was discovered in 1827, 
and in 1845, Faraday, using a very powerful electromagnet, found 

t Michael Faraday (1791-1867), a celebrated English physicist and chemist, to 
whose extensive researches we owe much of our present knowledge of electro- 
magnetic phenomena. 
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still other substances that tend to move away from strong into weaker 
magnetic fields. As slender rods of these substances tend to set them- 
selves across the lines of force, Faraday named them diamagnetic 
(from Greek dia = through). Their behavior cannot be explained in 
terms of dipoles unless we are willing to suppose a very perverse 
variety of dipole which lines up in exactly the opposite direction to the 
way in which the magnetic forces are acting on it. 

Although diamagnetic forces are very weak — too weak to have 
any practical applications — they are of the very greatest importance 
in giving us a deeper insight into the true nature of magnetism than 
we get from the simple dipole picture. But this cannot be discussed 
profitably until we have learned about the magnetic effects of electric 
currents in a later chapter. 

668. Effect of temperature on magnetism. If a piece of very pure 
iron is placed in a very weak field, in which U is equal to 0.4 oersted, 
for instance, its permeability increases with the temperature to a 
maximum of 11,000 around 770° C. ^ 

This is known as the ^^Curie point.^’ / 

Beyond 770°, the permeability falls / 

rapidly to almost unity at 800° C, and 

the iron becomes paramagnetic. If the y/ 

field is stronger (say // = 4 oersteds), the \ 

permeability starts with a higher value, 

increases a little, and then falls more ^ ^ ^ 

gradually to the same value at the 

same temperature. In strong fields there is no increase at all, but 
a gradual decline from a low value to nearly unity. These effects 
are shown in the curves of Fig. 9, where (Greek mu) represents 
permeability. 

The critical temperature at which pure iron in a weak field reaches 
its maximum permeability corresponds to the so-called point of re- 
calescence. This is seen when a piece of steel is allowed to cool 
rapidly from bright red heat. At a certain well-defined temperature, 
depending on the exact nature of the steel, it glows more brightly 
again, and then cools down normally. Here undoubtedly occurs a 
rearrangement of the molecular structure at a temperature below 
which the ferromagnetic properties of the substance are possible, and 
above which it acts like an ordinary paramagnetic body. In conse- 
quence of this phenomenon, a piece of iron heated to over 800° C is no 
longer attracted by a magnet, while a permanent magnet loses its 
magnetism and does not recover it again after cooling. 
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669. Terrestrial magnetism. The well-known action of a compass 
is due to the fact that the earth itself is a gigantic magnet, so that at 
all points near the earth^s surface there is a field due to the magnetized 
matter in the earth’s interior. How the earth came to be magnetized 
at all is not known. The compass points in the direction of the hori- 
zontal component of the earth’s field. But this field at most places 
has a vertical component as well, so the compass needle is balanced to 
offset the very weak torque wliich tends more or less to deflect it 
from the horizontal plane. 

To find the direction of the resultant field due to both the horizontal 
and vertical comx^onents, it is necessary to use an instrument called a 
//k circle. In this a magnet is pivoted on a horizontal 
axis so as to be free to turn in the vertical plane that 
passes through the direction in which a compass needle 
points, that is, in the ^^magnetic meridian.” If the 
dipping needle is perfectly balanced h(^ore it is magnet- 
ized, then it is in neutral equilibrium under gravity. 
Now after being carefully magnetized, it will turn so as 
to point in the direction of the resultant field H and make 
an angle a with the horizontal, as indicated in Fig. 
, 10. There the vector H represents the resultant intensity of the 
earth’s field. Hn represents the horizontal and Hv the vertical com- 
ponent. The angle a is the angle of dip. 

670. Decimation and inclination. Since the earth’s field at any 
point is a vector, we need to specify its direction and magnitude at 
that point. The angle which the horizontal component makes with 
the geograpliic north is called the declination, and the angle which H 
makes with the horizontal, as indicated by the dip circle, is called the 
inclination. These two angles suffice to tell us the direction of H, 
Finally we have to find the magnitude of H in order to describe it 
completely. This is, of course, the vector sum of the horizo ntal and 

■ vertical components shown in Fig. 10, or + Hv» If Hfi 

and the angle of dip a have been measured, we may calculate H from 
the obvious relation H = Hh/cos a. 

The value of H varies considerably over the earth’s surface, from a 
minimum of a little over 0,2 oersted to maxima of the order of 0.7 
oersted. The horizontal component varies from a maximum of about 
0.4 oersted near the equator to zero at the magnetic poles. 

Magnetic surveys of the whole earth’s surface have been made, so 
that much is known about the way in which the field is distributed, 
even though we do not know how the earth came to be magnetized as 
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it is. It is not to be expected that the field will be particularly simple, 
and it has been found that there are many local irregularities. But 
by and large the field is mainly such as would be produced by a huge 
permanent bar magnet in the earth’s interior, with its axis making a 
small angle with that of the earth. The positive pole of this magnet is 
directed toward 72® S. lati- 
tude and 155® E. longitude 
(from Greenwich). The nega- 
tive pole (toward which the 
north-seeking end of a com- 
pass points) lies on Boothia 
Peninsula, north by east from 
Hudson’s Bay and almost 
due north of Omaha. Its 
latitude and longitude are 
about 70?5 N. and 97® W. As 
these poles are not diametri- 
cally opposite each other, the 
main part of the field is somewhat lopsided with respect to the 
earth’s center. 

The general direction of the earth’s lines of force about a section 
through its magnetic and geographic axes is shown in Fig. 11. From 
this diagram it is clear that a dipping needle would point straight up 

and down at the magnetic poles, 
horizontally at the magnetic equa- 
tor, and at angles varying be- 
tween 90® and 0® at other points. 
From an examination of Fig. 12 
we can understand why the com- 
pass needle in general does not 
point toward the true north. 
Points on a given curve in the 
diagram are points of equal dec- 
lination, or isogonic lines. The 
heavy line indicates zero declina- 
tion, although actually, between the 
magnetic pole Nm and the geographic pole Nq the compass would point 
due south. East of that line it points west of north, and west of that 
line it points east of north. Since the meridian of zero declination 
(the heavy line) must form a closed curve passing through both mag- 
netic and both geographic poles, it is evident that in circumnavigating 
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the earth, a ship^s compass would twice point due north at points 
roughly diametrically opposite each other. In addition there is a 
closed loop of zero declination embracing Japan and parts of China 
and Siberia, known as the “Siberian Oval.” 

671. Variations of the earth’s field. The various quantities we 
have been considering are constantly changing by small amounts. 
There are five types of such changes: A steady change known as 
secular; a daily variation; minute annual changes; others correspond- 
ing to the lunar month; and abrupt variations known as magnetic 
storms, which occur during periods of unusual solar activity, as shown 
in sun spots. These latter are apt to be associated with especially 
intense displays of the Aurora Borealis. The secular change in New 
England has averaged less than four minutes of arc westward in a 
year, as observed over a period of one hundred years, and it is no- 
where greater than six minutes per year in the United States. The 
diurnal change in the same area varies from 4' to 15' between its ex- 
tremes, which occur at about 9 a.m. and 2 p.m., the needle shifting 
toward the east in the morning and westward in the afternoon. The 
annual cyclical change, and the changes due to the influence of the 
moon, arc less than a minute of arc, and are therefore usually ruigligi- 
ble. The effect of magnetic storms, however, is often extremely seri- 
ous, amounting in some cases to declinations of several degrees, and 
shipwrecks have been caused by these unpredictable disturbances of 
the compass. 

The causes of magnetic variations are very little understood, though 
unquestionably electrified particles shot out from the sun profoundly 
influence terrestrial magnetic phenomena. 
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PROBLEMS 

1. Calculate the force between two similar poles, of strength 24 and 18 
e.m.u., when they are 12 cm apart. Ans. 3 dynes. 

2. A bar magnet has poles of 400 e.m.u., 12 cm apart. Calculate the field 
strength in direction and magnitude at a point 8 cm from the center of the 
magnet and equidistant from its ends. Ans, 4.8 oersteds parallel to the 
magnet. 
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3. A bar magnet NS has poles of strength 144 e.m.u., 5 cm apart. 
Calculate the field strength at a point 3 cm from N and 4 cm from S, 
Arts. 18.36 oersteds. 

4 . A magnetized needle whose poles have a strength of 25 e.m.u. and are 
3 cm apart is placed in a magnetic field of 12 oersteds at an angle of 30® with 
the direction of the field. What is the torque on the needle? Ans. 450 dyne- 
cm. 

6. Calculate the torque required to hold a magnetized bar suspended in an 
east-west position in a north-soutli field of 0.21 oersted, when the bar has a 
magnetic moment of 50 (e.m.u. )-cm. Ans. 10.5 dyne-cm. 

6 . The magnet of Problem 2 is placed in a uniform field of 3.6 oersteds 
normal to its length. What is the resultant field at the point considered, 
and its direction? Ans. 6 oersteds; 36^9 from the direction of the magnet. 

7. Calculate the vertical field intensity of the earth\s magnetism at a point 
where // = 0.19 oersted, and the inclination is 72®. Ans. 0.58 oersted. 
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672. Electrification by friction. The ancients knew that if a piece 
of amber or other resinous substance were rubbed with some woolen 
material, or still better, with cat’s fur, it would attract light objects, 
such as bits of cloth or pith, very much as if it were a sort of magnet. 
A piece of dry paper rubbed over the varnished surface of a desk 
clings tenaciously at times. Dry glass rubbed with silk exhibits a 
similar effect, while the glass and silk tend to attract each other after 
the rubbing. All these phenomena are similar in that they result in 
producing a ‘‘charge” of what is known as electricity on both surfaces 
that have been rubbed together. The name, electricity, is derived 
from the Greek word elektrorij] which means amber. 

673. Two kinds of electricity. To find out more about the charges 
obtained by friction, let us make use of a light pith ball suspended by 

a silk thread from a convenient 
support, preferably of glass, as 
indicated. If our piece of amber, 
or rod of hard rubber (a common 
substitute), is excited by cat’s fur 
and held near the pith ball, it 
will be seen to attract it, as in 
Fig. 13 (a), and if brought close 
enough, the ball will adhere. But 
only for a short time. Suddenly it detaches itself and flies away 
under a repulsion as strong as the previous attraction, as in Fig. 
13(6). The same results (first attraction and then repulsion) will 
be obtained using a glass rod rubbed with silk. But now if the 
pith ball that is being repelled by the amber rod is brought near 
the glass rod instead, we shall find an attraction. Thus the ball 
repelled by glass will be found more strongly attracted to amber than 
if it were uncharged. Also, two balls treated alike repel each other, but 
are attracted if one ball is treated with amber and the other with glass. 

Clearly we have here two sorts of electricity, and clearly also, the 
unlike kinds attract each other, while the like kinds repel. The 

t The initial e should be pronounced long as in Squall and not as in elbow. 
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reason the amber rod first attracts and then repels is that, when the 
pith ball is uncharged^ it is attracted by either kind of electricity, just 
as a bar of soft iron is attracted to both north and south magnetic 
poles. But after contact with the electrified rod, some of the elec- 
tricity on it goes over to the pith ball, and then repulsion takes place 
between the two. 

The two kinds of electricity we have thus postulated were long ago 
named positive and negative. Positive refers to the kind produced 
on glass, and negative the kind on amber, rubber, and resinous sub- 
stances generally. Vitreous and resinous have also been used as 
names for the two kinds of charge, but this old-fashioned terminology 
is scarcely ever used nowadays. 

674. What is electricity? It is doubtful if we shall ever know the 
whole answer to this, one of nature^s most puzzling riddles. Still, 
as we learn more and more about the structure of matter we obtain a 
continually clearer picture of electricity, for these two entities are 
intimately bound up with each other. If we knew all about matter, 
we should know all about electricity. 

Broadly speaking, matter seems to be built up out of electrically 
positive and negative particles. The basic negative charge is the 
electron, and the basic positive charge is most usually associated with 
the nucleus of the hydrogen atom, called the proton. This ele- 
mentary positive charge also appears in certain experiments as a 
‘^positive electron,'^ or positron. 

We may picture any atom as made up of a central nucleus sur- 
rounded by electrons. The positively charged nucleus accounts for 
most of the atom’s mass, and in solids the nuclei have very little 
mobility. In metals the electrons have considerable mobility among 
the atoms, and when in motion constitute an electric current. If a 
body contains an excess of electrons, it is negatively charged. If 
there is a deficit, it is positively charged. 

676. Electron theory in practice. In some ways it is unfortunate 
that the “resinous electricity,” which we now regard as meaning an 
excess of electrons, was called negative. However, in discussing posi- 
tive and negative charges, there is no ambiguity, and ordinarily there 
is no need to think of them as deficits and excesses of electrons. In- 
deed, we save ourselves a good deal of unnecessary trouble in ignoring 
the electron theory when discussing charges as a whole, just as in 
hydraulics we talk about water and not about molecules of H2O. 
That kind of refinement has its place, but need not be dragged in 
everywhere. 
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Therefore, except where the use of electrons helps make phenomena 
clearer, we shall use simple names and concepts in dealing with 
charges and currents, and the reader, if he wishes, may substitute 

Positive charge = deficit of electrons. 

Negative charge = excess of electrons. 

Electric current = mo\dng electrons. 

The electron theory accounts in part for electrification by friction. 
We may assume that when two different bodies, A and B, are in 
contact, the free electrons (those having mobility among the atoms) 
from A tend to go over into B more readily than those from B tend 
to go over into A. Consequently A acquires a positive charge from 
loss of electrons, and B acquires a negative charge through acquiring 
an additional number. The rubbing serves only to increase this 
tendency by bringing more molecules of A in contact with those of B 
than would otherwise be possible. 

576. Conductors and insulators. The production of an electric 
charge by friction is not limited to the substances mentioned in Arti- 
cle 572, but can occur between a great variety of others, provided 
proper precautions are taken. A ball made of brass or some other 
metal, if mounted on a glass rod, can be given a negative charge by 
cat^s fur provided only the rod is grasped in the hand during the 
rubbing process. The metal will then act just as the amber did, but 
when touched by the hand, it instantly loses the power to attract. 
Since this is not the case with the amber or hard rubber, it shows a 
fundamental difference between metals and resinous or vitreous 
substances. The metals are conductors of electricity; the other sub- 
stances are not. No amount of nibbing of a metallic object held in the 
hand will give it a charge of electricity, because both the metal and 
the human body are conductors, and the charge is carried off to the 
earth as fast as it is produced. On the other hand, when a glass rod is 
rubbed with a silk cloth, both rod and cloth become charged with 
opposite kinds of electricity because neither are conductors, and the 
electric charge stays on them where it was produced. Such sub- 
stances are called insulators, and glass and silk especially have high 
insulating properties. No insulators however are absolutely perfect, 
nor are there any perfect conductors. Among the best insulators are 
amber, sulphur, mica, rubber, and glass, while among the best con- 
ductors are gold, platinum, copper, and silver. Moist earth is a 
fairly good conductor, and the human body and vegetable substances 
like wood conduct, though much less readily than metals. Liquids, 
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except liquid metals, in general are nonconductors in the ordinary 
sense of the word, but certain solutions carry electricity by a process 
known as electrolysis, which will be considered later. 

677. “Grounds.’’ It was just observed that the earth, especially 
when moist, is a fairly good conductor. This is an important fact, 
considering that most electrified bodies must in the end either give 
up their charges to the earth or, as we shall see, become neutralized 
by a like quantity of opposite electrification. In the former case, 
the earth may be regarded as an essentially infinite receiver of either 
positive or negative charges, so that electrified conductors that are 
in contact with the ground finally lose their charge. It is absorbed 
by the vast reservoir into which it flows, without appreciably affecting 
the electrical condition of the earth, any more than rivers raise the 
level of the ocean. 

The walls of a house, though rather poor conductors, carry charges 
to the earth, but where a really good “ground” is desired, metallic 
conductors are necessary. Gas or water pipes may be used in this 
way, or a wire attached to a mass of metal buried in moist charcoal 
underground, such as is used at the base of lightning rods. 

678. Electroscopes. Before we proceed further with the behavior 
of electricity at rest, it will be well to describe certain instruments 
which are particularly useful in observing and measuring it. The 
gold-leaf electroscope is perhaps the most valuable of 
these devices. It consists of a rod which pierces the 
stopper of a glass flask. It has a brass ball at its outer 
end, and two strips of gold leaf at the other, as shown 
in Fig. 14. The stopper must be of some highly insu- 
lating material such as ruV^ber, or better still, of amber. 

Then when the knob receives a charge, it will not leak 
over to the glass, whose surface is always slightly moist 
and therefore very slightly conducting. This would 
cause a slow discharge to the ground. 

If the knob of the electroscope is rubbed with cat’s fur, the charge 
produced on the knob is conducted all over the metallic system, in- 
cluding the gold leaves. Having thus acquired two small negative 
charges, the leaves stand out at an angle whose magnitude depends 
upon the amount of electrification. In this charged condition, the 
electroscope is a very sensitive detector of charges upon other bodies^ 
and serves to indicate both their sign (positive or negative) and to a 
certain extent their magnitude. 

By far the most important use of the electroscope is in measuring 
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the feeble conductivity which may be developed in air or other gases. 
Thus air can be made to conduct by means of radium rays, which 
create ions, or carriers of electricity, a process called ionization. 
The more powerful the rays the greater the resulting conductivity. 
A sample of radium held near a charged electroscope ionizes the air 
surrounding it, and the leaves collapse at a rate which indicates the 
amount of ionization. 

679 , The electrometer. In its more usual form the electrometer, 
represented in Fig. 15, consists of four double quadrants of brass 

separated by a narrow air space, and mounted 
on insulators. Between the upper and lower 
39 ' portions of the quadrants a thin metal strip 
known as the needle is suspended by a conduct- 
ing fiber such as silvered quartz. One pair of 
quadrants, QQ, diagonally opposite each other, 
is charged negatively, and the other, Q'Q', 
positively. Then if the needle receives a 
charge through its suspension, it will be re- 
pelled from the quadrants of like sign, attracted 
by the others, and thus caused to rotate. A 
beam of light reflected from the mirror M, 
which rotates with the needle, may be concentrated as a ^*spot^' on a 
scale some distance away. Very slight charges may thus be detected 
and measured by the amount of the deviation of the spot from its 
normal position. Another method, even more sensitive, is to give the 
needle a fairly heavy charge and connect one pair of quadrants to the 
charged body under investigation. The other pair is either grounded 
or given a like charge of opposite sign. 

680 . Coulomb’s law. The fundamental law of electrostatics was 
discovered by Coulomb in 1785. It states that the force between two 
very small charged spheres {considered as points) is proportional to 
the product of their charges and inversely as the square of the distance 
between them^ or 



F oc 




( 1 ) 


where q and g' are the charges, and r is the distance between them. 
When q and g' are both positive or both negative, F is positive, and 
the charges repel each other. When q and g' are of opposite i^ign, F 
is negative, and the charges attract each other. Coulomb estab- 
lished this law by means of an apparatus such as that shown in Fig. 16. 
It consisted of a torsion balance having a small metal sphere at the 
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end of a light nonconducting bar which was acted on by a fixed metal 
sphere of the same size. When both spheres were in contact and 
charged, the force of repulsion twisted the arm through a definite 
angle a. The angle jS, through which the ''head^^ must be turned to 
diminish a by a given amount, served 
to compare the forces acting at differ- 
ent distances between the spheres. 

The effect of varying q and q' was 
studied by touching an uncharged 
sphere, of the same size as those in 
the balance, to either the movable or 
fixed sphere. This resulted in halv- 
ing its charge, and the force was then 
found to be half as great as before. 

A second application reduced it to 
one fourth, and so on. 

681. Unit of charge. From Coulomb’s law we may define the absolute 
unit of an electrostatic charge in the so-called electrostatic system 
of units (or c.s.u.) so as to write relation (1) above as an equation. 
Let the distance between charges be one centimeter, the force one 
dyne, and the medium be a vacuum; then if both charges are equal, 
they must be of unit value. We may therefore define unit q as fol- 
lows: The unit charge (denoted by esu)t is one which j in a vacuum^ 
repels an equal and like charge at a centimeters distance with the force 
of one dyne. 

Since unit q has now been defined so as to make F numerically 
equal to qq' fr^^, we may state Coulomb’s law as 


This relation gives us a means of obtaining the dimensions of g, which 
must be the same as those of a magnetic pole m, since Coulomb’s law 
has the same form for both. Therefore 

[q] = [MUJT-^]. 

582* Induced charges. According to modern views of matter, all 
uncharged bodies contain within themselves the elements of both 



t The abbreviations emu and esu mean electromagmtic and electrostatie units 
of quantity f respectively. The abbreviations e.m.u. and e.s.u. mean electromagnetic 
and electrostatic units, and may be- applied to any of the various absolute units in 
these sections, such as those of current, resistance, and so forth. 
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positive electricity (atomic nuclei) and negative electricity (electrons) 
in equal amounts. If an uncharged conductor is brought near a posi- 
tively charged body, for example, the negative electricity in the con- 
ductor flows to the end nearest the positive charge, and leaves the 
far end positive. If the body is charged negatively, the negative 
electricity in the conductor is repelled and loaves the near end posi- 
tive. This process is called induction. 

Induced charges may be readily exhibited with an electroscope. 
If a negatively charged rod is brought near the knob, the leaves di- 
verge with the repelled negative charge, but collapse again when the 
rod is removed. If, however, the knob is grounded by placing a finger 
on it while it is under the influence of the rod, the leaves collapse, 
owing to the flow of the repelled negative charge to the earth. The 
knob, having lost negative electricity (electrons), is positively charged, 
and remains so under the influence of the negative electricity on the 
rod. Then if first the finger and next the rod are withdrawn, the 
leaves diverge once more. The charge is positive and is no longer con- 
fined to the knob, but spreads itself all over the metallic system. This 
is much the best method of charging an electroscope, although it can 
also be done by simple contact with a charged body. 

The charged electroscope is used to identify charges by their in- 
ductive action. If it is charged positively (electron deficit), a positive 
charge held near the knob causes the leaves to diverge still more, 
since it attracts negative electricity into the knob and leaves a still 
greater deficit of electrons on the leaves. A negative charge makes 
the leaves collapse by repelling negative electricity from the knob 
into the leaves. This tends to neutralize the positive charge on 
them by making up the deficit of electrons. A negatively charged 
electroscope behaves in an exactly opposite manner. 

683. All free charges superficial. Benjamin Franklin, in 1780, by 
an indirect experiment, and Faraday, in 1837, by a direct one, proved 
that electric charges reside wholly on the surface of conducting bodies. 
Faraday’s experiment is classic, and consisted in having himself shut 
up in a metal box which was then charged. He was unable to detect 
any trace of electricity in the interior, although sparks were drawn 
from the box by observers outside. 

This fact can be demonstrated in a variety of ways, but could 
have been predicted from the known repulsion between like charges. 
This would naturally cause their constituent elements (excess elec- 
trons, for instance) to get as far apart as possible, such as occurs when 
these elements are on the outer surfaces of charged bodies. 
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684. Faraday’s ice-pail experiment. Another classic experiment 
was performed by Faraday, with a view to determining the exact laws 
of induction. He lowered a charged sphere by a nonconducting 
string into a metal pail that was 
connected by a wire to the knob of 
an electroscope. A metal cover 
should be attached to the string, 
as shown in Fig. 17, if the experi- 
ment is to be conclusive. As the 
ball with, let us say, a positive 
charge, is lowered into the “paiP’ 
the leaves begin to diverge with a 
loss of negative electricity, and 
consequent positive charge. They 
reach an observed maximum angle 
of separation when the cover closei^ the opening. If the ball is with- 
drawn, the leaves collapse. 

Repeating the process, we may cause the ball to strike against the 
side of the pail when it is closed, but this does not alter the divergence 
of the leaves. However, upon withdrawal, the ball is found to be dis- 
charged, and the leaves remain deflected by the same amount as 
before. 

These phenomena show that the charge attracted to the inside of 
the pail must have been equal in strength to that on the ball, because 
contact resulted in complete neutralization, leaving the repelled 
charge on the electroscope constant, as suggested by the number of 

plus and minus signs in Fig. 18. The 
fact that the leaves collapse when th(? 
ball is removed without contact shows 
that the two induced charges must also 
have been equal. So we are now justi- 
fied in concluding that when a charged 
body is completely surrounded by a 
metal shielcf, it induces two opposite 
charges in that shield each exactly equal 
to its own. The attracted charge is on 
the inner surface only so long as it is hound there by the charge on 
the ball, and it is therefore not subject to the law that/ree charges, 
reside on the outer surfaces of bodies. 

A further confirmation of these principles can be obtained by 
grounding the pail while the ball is inside it, and then removing the 
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ball. The leaves collapse upon grounding, owing to the escape of the 
repelled charge, and then diverge to the same extent as before when 
the ball is withdrawn, showing the equality of the two induced charges. 

686. Electrostatic fields. Field strength, or intensity, is defined as 
the force in dynes acting upon a unit positive charge at a specified point. 
This quantity, denoted by J?, may be calculated by dividing the force 
exerted by the field upon a given charge q' by the amount of that 
charge, or E = F/q'. Then the force F in a field E is given by 

F = Eq\ (1) 

Using Coulomb\s law, we find the field strength at a point p, distant 
r cm from a charge of q esu, by 



SfL 

r^q^ 


1 . 

f2 


( 2 ) 


Actually the charge q' disturbs the field in which it is placed, but the 
result, force per unit charge, is really an ideal case independent of any 
actual charge at p. 

To calculate the field strength at p due to any number of charges, 
positive or negative, we proceed exactly as in magnetism, and obtain 
a vector sum, as shown in Fig. 4, Article 559, though now + q replaces 
any north-seeking pole, and — <7, any south-seeking pole. Then the 
field strength at p due to a positive charge + ^ is given by Ex = 
and a negative charge gives Ei = — q^jT^. Here the two charges 
need not be equal, as in the case of a magne t, but th e resuUanty as 
before, is the vector sum of the intensities, or Ex + 

The dimensions of E are the same as those of H. This is evident 
because m and q have the same dimensions, and the field intensities 
are defined in the same way. The dimensions of E then are 


[E] - [AfiL-iT-i]. 

Unit field strength may be defined either by means of equation (2) 
as esu/cm^, or by means of the definition of F, as dyne/esu. The 
choice depends upon whether the charge in question does or does not 
create the field. 

686. Electrostatic lines of force. As in magnetism, an electro- 
static field may be mapped out with lines of force. These lines are 
defined in exactly the same way, and it is assumed that iir lines radiate 
from a unit charge. It follows, as proved for‘ magnetic fields (Article 
560), that in a field of intensity E, the number of lines of force cutting 
across a square centimeter normal to their direction is numerically 
equal to E. 
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687. Electrostatic potential. Like all potentials, the absolute 
potential F at a point in an electrostatic field is a space property of 
that point, and is measured in terms of the work required to carry a 
unit quantity from a region of zero potential to the point in question 
In this case the unit quantity is the unit positive charge, and the zero 
region is infinitely far from any charge. Or we may consider the 
potential due to a particular charge, when the zero region is simply so 
far away from that charge that its field there is negligible. 

In most problems, however, we are not interested in absolute 
potential, but in the potential difference, — Fi, between two 
points. Then this potential difference is measured by the work re- 
quired to move a unit charge from one point to another against the force 
acting upon it in an electrostatic field. In a uniform field in which E is 
constant, we may write 

-- Work Fs „ 

V. - F. - ^ . Eb, 

where s is the distance between the points. 

If the field is due to an isolated charge, it is not uniform. Then w’c 
calculate the potential difference as follows: In Fig. 19 let pi and p2 be 



Fig. 19. 


two points whose distances from a positive charge q are ri and r2. 
The field intensities at pi and p2 are Ei = q/ri^, and E2 = g/r2^ respec- 
tively, as shown in equation 2 , Article 585 . The average intensity is 
the geometrical instead of the arithmetical mean of these two values, 
because they depend upon the inverse square of the distance, rather 
than directly upon its first power. Therefore Eav = \/ ExE^ == q/rir2. 
The work per unit charge, IF/g', found by moving a positive charge 7' 
from Pi to P2 against the field, gives the potential difference between 
these points. Therefore, as F2 is greater than Fi, 

W/q' = F2 - Fi = EaXri - r2) 


= 

rir2 


^2) 



( 1 ) 


This is the difference of electrostatic potential between these points. 
If Pi is infinitely distant, the field due to q is zero, and its potential Fi, 
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as influenced by g, is zero also. Then, setting ri = <» , we obtain the 
work required to bring a unit charge from a point of zero potential to 
one where the potential is F2. This is obviously equal to g/r2, or in 
general, the potential due to a charge q is given by 

V = q/r. (2) 


Unlike field intensity, electrostatic potential, or in fact any poten- 
tial, is a scalar quantity. This is because potential is based on work 
done in opposing a force, and work has no direction. 

The fact that potential is not a vector makes calculation of potential 
due to several charges extremely simple. We need take only the 
algebraic sum of the various potentials at a given point. Thus in 

Fig. 20, the potential at p due to the 
charge qi is + qi/vij and that due to q 
is — (72/^2. The negative sign indicates 
that work would be done by a unit posi- 
tive charge in bringing it from a region 
of zero potential to p when only the 
field due to q is considered. Then 
V = qi/n - 72/^2. 

The potential energy of two charges, q and q\ at a distance r from 
each other, is the work done in bringing one of them, say g', from a 
region of zero potential to that point. This is given by 



W = qq'/r, 


( 3 ) 


becaUvSe q/r is the work per unit charge?, but when the charge is q\ the 
work is q' times as large. 

The dimensions of electrostatic potential are those of work divided 
by a charge; hence 



MW-' 


] 




The unit of Ve may be obtained from the ratio W/q^ in which case it is 
erg/esu, or it may be obtained from the potential due to a charge g, 
that is, q/r. In this case it is esu/cm. 

688. Potential gradient. An important relation connecting poten- 
tial and field intensity is derived as follows : If a force F acts through a 
vanishingly small distance dSy the work done is given by dW = Fda. 
But in electrostatics, since F2 — Fi = W/g, it follows that — dF = 
dW/q\ therefore 


- dF = Fds/q, 


( 1 ) 
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Since E — F/q by definition, the force F on the charge q equals Eq. 
Substituting tliis value for F, we obtain 


and 


-dV = Eds, 


E = - 


iT. 

ds 


( 2 ) 


liquation (2) may be expressed in words by the statement that the 
intensity of an electrostatic field at any point is equal to the space rate of 
change of potential ai that point. 

The quantity dV I ds is often called the potential gradient of the 
field, and is a valuable aspect of the field intensity E. Thus E is seen 
to measure the steepness of the potential slope. It is similar to the 
“grade” in surveying, where it is expressed as a rise or fall of so many 
feet in a hundred. In electrostatics it serves to indicate the force on a 
unit charge as measured by the closeness of the lines of equal potential 
or electrostatic level, corresponding to contour lines on a surveyor’s 
map. 

689. The potential of a charged sphere. Suppose a charge q to be 
distributed over a sphere of radius r. As discovered by Faraday, a 
charge on any closed conducting surface distributes itself in such a 
way that the electrostatic force within the enclosure is zero. In the 
case of a sphere, the distribution is uniform. With no interior field, no 
work would be done in moving a charge from the center to the surface. 
The surface is therefore at the same potential as the center, which is 
obviously equal to g/r, in accordance with equation (2) of Article 587. 
In order, then, to find the potential of an electrified sphere, divide the 
charge by the radius. At any point outside the sphere the potential is 
the same as if its charge were concentrated at its center. This is 
obvious, in case the point is actually on the outer surface, for then it 
has the same potential as the sphere itself, or q/r. Then if the sphere 
should shrink upon its center, retaining the same charge, the potential 
at the original distance r would still be q/r. We may start with any 
radius in this imaginary process, and both at the start and finish the 
potential is q/r. Therefore q/r is the value of the potential at any 
point on or outside of the sphere at a distance r from its center. If 
the point lies inside the sphere, the potential is the same as if it were 
on the surface, as has been indicated. 

690. Problems involving potential. In such problems it is neces- 
sary to calculate the potential at a point in space or on a body, taking 
account of all the charges which influence it, including its own, if it 
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has one. As an illustration, suppose a sphere of radius 4 cm, charged 
with 12 esu, and two charges of + 100 and ~ 80 units situated at 

25 cm and 16 cm from its center 
in any direction, as shown in 
Fig. 21. Then the potential 
at 0 (the center of the sphere), 
due to a, is + 4, and to 6, — 5 
units. If the sphere were un- 
charged, the potential at 0 would 
be — 1, but it has a potential of 
+ 3 due to its own charge, so its 
net potential due to all influences 
is +2. 

SUPPLEMENTARY READING 
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PROBLEMS 

1. Two pith balls in contact, each weighing a decigram, and suspended 
in air by fine fibers 30 cm long, are given equal like charges. They are 
repelled to a distance of 18 cm from each other. What is the force of re- 
pulsion? What is the charge on each ball? Ans, 30.8 dynes; 99.9 esu. 

2. Two small metal spheres of the same radius have charges of + 15 and 
— 9 units. What is the forC/C of attraction between them when their centers 
are 6 cm apart in air? What is the force of repulsion when they have been 
placed in contact and then restored to their original positions? Ans, 3.75 
dynes; 0.25 dyne. 

8, Two small bodies having charges of + 1000 and —216 esu are 16 cm 
apart in air. Calculate the field strength and its direction at a point 12 cm 
from the negative charge and 20 cm from the positive one. Ans. 2 dyues/esu 
and parallel to the line connecting the charges. 

4. Calculate the potential at the point specified in Problem 3. Ans. +32 
erg/esu. 

5. What is the potential of a sphere of 4 cm radius charged with + 18 esu 
and placed 18 cm from a charge of — 45 esu? Ans. + 2 erg/esu. 

6. What is the potential of the sphere in Problem 5 when a second negative 
charge of 12 units is placed 6 cm away? What if the new charge were posi- 
tive? Arw. Zero; +4 erg/esu. 

7. How much work is done in moving a charge of 8 units a distance of 30 cm 
against a field which increases uniformly from 12 to 50 lines/cm* over the 
distance, and what is the average potential gradient? Ans. 7440 ergs; 
31 dyne/esu. 




CHAPTER 45 


Electrostatics {Continued) 

691. Mapping electrostatic fields. The region around a charged 
body, wherever its influence is felt, is known as its field. This may 
be graphically indicated, as in magnetism, by lines of force. Lines 
of force are conceived as starting upon the surface of a positively 
charged body and terminating 
upon a negatively charged body. 

Their course indicates from 
point to point the direction of 
the force upon a positive charge 
placed at that point, so they 
are directed away from the posi- 
tive charge where they originate. 

A field mapped out in such 
lines shows graphically both the direction and intensity of the field, as 
indicated in Fig. 22. Where the lines are crowded together, the field 
is strongest; where they are most separated, it is weakest. 

Since two unlike charges attract each other, these lines may be 
thought of as stretched elastic bands tending to shorten indefinitely 
and so pull the two charges together. But, unlike any known elastic 

substance, the pull gets stronger 
as they grow shorter. This ap- 
parent paradox is shown graphi- 
cally by their tendency to separate 
as much as possible as they be- 
come stretched, which may be 
regarded as equivalent to mu- 
tual repulsion. Thus when two 
charges are not far apart, the 
lines of force connecting them 
are nearly straight, but as they 
are separated, the lines bow out more and more, as indicated in 
Fig. 23. The more they are curved, the less direct is the pull, and the 
force urging the charges together is weaker, 
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692. Siuface density. The quantity of electricity on each square 
centimeter of the surface of a charged body is known as surface 
density, and is measured by the charge divided by the area. If the 
distribution is uniform, the surface density is expressed as <r = g/A ; 
otherwise this gives only average density, and we should have to 
write a = dqjdA for the density at a specific point in an area where 
the distribution varies from point to point. 

593. Conductors and insulators in electrostatic fields. Suppose an 
insulated conducting body (a metallic sphere for example) is placed 

in the field caused by a charged sur- 
face. If this field is then examined 
by means of an electroscope or any 
suitable device, it will be found 
that the lines of force converge to- 
ward the conductor and arc more 
concentrated both on the side fac- 
ing the charged surface and on the 
opposite face. Further, the two 
faces exhibit induced charges of 
opposite sign, as indicated in Fig. 
24. No lines of force are shown 
going through the conductor, because there is no field within a charged 
conducting surface, as has already been stated. 

The induced negative charge shown in Fig. 24 is possible because 
within a conductor arc many free electrons which are drawn toward 
the positively charged body. The induced positive charge is due to a 
deficit of electrons drawn away 
from positive nuclei. 

In the case of nonconductors, 
substances such as amber, glass, 
hard rubber, and so forth, are 
better media for an electrostatic 
field than air. These are called 
dielectrics. When placed in a 
field, the lines of force tend to 
become concentrated in the non- 
conductor, as shown in Fig. 25, 
because it offers them a better path than the surrounding air. In 
the case of conductors, the charges are induced on the surface, and 
consequently the lines of force end there; but since no charges are 
induced on the surface of a nonconductor, the lines of force pass 
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straight through. The reason no charges are induced in such sub- 
stances is that there are no free electrons to be drawn toward a posi- 
tively charged body or repelled from a negative charge. 

It will be seen that with both conductors and nonconductors the 
force between the two bodies is an attraction, because, regarding the 
lines of force as stretched elastic bands, they must exert a greater 
resultant force on the side toward the charged body, where they arc 
nearly parallel, than on the other, where their divergence is more 
marked. The result of this attraction tends to cause motion into a 
field of greater intensity, with still greater concentration of the lines of 
force. In a uniform field having strictly parallel lines of force, neither 
attraction nor repulsion can take place, for there is no difference in the 
concentration on the two faces of the body we are considering. How- 
ever, even in tliis case, an elongated dielectric body in air, like a para- 
magnetic body in a magnetic field, would set itself parallel to the 
lines of force. 

There is no analogue of diamagnetism in electrostatics. That is, 
there are no substances which are poorer media for linos of force than a 
vacuum. Therefore, in a vacuum, elongated specimens of dielectrics 
would always set themselves parallel to the lines of force. 

694. Equipotential surfaces. In addition to the lines of force 
serving to give graphic representation of the field of force around 
an electric charge, we may also plot 
other lines, the traces of surfaces, 
along any one of which the potential 
is constant. These are exactly anal- 
ogous to the contour lines in a 
geodetic map, indicating in the one 
case constant electrostatic poten- 
tial, and in the other, constant gravi- 
tational potential, or level. Such 
surfaces intersect lines of force at 
right angles, and with the latter are 
said to constitute an orthogonal 
system. This can be proved by the 
^‘reductio ad absurdum” method as 
follows: Suppose a line of force cd 
cuts an equipotential surface oh at an angle a less than 90®. We may 
then decompose an element of the line of force into two components, 
one normal and one tangent to the equipotential surface, as indicated 
in Fig. 26. The component tangent to the equipotential surface 
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coincides with it at p, which indicates that work must be done at that 
point in moving a charge along ah. But this is contrary to the hy- 
pothesis, since by definition an cquipotential surface of any sort is so 
drawn that no work is done in moving the unit concerned (in this case a 
charge) along it. Therefore a must be 90°, be- 
cause only then can cd have no component 
coinciding with ab. 

696. Orthogonal systems. The combina- 
tion of intersecting lines of force and equipoten- 
tial lines representing surfaces, as indicated in 
Fig. 27, gives a complete survey of the condi- 
tions of an electrostatic field due to one or 
more charges. For a charged sphere they 
form a symmetrical pattern in which the cqui- 
potential lines are more closely crowded as they approach the surface, 
just as are the lines of force. If the sphere has a radius of 2 cm, for 
instance, and a charge of 12 units, its potential is 6. The radius of 
the line indicating a level of 5 is obtained from F = g/r, or 

At the level where F = 5, r = J/- = 2.4 cm. 

At the level where F = 4, r = = 3 cm. 

At the level where F = 3, r = = 4 cm. 

At the level where F = 2, r = = 6 cm. 

At the level where F == 1, r = = 12 cm. 

At the level where F == 0, r = -y~ =* ex? . 

If the above figures were from the survey of a mountain, it would 
appear as shown in Fig. 28. It has a flat summit, say 6 miles above the 
sea, and falls off very precipi- 
tously at first, but then more 
and more gradually, until at 
an infinite distance from the 
peak it would reach sea level. 

696. Electrostatic *^con- 
tour” maps. The lines of 
force in systems such as we 
have been discussing, whether electrostatic or gravitational, indicate 
the route an object would take if left to itself under the action of the 
electrostatic or gravitational field, provided it moved so slowly as not 
to acquire any appreciable momentum. A positive charge in one case, 
or a freely sliding mass in the other, would move from high to low po- 
tential along such lines until it reached the plane of zero potential. 
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If we consider the special case of two equal like charges, we obtain 
a diagram in which the lines of force are curved and the equipotential 
lines are no longer circles, as in Fig. 29. There is one limiting equi- 



Fig. 29. 


potential line forming a figure eight. Outside of this line the contour 
lines embrace both peaks, but inside of it they surround only one. 
Intersecting the center of the ‘^8*^ is a line which does not originate in 
either charge, but forms a sort of limit for both sets of lines of force. 
The point P of the intersection is one of unstable equilibrium for any 
charge placed there. 

If the equal charges are unlike (Fig. 30), the reverse is the case. 
Here one is analogous to a hole, and tends to steepen the side of the 



“peak” nearest it. Also one of the lines of force is straight, showing 
the shortest path a charge would take in passing from A to 5, while 
there is a limiting contour line which is also straight and at zero 
potential. 

Contours such as we have been discussing may readily be produced 
by stretching a sheet of rubber over a horizontal frame and then 
forcing a blunt rod either up or down at any convenient point. The 
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influence of such elevations or depressions on the level (potential) of 
the surrounding surface is most instructive, especially if two or more 
are used simultaneously. 



Fig. 31. 


The orthogonal system associated with induced charges is shown 
in Fig. 31. Here a single equipotcntial surface is associated with the 
conductor. It includes the contour of the conductor, and thus forms 
a sort of bulge, any part of which is at the same potential as the rest of 

the surface. Also, 
the crowding to- 
gether of these sur- 
faces between the 
bodies indicates a 
concentration of elec- 
trostatic force there, 
while outside the con- 
ductor the gradient 
is less steep. 

If the conductor is 
grounded while un- 
der the influence of 
the charge, the re- 
pelled electricity goes 
to earth, leaving only 
the attracted charge, and the diagram is altered by the disappearance 
of the lines emanating from the repelled charge, and by a redistribu- 
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tion of those ending in the attracted charges. This is due to a greater 
spread of the attracted charge over the sphere, as shown in Fig. 32. The 
equi potential surfaces are now more crowded together near the con- 
ductor. This means that the conductor is being urged toward the 
charge with a greater force than before, as we should expect. 

697. Distribution of charges on conductors. This problem is 
generally insoluble, but in the case of a few simple solid figures, like an 
ellipsoid of revolution, wo may calculate how the density varies over 
the surface. The calculation shows that the density tends to increase 
with the curvature, a result amply verified by experiment. The 
reason for this may be made clear by the following experiment: Let 
two spheres, of radii n and r 2 , connected by a long fine wire, have 
charges q\ and ^2 units respectively. Since they are in contact through 
the wire, they have the same potential. Therefore 

y ^ ^ 72 

n r2 


and 


71 ^ n. 

72 n 


( 1 ) 


Now disconnect the wire, keeping the charged spheres so far apart 
that each may be regarded as uninfluenced by the other. As the 
charges are then distributed uniformly over the two surfaces, the 
densities are 


O’! 


7i 

47rri2 


and 


(T2 = 


72 

4Tr2^ 


The ratio of these densities is 

^ 71^2^ 

<^2 

Substituting the value of qi/q 2 from (1) in (2), we obtain 


Therefore the densities are inversely proportional to the radii of the 
spheres, which means that they are directly proportional to the 
curvatures. 

This conclusion is of great practical importance because it tells us 
that charged points and fine wires are seats of very intense electrifica- 
tion, and so tend to discharge into the air. The discharge originates 
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in free ions (electrically charged particles) always present in the 
atmosphere. These are driven with great violence by the field near 
the point, so that they produce new ions by colliding with neutral 
atoms or molecules. The air near the point is thus filled with carriers 
of electricity which serve to unload the charge almost as if it had been 
grounded. 

698. Capacitance. This quantity is a measure of the ability of a 
conductor to retain a charge, and is defined as the ratio of the quantity 
of electricity to its potential, or 

C - f (1) 


It is exactly analogous to the section of a cylindrical pail of indefinite 
height, while the level to which a given volume of liquid poured into 
it will rise is the equivalent of the potential. Obviously, the lower 
the level attained by a given quantity of liquid, the greater the 
‘^capacity’^ of the pail. We may also regard its capacity as measured 
by the amount of liquid required to fill it to a certain height. In 
electrostatics a large capacitance means a low potential, when a given 
charge is communicated to a conducting body. 

699. Capacitance of a charged sphere. In tins particular case it is 
easy to calculate the capacitance, because if tlie sphere is charged 
with q units of electricity, its potential, as we have seen, is q/r; but as 


c = q/v, 



( 1 ) 


Thus the capacitance of a sphere, in air, is numerically equal to its 
radius. The electrostatic unit of capacitance has therefore the dimen- 
sions of a length and is equal to one centimeter. 

600. Condensers. The above calculation assumes the sphere to be 
far removed from the influence of any other charge. But if such a 



Fig. 33. 


charge, induced or otherwise, exists in its neighbor- 
hood, its capacitance is profoundly altered. When 
this results in an increase of capacitance, the 
system is called a condenser. As a simple case, 
imagine two concentric shells of radii n and r 2 , as 
shown in Fig. 33, and separated by air. Then if + g 
units are applied to the inner shell, its potential will 
be pven by =» + q/n, and if the outer shell is 


grounded, it becomes charged with — g units and will have a po- 


tential F 2 = — g/r 2 . But the total potential as measured from the 
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center (where both charges may be regarded as concentrated) is 

-‘•(vri) 

(r^ - rx\ 

= <-7rrr> 

Therefore, the capacitance is given by 


C = 


Vi + 72 


Tin 

^2 - ri 


( 1 ) 


In case the distance i between the spheres is very small compared to 
their radii, we may set rir 2 = r^, where r is the radius of either sphere, 
and ?2 — ri = <. Then (1) reduces to the simple form 

«.2 

C = L. (2) 


Multiplying both numerator and denominator of the second member 
by iir, we obtain 


_ 4xr^ 


But 47 rr 2 is the area A of the sphere^s surfaces; therefore 


C 


A 


(3) 


As the charge is uniformly distributed over the sphere, we may let 
A stand for any portion of the total surface, such as the cap shown in 
Fig. 34. Then the capacitance of such a portion is still obtained from 
the formula above. Further, if we imagine r to in- 
crease indefinitely, the area considered becomes a 
plane surface at the limit where r = » . Hence a 
condenser made of two plane parallel plates still has 
a capacitance given by equation (3), where A is the 
area of the plates and t is the thickness of the air 
space between them. 

601. The Leyden jar. This is the earliest type of condenser, and 
derives its name from the city of Leyden, Holland, where it was in- 
vented in 1745. It is a cylindrical bottle coated inside and out with 
tinfoil usually to about two thirds of its height. A brass rod with a 



Fig. 34. 
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knob at one end and a short chain at the other passes through an in- 
sulating stopper, as shown in section in Fig. 35. The chain serves to 
connect the inner coating to the knob, which is used 
in charging and discharging the jar. A coat of shellac 
covers the uncoated portion of the bottle to prevent 
the creeping of the charge over the generally moist 
surface of the glass. To charge the jar the outer 
coating is grounded, either by the hand or by any con- 
venient contact with the earth, and the knob is con- 
nected to the terminal of some machine for producing 
electric charges. Its capacitance is calculated by the 
same formula as for spherical or plane plate condensers. 

602. Specific inductive capacity. It was discovered by Faraday 
that if the space between the spherical shells, described in Article 600, 
is filled with some dielectric such as paraffin, the capacitance of the 
condenser is increased. This change is measured by comparing two 
such condensers made alike, but with the space in one of them filled 
with air, and in the other with the substance to be investigated. 
The air condenser is charged to a potential Fi, and thus acquires a 
charge CaFi. The two condensers are then connected, bringing both 
to a new potential V^, The air condenser now has a charge CaF 2 , 
and has lost CaVi — CaV^ esu. This equals the 'charge CxV 2 given to 
the other condenser. That is, 

CxV2 = CaV, - CaV2, 



or 



( 1 ) 


The ratio of the capacitances is thus found in terms of the observed 
values of the potentials. 

The property of the medium which increases the capacitance of one 
of the condensers is called its specific inductive capacity, or dielectric 
constant, and may be denoted by K. As the capacitance depends 
upon Kf we may express this fact by the simple relation 



( 2 ) 


But the dielectric constant of air (strictly speaking, a vacuum) is 
arbitrarily taken as unity; therefore (2) becomes 



( 3 ) 
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Thus K may not only be measured but also defined as the ratio of the 
capacitances of two condensers in one of which the dielectric is air, 
or more strictly, a vacuum. These condensers need not be like 
Faraday's concentric spheres, for the same relation holds true for any 
two similar condensers, such as those made of parallel plates separated 
by a dielectric. 

The results of experiment show quite a range in the values of die- 
lectric constants, all the way from practically unity for air to 81 for 
distilled water. The following 


table gives values of K for some 
of the more important sub- 
stances, and shows why the 
best condensers have mica or 
glass as their dielectric. They 
have the highest dielectric con- 
stants of any of the common 
solid substances. 

In addition to its effect on 
capacitance, the constant K 
has an important bearing on 
electrostatic forces and po- 
tentials. Experiment shows that in a medium whose dielectric 
constant is Coulomb's law becomes 

^ Kr^' 


Substance 

Dielectric Constant {K) 

Crown Glass .... 

5 to 7 

Flint Glass 

7 to 10 

Rubber 

2.1 to 2.3 

Mica 

5.7 to 7 

Paraffin Wax . . . 

2 to 2.3 

Paraffin Oil 

4.6 to 4.8 

Sulphur 

3.6 to 4.3 

Ethyl Alcohol . . . 

26.8 at 14.7° C 

Water 

81. 

Air 

1.000586 at 0° C 


( 4 ) 


whence it follows that the field strength due to a charge q is given by 




( 6 ) 


while the potential due to q becomes 



( 6 ) 


Thus all three quantities are diminished when K is greater than 
unity. The decrease in V accounts for the increase in the capaci- 
tance of a condenser, for since G — qjY smaller V means a larger 
C, and equation (3) of Article 600 becomes 
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603, Residual discharge. After a condenser having a solid di- 
electric has been apparently completely discharged, it is possible to 
obtain several more sparks from it, provided a reasonable length of time 
has elapsed between each discharge. This suggests a gradual yielding 
of the electrostatic strain to which the dielectric was subjected when 
it became the seat of a field of force. Evidently the conducting sur- 
faces are not the true seat of the energy represented by the charge, 
but are only the limiting planes of a field which exists in the interven- 
ing material. This strain is largely released when the first discharge 
takes place, but a residuum remains, just as a bent bar of imperfectly 
elastic material does not straighten out all at once, but may gradually 
do so if it has not been bent too far. 

604. Energy of an electrostatic charge. All charges, whether on 
an isolated body or a condenser, represent energy. Since the elec- 
tricity is at rest, this must be potential energy that is capable of being 
transformed into the kinetic energy of the discharge. In general, po- 
tential energy represents work previously done on a system against 
an opposing force. As we saw in Article 587, potential difference 
(F 2 — Vi) is equal to W/q.. Then the work done in moving any 
charge ^ in a field of force from one potential level to another level is 
given by lY = q{V 2 — Fi). If the first level is zero, the final energy 
of the charge q is Vq, where V is the potential to which q was raised. 
But if a conductor or condenser is uncharged, its potential level is 
zero and the work done in bringing up an initial small quantity is 
negligible. As the charging process continues, the potential rises 
and the work of bringing up additional charges increases exactly as 
the work of building a tower, or filling a stand pipe with water pumped 
in from below, as was pointed out in Article 65. Therefore, in com- 
puting the total work done, represented by the potential energy of 
the charge, we must take the average potential, which is half of the 


final value. Then 


W = Fg/2, 


( 1 ) 


where V is the final potential and g is the total charge. If the capac- 
ity of the charged body or condenser is C, then, since C = g/F, we 
may eliminate either F or g, and obtain 

TF - V^C/2 (2) 

and W = gV2C. (3) 


All three expressions are useful in calculating the energy of an electro- 
static charge, according to which two of the quantities F, g, and C are 
given. 
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606. The electrophorus. The essential idea involved in most 
machines for producing electrostatic charges can be best understood 
by a study of a device known as the electrophorus, shown in Fig. 36. 
It consists of a hard rubber disc mounted on a metal plate which is in 
contact with the ground. A second metal 
disc of the same size is fitted with a hard 
rubber handle by which it can be raised or 
lowered over the rubber plate. The latter 
is then ^^excited^' by rubbing it with cat^s fur, 
and acquires a negative charge on its upper 
surface, while the lower layers act like the 
dielectric of a condenser. This results in an 
induced positive charge on the upper surface 
of the supporting metal plate. The movable plate is then lowered into 
contact with the rubber disc, and thus acquires induced positive and 
negative charges on its lower and upper surfaces respectively. This 
does not appreciably remove the negative electricity from the rubber, 
because in reality the contact is made only at a few points, and even if 
these are discharged, there is no flow over this nonconducting surface 
to carry off the entire charge. The situation is now as indicated in 
Fig. 37. The next step is to ground the movable plate, which is most 
effectively done by connecting it to the lower positive charge of the 
system. This leaves the two middle charges in close contact and at 

zero potential with respect to the earth. 

If the upper plate is now lifted by the 
handle, its potential is raised, while its posi- 
tive charge is progressively removed from the 
influence of the negative field. When a foot 
or so away, the charge on the metal disc has a 
potential suflSciently above the earth to dis- 
charge in a spark an inch or more long to the hand held near it. Mean- 
while the rubber disc has fallen in potential to a point as far below zero 
as the plate was above it, and causes a positive charge to flow from the 
earth into the lower plate. The whole process may now be repeated, 
and a succession of sparks may thus be drawn from the movable plate 
without any marked diminution in the original charge. This seems 
like getting something for nothing, but it involves, each time the plate 
is lifted, an expenditure of energy to separate the charges against 
their mutual attraction. This work is in excess of that done against 
gravity, and the energy of the spark at each discharge represents this 
excess. 



Fig. 37. 



f 






1 + 



Fig. 36. 
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606. The Toepler-Holtz machine. This is the most common form 
of ‘^influence machine’' and can be built to give intense sparks a foot 
long under all but the worst atmospheric conditions. It consists of 
two discs, usually of glass, one fixed, while the other, parallel to it and 
separated by about a centimeter, is made to revolve on a shaft which 
is turned by the operator. On the back of the fixed plate are two 
^‘inductors,” aa', made of paper and tinfoil and indicated by dotted 
lines in Fig. 38. These act through the glass inductively on metal 

buttons, hh\ mounted on the out- 
side of the revolving disc, shown 
nearest the observer. When given 
a small initial charge, say nega- 
tive, a induces two charges on 
the nearest buttons, 5, exactly 
as the mbber disc acts upon the 
movable plate of the electroph- 
orus. As h is about to leave 
the field of o, a brush attached 
to cc', the neutralizing rod, carries 
off the repelled charge, which just 
balances a similar but unlike one 
Still further separation from a 
causes the potential of h to rise to a point where it can discharge 
positive electricity by contact with the replenishing brush r. This 
carries off a small portion of the button’s charge to the positive in- 
ductor a'. Finally, when the button reaches c/', it is completely dis- 
charged by the points on a collecting comb, which carry the electricity 
to the discharging knobs, kk\ The points of the comb really act to 
form a highly concentrated induced charge of opposite sign, which 
flows across the air gap, neutralizing the charge on the button, and 
so leaving the knob fc' charged with positive electricity like the button. 
The same process goes on in the lower half of the disc. The inductor a 
has been replenished, or built up, and the left-hand comb has dis- 
charged positive electricity to neutralize the charge on the button 5', 
leaving its knob negatively charged. 

If operated as described above, there will be a rapid succession of 
very weak though long sparks between the knobs. To make them 
more intense, such machines have two Leyden jars connected to the 
discharging rod, as shown in Fig. 39, with their outer coatings con- 
nected by a wire. The inner coats acquire opposite charges as the 
disc revolves, and their potential difference steadily increases as one 



from V diametrically opposite. 
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rises above and the other falls below zero potential, while the outer 
coatings remain at zero. Finally the potential difference is sufficient 
to cause a discharge between 
the knobs which is much more 
intense than before, because 
the quantity discharged from 
the jars is much greater than 
that carried by the individual 
buttons. Naturally, the fre- 
quency of the sparks is dimin- 
ished by this process, for there is 
only just so much electricity produced, and its accumulation, in order 
to cause a heavier spark, involves the suppression of many of the 
weaker discharges. 

607. The Van de Graaff generator.f The basic principle of this 
machine was first used by Lord Kelvin in his famous “water-dropping 
electrical machine. This involves a continuous and reciprocal 
induction of moving charges. Positive charges are continually induc- 
ing negative charges, and these negative charges induce positive 




Fig. 40. 


charges which, in turn, 
create more negative 
charges, and so on. 

In one form of the Van 
de Graaff generator, a 
pulley Hy shown in Fig. 
40, driven by an electric 
motor, keeps a silk belt 
in constant motion 
around a similar pulley J 
inside the hollow sphere 
P. This sphere serves 
as the positive collector 
and is mounted on the 
insulating support S. 
Let us assume a small 
initial negative charge, 
due to friction, on the 


belt at a. It will discharge to the point A, which is connected 


to the sphere B so that the resulting small negative charge on B 


t Described in the Physical Review of February 1, 1933, by R. J. Van de Graaff, 
K. T. Compton, and L. C. VanAtta of the Massachusetts Institute of Technology. 
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acts inductively on the point C, thus bringing a positive charge 
from the ground G. This induced charge is ‘‘sprayed^' from C upon 
the belt, and is carried upward until it loses its charge to the point D. 
From D the charge is conducted to the sphere E, which acts induc- 
tively on F in the mamier just described, drawing negative electricity 
from the sphere that is left with a positive charge. The induced 
negative charge sprayed onto the belt is then carried down to a, and 
the process is thus made continuous. 

A similar sequence of events goes on in the other half of the appa- 
ratus, but with opposite signs, so that the sphere N acquires a nega- 
tive charge. In a comparatively short time the potential difference 
between the spheres builds up to values far higher than have ever 
before been obtained by electrostatic devices. In the largest of the 
Van de Graaff generators, the diameter of the spheres is 15 feet, their 
centers are 35.5 feet above the ground, and they develop around 
10 million volts of potential difference. 

608. Discharges in general. There are three ordinary ways in 
which a charged body may lose its electricity: by conduction, by a 
brush discharge, and in a spark. The latter is said to be disruptive, 
and involves a sudden breaking down of the dielectric under the in- 
tense strain to which it has been subjected. Highly polished spheri- 
cal knobs with air between them produce the best sparks. The charge 
is then fairly evenly distributed over their opposite surfaces, whose 
curvature is not large enough to cause very strong concentration and 
consequent ‘^brush discharge.” Therefore polished knobs do not 
discharge until the dielectric between them yields. This involves a 
collapse of the lines of force, which thereby radiate energy into space, 
as will be seen in another chapter. 

A brush discharge occurs at sharp points, or along fine wires of large 
sectional curvature. In a darkened room this is easily seen as a rosy 
glow, and it involves a silent discharge of the conductor into the sur- 
rounding air. The air becomes highly electrified with the same sign 
of electricity, and is repelled from the point or wire in a ‘‘wind” 
capable of extinguishing the flame of a candle. 

As was explained in Article 597, points may be used to discharge 
a body from which they project, or may charge it inductively when 
they project from an uncharged conductor which has been grounded. 
Lightning rods frequently act in this way during a thunderstorm 
when no lightning (spark discharge) occurs. At night they may be 
seen surrounded by the corona of a brush discharge, which is accom- 
panied by a crackling sound when a charged thunder cloud passes 
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over them. This effect is due to the charge of opposite sign, induced 
by the cloud in the earth below it, which is discharged into the air by 
the lightning rod. Such an unloading of electricity may even serve 
to discharge the cloud sufficiently to prevent lightning from striking 
a house so protected. Very high tension transmission lines are often 
surrounded by an invisible corona, which is a similar phenomenon 
and results in serious line losses, if not prevented. 

Finally, discharges may be made by grounding the charged body 
through a conductor. In this case the discharge is practically in- 
stantaneous, and produces what is called a conduction current. No 
conductor can support a field of force, so the lines representing it 
collapse, as in the case of a spark. Thus a flow of electricity is asso- 
ciated with the motion of electric charges, and if the amount of 
electricity to be discharged is limited, the field disappears when the 
charge becomes neutralized either by grounding or by uniting with 
an equal (luantity of opposite sign. 

SUPPLEMENTARY READING 

S. P. Thompson, Elementary Lessons in Electricity and Magnetism (pp. 44-80), 
Seventh Edition, Macmillan, 1915. 

PROBLEMS 

1. A sphere of 3 cm radius is raised to a potential of 81 erg/esu in air. 
What is the surface density of its charge? Ans, 2.15 esu/cm^. 

2 . What is the radius of a sphere immersed in a medium whose dielectric 
constant is 3, if a charge of 192 esu raises it to a potential of 16 erg/esu? 
Ans. 4 cm. 

3 . Calculate the capacity of a condenser made of two metal discs of 12 cm 
diameter and separated by a sheet of average rubber 2 mm thick. (The term 
^^average^^ refers to the dielectric constant.) Ans, 99 units. 

4 . The condenser in Problem 3 is charged with 330 esu. What is the 
resulting potential? What is the potential if the thickness of the rubber is 
increased to 5 mm, the charge being the same? Ans, 3j erg/esu; 8^ erg/esu. 

5 . An insulated metal sphere of 12 cm radius and charged with +60 esu 
is connected by a long fine wire to another insulated sphere having a radius of 
4 cm and a charge of —36 esu. What is the potential of the system after 
contact? Ans, 1.5 erg/esu. 

6 . Two spheres of radii 15 cm and 9 cm are charged in air to potentials of 
+6 and —4 erg/esu respectively. What are their respective energies? 
Ans. 270 ergs; 72 ergs. 

7. What are the charges on each of the spheres in Problem 6, if they are 
brought in contact with each other? Am. +33.75 esu; +20.25 esu. 
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8 . What are the energies represented in Problem 7, and how much is lost 
in the heat of the partial discharge? Arts. 37.97 ergs; 22,78 ergs; 281.25 
ergs. 

9. A sphere whose radius is 3 cm is brought into the field of another 
sphere of radius 5 cm which is charged to a potential of 16 erg/esu when their 
centers are 10 cm apart. The uncharged sphere is then grounded, thus mak- 
ing its potential zero, and later removed to a distance of 120 cm. What 
are its charge and final potential? Am, -24 esu; — 7 j erg/esu. 

10 . A condenser is made of two 8 x 12 cm metal plates separated by a thin 
layer of air. What is the field intensity between the plates near their centers 
when they have opposite charges of 160 esu each, assumed to be evenly 
distributed over their surfaces? WTiat would it be if they were separated by 
crown glass (A == 6)? Am. 20.9 dyne/esu; 3.5 dyne/esu. 



CHAPTER 46 


Electrodynamics 

609. The electric current. The science of electricity in motion, 
and all related phenomena, are known as electrod 3 mamics. In the 
last chapter we saw that an electrostatic discharge can take place by 
conduction along a wire. When this occurs, a current is said to flow, 
and this current will continue as long as there is a difference of poten- 
tial between the ends of the conductor. In electrostatics, this usually 
lasts only a very short time, but it may be somewhat prolonged by 
using a poor conductor, such as a moistened thread. Suppose, for 
instance, we connect two insulated brass spheres by means of a long 
cotton thread moistened with salt water, which is then allowed to 
become nearly dry. If an electroscope is connected to one of the 
spheres while the other is charged, it will be found that the leaves of 
the electroscope begin to diverge, quite rapidly at first, and then more 
and more slowly, reaching a maximum divergence only after quite an 
appreciable time. This shows that the discharge was most rapid and 
produced the greatest flow of electricity when the difference of po- 
tential between the spheres was greatest, and was complete only when 
the two ends of the thread reached the same potential. Even very 
poor conductors cannot long prevent such an equalization, but yield 
to the strain put upon them, by permitting a current to flow which 
carries part of the charge on one sphere to the other. 

This experiment is the electrostatic equivalent of connecting two 
tanks, standing at the same level, with a pipe of small diameter, and 
filling one of them with water. In time the water will come to the 
same height in both, as the flow, rapid at first, and then more and more 
gradual, partly empties one and partly fills the other. If the tank 
originally filled is now emptied, the water flows the other way, bring- 
ing both to the same, but lower, level again. 

In either case, electric or hydraulic, in order to maintain a steady 
flow for an indefinite time, it is necessary to keep the original difference 
of potential constant. This may be effected in both cases by using a 
pump-like device to take the excess from the lower level and restore 
it continually to the higher level of the supply. Naturally a supply of 
energy is needed to make a medium, whether water or electricity, 

589 
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flow “up But the continuous supply just proposed can do 

work as it flows down hill again, so the energy expended reappears as 
heat or in some other form. 

610. The electric battery. The “pump’^ just referred to, by which 
a constant potential difference may be maintained in order to 
produce a steady current, is an essential part of any circuit. There 
are four principal types of “pump.’^ One uses the chemical action 
of an electric cell, one the electromagnetic action of the generator, 
one the action of heat on a thermoelectric couple, and a fourth the 
action of light on the photoelectric cell. For the present we shall 
consider only the first of these and take its mode of action for granted. 

Strictly speaking, the word battery means a number of “primary 
cells'' connected together, just as we talk about a battery of cannon. 
In fact, that is the origin of the word. But common usage has in- 
accurately adopted “battery" as meaning either one or many cells 
used to produce a constant flow of electricity. The most usual type 
of battery is the dry cell which has two terminals or poles, and when 
these are connected by a wire, a current flows along it, producing 
various characteristic phenomena. The direction of flow is really 
rather meaningless, but it is customary to consider a positive charge 
as having a higher electrical level than a negative one, and therefore 
when such charges are connected by a conductor, the flow is thought 
of as from positive to negative. The motion of the electrons in the 
metal, on the other hand, is from negative to positive. 

In order to determine which is the positive and which the negative 
pole of the cell, we may use a device designed by Volta consisting of 

an ordinary gold-leaf electroscope hav- 
ing a metal disc in place of a knob. 
Its upper face is coated with a non- 
conducting varnish, and a similar 
plate, also varnished, is fitted with an 
insulating handle. Now let us connect 
the cell, as indicated in Fig. 41, in 
such a way that one pole is connected 
to a polished knob at a, while the other may be brought in contact 
with h by touching it with the end of the wire c. This wire must 
be carefully insulated during the process, as by wrapping it around 
a glass rod held in the hand. After the contact has been made, c 
may be withdrawn and then grounded if desired. Now if the upper 
disc is removed by the insulating handle, the leaf swings out as the 
charge on the lower disc spreads over it and the fixed plate, used here 
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in place of another leaf. Two or three cells connected in series give 
excellent results, though even one cell causes an appreciable diver- 
gence of the leaf. 

The experiment just described is explained by the fact that the 
discs form a condenser, one disc becoming positively charged, and the 
other negatively, though the net result is nearly zero potential as far 
as the leaf is concerned. However, when the discs are separated, the 
capacity falls as the distance between them increases (see equation (3), 
Article 600), and the potential of the lower one rises if it is positive, 
or falls if it is negative. This is because V = q/C, and when q is 
constant, V varies inversely as (7. The rise of potential causes a flow 
of electricity down into the leaf, which swings out in consequence. 
The nature of the charge thus acquired may be examined by bringing 
up an electrified rubber rod Avhich, in the case assumed, will cause the 
leaf to collapse. This proves that the pole of the battery that charged 
it was its positive terminal. 

611, Rate of flow. When a wire is connected between the positive 
carbon and negative zinc terminals of a dry cell, a current flows from 
the former to the latter through the wire, in accordance with the arbi- 
trary assumption that a positive is at a higher potential than a nega- 
tive charge. This will continue as long as the battery functions like a 
pump in maintaining the potential difference which the discharge 
tends to diminish. As in the case of the water analogy, the same cur- 
rent must be flowing through the interior of the cell, but from low to 
higher levels, since electricity, like water, behaves as an incompressible 
fluid. Therefore a certain flow, measured in units of the medium per 
second, in one portion of a closed circuit must involve an equal flow 
of the medium at every other portion. 

The notion of rate of flow, or current, must be clearly understood, 
for it is not the same thing as velocity. Both in electricity and hy- 
draulics it is possible to vary the character of the flow from point to 
point. In a river, for instance, we have pools and rapids where the 
velocity is very different, but the flow, measured in gallons which pass 
a given point in a second, is everywhere the same. In currents of 
electricity there are no varying velocities as in a river, but instead there 
are varying c\irrent densities, depending upon the cross section of the 
conducting wires. In this way the actual flow is maintained constant 
all around a closed circuit, which may include a variety of conductors. 

612. Effects of electric currents. The most evident effect of an 
electric current is that it heats the wire which conducts it. A fresh 
dry cell will heat a short fine wire, connecting its terminals, to redness. 
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The filaments of incandescent lamps and the coils in electric cooking 
devices are familiar examples of this important phenomenon. An- 
other effect is chemical, and occurs when a current is passed through 
certain solutions known as electrolytes, with a resulting decomposi- 
tion and the formation of different substances at the terminals, or 
electrodes. But from a practical point of view, as well as theoretical, 
the most important effect of an electric current is its production of a 
magnetic field surrounding the conducting wire. This phenomenon, 
which is the connecting link between electricity and magnetism, is the 
basis of most of the applications of electricity in industry. It in- 
cludes such great realms as that of the electric motor with its count- 
less uses in the production of mechanical power, of the telegraph, the 
telephone, both with and without wires, and of numerous oth(n- de- 
vices in which the magnetic field surrounding a current is an essential 
feature of the mechanism. 

613. Magnetic field around a current. The fundamental fact that 
electricity in motion producers a magnetic field of force was dis- 
covered by the Danish physicist H. C. Oersted in 1820. Until that 
time electricity, both in static charges and in currents, and magnetism, 
were regarded as separate phenomena. The experiment by which 
their interrelationship was established consisted in setting a magiKitic 

compass under a wire in which a cur- 
rent was flowing, as shown in Fig. 42. 
Currents large enough to affect a needle 
near a single strand of wire were not 
common in Oersted^s time, so the effect 
was not as easily obtained as one might 
imagine. Consequently the scientific 
world was much astonished to learn that the needle was deflected 
whenever the key K was closed, and always in the same sense, de- 
pending upon the relative direction of the current and the earth ^s 
magnetic meridian. If the current flows north over the needle, the 
latter points westward, more or less, according to the current's 
strength. Reversing the current makes it point more or less toward 
the east. These directions are reversed if the wire lies just under the 
needle instead of over it. 

A modification of this experiment consists in placing the wire in a 
vertical position, in which case the compass needle is always deflected 
toward tangency with a circle having the wire at its center, as sug- 
gested in Fig. 43(a). Here the compasses rest on a board through 
which the wire passes, with the current flowing up. 



Fig. 42. 
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If iron filings are sprinkled on the board, as in (6), while it is gently 
tapped to shake them up, they will arrange themselves in concen- 
tric circles. These are quite pronounced close to the wire, but be- 
come fainter at incniasing distances. 

Such experiments all go to prove that 

a conductor carrying a current is sur- (a) 

rounded by magnetic lines of force ^ ^ 

forming closed circles in a plane at ‘ 

right angles to the current direction. 

Their sense is clockwise if we imagine 
ourselves looking along the wire in the 

direction in which the current is flow- (6) 

ing. Another useful rule is that 

of the ordinary right-handed screw, ' 

which advances when turned clock- Fig. 43. 

wise. If the direction of the current 

is taken as that of the point of the screw, then the lines of force are 
directed in the sense of its rotation. 

614. Biot and Savart’s law. Quantitative measurements conducted 
by these investigators in 1820 demonstrated the fact that the magnetic 
field in the experiments just described varies inversely as the distance 
from the wire, provided the wire is long enough to be regarded as of 
infinite length compared to the radii of the linos of force considered. 
This relation can be proved in a number of ways, among them being 

the following due to Maxwell: Let 
aK a bar magnet, iVS, in Fig. 44 , be sup- 

n ported on a circular card beside a 

/ / long vertical wire carrying a current, 

^ rotate as a whole 

' ‘ ^ "T around the wire as an axis. Then 

there is a clockwise torque on N 
^ r, — r, ^ equal to mHyrij and a counterclock- 

wise torque on S equal to mH2r2, 
p-g where Hi and H2 are the fields 

caused by the current at the dis- 
tances Ti and r2 from it. But no rotation results from this arrange- 
ment; therefore the two moments must be equal, and 

mHiTi = mHiTzy 

or El 

Ih ~ ri‘ 


Fig. 44. 
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Therefore the field at a point due to a constant current in a long 
straight wire varies inversely as the distance from the wire, as has 
just been stated. 

Experiments with currents of different strengths also prove that H 
varies directly as the current /, so that we may now write the Biot- 
Savart law in the form 

= 7 > ( 1 ) 

where h is the constant of proportionality to be determined. 

616. Laplace’s equation. From the relation established in the last 
paragraph, Laplace derived an equation which gives the field at a 
point p distant r centimeters from an infinitesimal portion of a wire dl 
carrying a current /. When the element is inclined at any angle to 
the line connecting it with the point, Laplace’s equation becomes 


„ kidl . 
dH = - sm a, 
n 


where fc is a constant and Idl is the current element, as shown in Fig. 
45. This shows that If is a maximum when dl is perpendicular to r, 

and zero when the current element 
coincides with r. It also shows that 
^ the field varies inversely as the square 
of the distance, instead of the first 
power as when the wire is straight 
and infinitely long. The direction of the field created by the current 
element Idl at any point p is perpendicular both to dl and to r drawn 
to that point. In Fig, 45, dl lies in the plane of the paper; therefore 
H is normal to the paper at p. 

616. Magnetic field at the center of a circular current. Laplace’s 
equation, though obtained from the law of Biot 
and Savart, is still more fundamental, more 
general, and more useful than its predeces- 
sor, and may be used to obtain H in a. variety 
of cases. The most important of them is the 
field at the center of a single circular ‘^tum” 
of wire carrying a steady current, as in 
Fig. 46. In this case all the elements dl are 
perpendicular to r; therefore in Laplace’s 
equation sin a = 1, and r, as well as 7, is constant. The sum of 
all the infinitesimal portions, cH, of the turn taken around the circle 




Fig. 45. 




617. Unit of current. The preceding result is used as a basis on 
which to define the absolute unit of a current of electricity in the 
electromagnetic system^ because it depends upon a measurement of H 
under comparatively simple conditions. As this unit is the first to 
be defined that connects the electric current with magnetism, we are 
permitted a certain freedom of choice, and it has therefore been 
agreed to set k arbitrarily equal to unity. We may then adopt the 
following definition: the absolute electromagnetic unit is one which , 
flowing in a single circular turn of unit radius ^ produces a fleld of 2w 
oersteds at the center of the circle. This is evident from the equation, 
for if k, r, and I are set equal to unity, H == 27r. As a result of this 
definition of unit current, the value of H obtained in Article 616 re- 
duces to H = 2Tllr. When there are N turns of wire wound in a 
circular coil of negligible cross section, the field at the center is given 


by 


2tNI 

r 


( 1 ) 


For practical measurements, the ampere has been adopted as the 
unit of current, so named in honor of the famous French physicistf 
who discovered many of the magnetic properties of electric currents 
immediately after Oersted's experiment in 1820. It is defined as 
one tenth of the absolute unit, or dbampere. Expressed, then, in 
amperes, equation (1) becomes 


H = 


2tNI 

lOr 


( 2 ) 


The dimensions of current in e.m.u. (electromagnetic units) are 
obtained from the equation which was used in defining it. We have 
seen that the dimensions of H are Therefore, since 

I = Hrl2Ty and since 27r has no dimensions, while r has that of a 


length. 


[/] = [MmT-^]. 


Here we have defined the current by its magnetic effect. But we 
might also have obtained a natural definition as the number of 

t A. M. Ampere, 1776-1836. 
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electrostatic units of charge passing a given point in a second. This 
is exactly analogous to the definition of the flow of water through a 
pipe as so many gallons per second. A current of electricity defined 
in this way comes under the head of the electrostatic system of units, 
consequently its unit in that system is a current which carries one esu 
per second past a given section of a conductor. Since charge q has 
the dimensions the e.s.u. of current has the dimensions of 

q/% or [Mmn 

We may now ask, what is the relation between these two defini- 
tions of current? In other words, how many electrostatic units of 
charge pass in a second when a unit current defined by its magnetic 
effect is flowing? This relation may be expressed by 

i = cl, 

where i is measured in esu/sec., I is measured in e.m.u. and c is a con- 
stant to be determined. Taking the ratio of the dimensions of i and I, 
we find that c has the dimensions [LT~^, This is a velocity, and 
when i and I arc measured in absolute units, it is found experimentally 
that c == 3 X 10^® cm/sec. This is numerically equal to the velocity 
of light! It is no mere coincidence, but a consequence of the fact 
that light waves are electromagnetic in character. 

618. Test of Laplace^s equation. Although we have as yet given 
no proof of this equation, and stated only that it is a consequence of 
Biot and Savart^s observations, it is well to note that it leads to a 

calculation of H at the 
center of a single turn, of 
many turns, and of coils 
of various dimensions, 
so its truth has been 
verified by countless ex- 
periments. We may also 
test its validity in a 
rather backhanded way 
by deriving Biot and 
Savart ^s equation for the 
field surrounding a 
straight wire carrying a 
i^ppcit, and thus obtain a particular and easily verified case from the 
general relation. In Fig. 47, let a current I flow in the vertical wire 
of which ^e el ^ment, dl, is indicated. Let the point p be at a distifioe 
this wire, and let the projection of dl on a line normal 
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to s which connects dl and p. Then by Laplace’s equation, the field 
at p, due to the current element Idl, is given by 


dH 


kldl sin a 




( 1 ) 


or, since 0 and a are complementary angles, 


dH = 


kldl cos p 


s- 


( 2 ) 


But dV = dl cos /3 by construction, and the infinitesimal angle dfi 
subtended by dV equals dV/s. Hence 

dl cos /3 = dV = sdfi) also s = r/cos (3) 


Substituting these values of dl cos and ,s' from (3) in (2), we obtain 


dH 


kl cos d^ 
r 


( 4 ) 


Now i3 varies from 0, when d is at ^4, to 7r/2 radians in either 
direction, because the wire is supposed infinitely long and r is finite. 
Between these limits cos /3 varies between unity and zero, and its 
average value is known to be 2/7r. Therefore, the value of H due to 
the upper half of the wire may be obtained by taking the entire range 
of jS from zero to 90°, a total of it/ 2 radians, and using the average 
value of its cosine over that range. Then the field intensity at p, 
caused by both halves of the wire, is twice this value, giving 

jj ^ 2A:7(2/7r ) X (7r/2) 
r 

or ^ = 2kl/r. 

If the current is measured in e.m.u., fc = 1, and 

H = ( 6 ) 

r ^ ' 


This is Biot and Savart's law, as already given by equation (1), 
Article 614, but we have now obtained the value of the constant 6, 
which is shown to be the number 2. 

619. Direction of the field. It should be carefully noted that the 
field at the center of the turn of wire used in defining I is perpendicular 
to the plane of the circle. The force of 2t dynes is neither an attrac- 
tion nor a repulsion between the current and the imaginary pole. 
But if a single pole could be placed at the center, it would move at 
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right angles to the plane of the wire shown in Fig. 48. The direction 
is vertically upward if the current is flowing counterclockwise when 
seen from above. The direction is vertically downward if the current 

flows in the opposite sense. This 
follows from the fact that the force 
is due to a field represented by 
lines of force forming closed loops 
around every element of the cur- 
rent, as suggested by a few indi- 
cated above. They all unite to 
produce the field H perpendicular 
to the circuit at its center. 

If the current flows in a straight 
conductor instead of in a circle, 
an isolated pole placed at a distance r from it would travel around it 
in perfect circles of radius r, the wire being the axis. Thus the rela- 
tions between current and field have been exactly revtirsed, and as 
before, there is no attraction between pole and wire as a result of the 
circular field around the latter. It will also be seen that in both the 
cases we have discussed, the field and current interlink each other, and 
this interlinking of electricity in motion with the magnetic flux is of 
the utmost significance in electromagnetic theory. 

620. Rowland’s experiment. Since an electric current is really a 
stream of electrically charged particles^ we should expect that charged 
bodies in rapid motion ought to behave like a current and produce a 
magnetic field. This was found to be the case by H. A. Rowland, an 
illustrious American physicist (1848-1901). He used two non- 
conducting discs (Fig. 49) which faced 
each other and could be rotated in op- 
posite directions at a very high speed. 

The two opposed faces were coated with 
gold leaf and given unlike charges, negative 
and positive. When the discs were spin- 
ning, a magnetized needle placed between 
their centers was deflected as it would be 
by a current flowing in the sense of rota- 
tion of the positively charged disc. If 
only one disc were rotated, the effect was half as great. This classic 
experiment proved that the charges were carried around with the con- 
ducting surface, and were equivalent to electric currents flowing in the 
same sense as that of the positive charge. 
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It should also be noted that the experimental difficulty of Rowland’s 
experiment was very great, because the effect is vastly smaller than 
that caused by an ordinary current 
flowing in a wire. Even small cur- 
rents carry what would be enormous 
electrostatic charges. 

621. Action of a magnetic field on 
an electric current. In Oersted’s 
classic experiment a current caused 
a magnetized needle to turn. But 
in accordance with Newton’s third 
law, there is an equal and opposite 
reaction tending to move the wire. 

Stated in broader terms, a magnetic 
field exerts a force upon a wire carry- 
ing a current. As we have seen, such a wire is surrounded by con- 
centric lines of force, and a north 
pole, if left free to move, would 
follow a line of force and rotate con- 
tinually around the wire in a circle 
of a constant radius without being 
either attracted or repelled by the 
wire, as indicated in Fig. 50. On 
the other hand, if the wire were free 
to move so that its axis was always 
parallel to itself, as in Fig. 51, it 
would revolve in a circle of radius r 
around the pole and therefore cut the 
horizontal component of the pole’s field at right angles. In either 
case the relative motion is the same, the 
only difference being that in one case the 
wire and in the other the pole is fixed. 

If the lines of force are straight and 
parallel to each other, as in a uniform 
field like that of the earth, the wire still 
moves at right angles to the lines of force. 

Its path is therefore a circle of infinite 
radius, which is a straight line. If the 
wire whose section is shown at A in 
Fig. 52 carries a current directed upward from the plane of the paper, 
it will be urged to the right, and move across the uniform field pro- 







600 


ELECTRICITY AND MAGNETISM [Chap. 46 


duccd near the center of the space between the wide poles NS, Thus 
it is neither attracted nor repelled by these poles, but moves across 
their field at right angles to it. Tliis is a very important fact, and 
differentiates electromagnetic forces from any other kind. The 
resulting force is simultaneously at right angles to its two causes, 
field and current, while these are perpendicular to each other. Thus 
the three vectors involved, like the three dimensions of space, are 
perpendicular each to each. 

The magnitude of the force with which a uniform field acts upon a 
wire carrying a current may be found as follows: Consider a circular 
turn of radius r carrying a current of I e.m.u. Then He at the center 
is given by equation ( 1 ) of article 617, where N — 1, ov — 2^1 jr. 
If a pole of strength m is placed at the center of the turn, the force 
acting on it is given by 

¥ = 27r/m/r. (1) 

Multiplying and dividing (1) by r, we have ¥ = 2TrrImfr-, But 
27rr is the length of the wire; therefore 

¥ = Ilm/r\ ( 2 ) 

Now the force exerted by the current on the pole must be equal and 
opposite to the force exerted by the pole on the wire. This force is 
caused by the field H of the pole at the distance r. So II = m/r^ at 
the wire, and is everywhere normal to it. Then setting m/r^ = II in 
( 2 ), we have 

¥ — HIl dynes, 

or ¥ = ///J/IO dynes, (3) 

if I is in amperes. 

This fundamental relation has been derived for the special case of 
a circular turn, but it is obviously true for any small portion V of the 
turn, and by increasing r, we may make V as straight as we please. 
Wc are then justified in applying (3) to a straight wire of length Z, at 
right angles to a uniform field //, as shown in Fig. 52. 

622. Unit of quantity. When a current I flows through a circuit for 
a time Z, the product It means the quantity transported by the current 
in that time. Its absolute e.m.u. is one abampere-second. This 
quantity will be designated by Q, instead of < 7 , as in electrostatics, and 
it has different dimensions. Its practical unit has an especial name, 
the coulomb, after the French savant already mentioned. When / is 
measured in amperes, and t in seconds, their product gives the quantity 
in coulombs; thus one coulomb equals one ampere-second. As the 
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ampere is one tenth of the absolute unit, the coulomb is also one tenth 
of the absolute unit of quantity. It is analogous to the gallon in 
hydraulics, but the ampere has no analogue, since the flow of water is 
always expressed as so many gallons or cubic feet per second. Thus 
the single word ampt^re saves us from saying “coulombs per second.” 
The dimensions of quantity in the electromagnetic system are those 
of a current multiplied by time, or 

[Q] = X T] 

= [umi 

The ratio of the dimensions of Q in e.s.u. to those of q in e.m.u. is 
3 X 10'^^ cm/sec., as in the case of the currents (Article 617). This is 
obvious because in both cases Q = It. Thus one coulomb (10“'^ emu) 
equals 3 X 10® csu. 

623. Joule’s law. The preceding discussion is all based on the 
experimental evidence relating to a single phenomenon, namely, the 
interlinking of the electric current and the magnetic flux. We now 
come to a second experimental fact in the realm of moving electricity 
which connects the current with thermal energy. When a current 
flows along a wire, it heats the conducting metal. In 1841, J. P. Joule, 
an English scientist, undertook quantitative measurements of 
this already well-known fact. He showed that the heat evolved is 
directly proportional to the square of the current in the wire, and 
directly as the time during which it flows. This fact, known as 
Joule’s law, may be expressed as 

W = PRt, 

where W is the heat evolved and R is the constant of proportionality, 
which differs according to the length, cross section, and material of 
the conductor. This constant is known as the resistance of the wire. 

624. Units of resistance. In order to obtain the absolute unit of 
resistance, we must choose the erg to measure W ; then, taking the 
second and the absolute unit of current for the other quantities, R is 
reduced to unity in the absolute system of electromagnetic units. 
This results in an excessively small resistance, so the practical unit 
is taken 10® times as large, and is called the ohm, after the German 
physicist G. S. Ohm (1787-1854). The choice of 10® as the factor is 
not wholly arbitrary, for as the ampere is one tenth of the absolute 
unit, this expresses W in units of 10’ ergs, that is, in joules. Thus we 
may define the ohm as that resistance which develops a joule of heat per 
second when one ampere flows through it 
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If, however, we wish to obtain the heat developed in calories, it is 
necessary to introduce Joule’s equivalent into the equation, which 
then reads 

W (calories) = 0.239 PRL 


The time rate at which electrical energy is converted into heat 
expressed in joules per second is PRt/L This is PR joules per second, 
or watts. This power is always wasted except when the resistance is 
purposely used to heat something, as the filament of an incandescent 
lamp or an electric heater. Consequently, in all other uses of elec- 
tricity the apparatus is designed to make the PR loss as small as 
possible. 

From Joule’s equation we may obtain the dimensions of K, because 
those of W and I are known. Thus, substituting [TF] = [ML-T~'^] 
and [7] = [M^DT-^], we have 


or 


[R] = [W/Pt] = 




X [T] 

[K] = [LT-^ 


Thus the absolute unit of resistance, or abohm, is one cm/sec. in 
e.m.u. 

Another definition of the ohm has been adopted by an international 
scientific congress and is called the international ohm. This unit, 
while not a physical quantity in the true meaning of the word, is very 
convenient for manufacturers of standard resistances, and has been 
legalized by the government. It is the resistance of a column of 
mercury contained in a tube of uniform bore having a diameter of 
1.1284 mm and a length of 106.300 cm when the temperature is 0° C. 
Or, as given by law, the bore is not specified, but the mass of mercury 
must be 14.4521 grams at the temperature of melting ice. 

626. Potential difference and electromotive force. Joule’s equa- 
tion may be rearranged to bring in the quantity Q as follows: 

W - PRt - IR (It). 


Then substituting Q for Ity we obtain 
W = IRQ. 


( 1 ) 


This is the work done when Q units of electricity pass through the 
circuit. But whenever it requires work to move a quantity of any- 
thing against a force of any kind, a difference of potential exists be- 
tween any two points along its path. As usual this potential differ- 
ence is measured in work per unit quantity. In the circuit shown in 
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Fig. 53, let Vi be the potential at the point A, and V 2 the potential 
at 5. Then their difference, Vi — F 2 , equals the work done in driv- 
ing unit quantity along the wire from one point to the other. That is, 
Fi — To = W/Q. But from (1) above, W/Q = IR. This product 
IR is taken as a new unit whose symbol is E (or AV ) , and is defined 
by the identities E = AV = Vi — = IR = TF/Q. Thus E (or AF) 

is a potential difference, and is meas- 
ured by work per unit quantity. 

The quantity E may also be used 
to denote the difference of potential 
developed by a battery, generator, and 
so forth, which cause the flow of cur- 
rent. In this case is is called electromotive force. The name is un- 
fortunate, for it is not measured in terms of force, but of work per 
unit quantity. 

626. Units and dimensions of potential difference. The absolute 
unit of potential difference {cxdled abvolt) is obtained when an absolute 
unit of current flows between two points in a circuit having an absolute 
unit of resistance between them. If I is expressed in amperes (10“^ 
abampere) and R in ohms (10® abohm), then since E = IR, unit E 
must be 10® times its absolute unit. This is the practical unit, and 
is named the volt, after the Italian, Alesandro Volta, who discovered 
the ^Voltaic cell” in 1800. The dimensions of potential difference 
in e.m.u. are obtained from those of I and R already found, so that 

[E] - X [LT-i] 

= [MUJT-^]. 

We might also arrive at this conclusion in the same way as in electro- 
statics, by defining the volt as a joule/coulomb, because it measures 
potential difference and therefore is work/quantity. But as shown 
in Article 622, 1 coulomb = 3 X 10® esu, so a volt equals lO’' ergs/3 X 
10® esu = 1/300 erg/esu. Or 300 volts = lerg/esu, where erg/esu is 
the absolute unit of potential difference in e.s.u. 

In e.m.u., 1 abvolt = 1 erg per abampere-second or 1 erg/emu, so 
1 volt = 10® erg/emu. 

627. Ohm’s law. The identity E — IR may be written I = E/R. 
In this form it is known as Ohm’s law, and was discovered as an inde- 
pendent experimental fact first formulated by Ohm in 1828. This 
is not, however, a necessary experiment if Joule’s law is accepted; but 
because of its practical value and the ease with which it is verified, 



Fig. 53 . 




604 


ELECTRICITY AND MAGNETISM [Chap. 46 


it is of the greatest importance. This law may be stated in words 
thus: The current in a conductor is equal to the difference of 'potential 
between any two points divided by the resistance between them. Or 
amperes = volts /ohms. 

628. Specific resistance and conductivity. It has been experi- 
mentally determined that the resistance of a conductor of uniform 
constitution and cross section varies directly as its length and inversely 
as the area of its section; therefore 

R = ( 1 ) 

where p is the constant of proportionality, I is the length in centi- 
meters, and A the cross section in square centimeters. The constant 
depends for its value on the nature of the conductor, and not upon its 
dimensions. It is called the specific resistance, or resistivity. If 
the conductor is a unit cube, I and A are each equal to unity, and 
R — p. Therefore the resistivity of a conducting material may be 
defined as t^hc resistance of a bar of unit section per unit length, and its 
dimensions arc obviously those of an ohm-centimeter. 

The reciprocal of the resistance of a conductor is called its conduct- 
ance, and the reciprocal of its resistivity is known as its conductivity. 
Conductance, like resistance, depends upon both the nature of the 
conductor and its dimensions. Its unit is the mho (ohm spelled back- 
wards). Conductivity, like resistivity, is independent of the con- 
ductor's dimensions. Its unit has no name, but is usually expressed 
by the letter fc. 

The conductivity of a metal has an important bearing on current 
density in a conductor. Current density is defined as 1/ A, where A 
is the cross section of a conducting bar or wire. Thus, taking AF as 
the potential difference between two points on a conductor at a dis- 
tance I from each other, we obtain I = AF//2. But by definition 
R = pi/ A] therefore 

. ^ AF ^ A^V 
R pi ' 

Dividing by A, we have ™ == 

where dV/dl is the potential gradient at any point in the conductor. 
This was shown for the corresponding case in electrostatics by equa- 
tion (2), Article 588. We may now state that conductivity is the 
ratio of current density to potential gradient along a conductor. 
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The following table gives the resistivities and temperature coeffi- 
cients (defined in Article 634) at 18° C of some of the more common 
metals and alloys. 


Substance 

Resistivity 
(at 18° C) 

Temperature 

Coefficient 

Aluminum 

2.94 

X 

io-« 

38 

X 

10-* 

Bismuth 

119. 

X 

io-« 

42 

X 

10-> 

Copper (drawn) 

1.78 

X 

10~« 

38.8 

X 

lO-^ 

Gold 

2.42 

X 

10-“ 

36.5 

X 

10-4 

I ron (wrought) 

13.9 

X 

!()-« 

62 

X 

10“4 

Iron (cast) 

74.4 

X 

io-« 




St(!el (soft) 

15.9 

X 

i()-‘ 

42.3 

X 

10 "4 

Steel (glass hard) 

45.7 

X 

10-« 

16.1 

X 

10-4 

Tjcad 

20.8 

X 

10-® 

43 

X 

10“4 

M(TCurv 

95.6 

X 

10-« 

7.2 

X 

10-4 

Platinum 

11.0 

X 

10-» 

37 

X 

10~4 

Silver 

1.66 

X 

10-« 

38 

X 

10-4 

Tin 

11.3 

X 

10-« 

36.5 

X 

10-4 

Zinc 

6.1 

X 

10--« 

36.5 

X 

10-4 

Brass 

6.6 

X 

10-« 

10 

X 

10-4 

German Silver 

33.0 

X 

10~« 

2.3 to6 

X 

10-4 


629. Electromagnetic energy and power. Joule’s equation may be 
transposed by substituting E = IR so as to niad 

W = Eli, 

W 

or ™ = El = P. 

z 

Thus we see that the product of the current and the potential differ- 
ence in a circuit gives the rate of production of energy which is 
measured in joules per second or watts ^ provided E is expressed in 
volts and I in amperes. Since R has been eliminated, we may use this 
relation in calculating the power developed in a circuit, or portion 
thereof, without knowing w^hat causes the expenditure of energy. As 
will be seen later, there are other w^ays in which an electric current 
does work besides developing heat. Whereas the equation PR = W/t 
measures only the rate at which heat is evolved, El measures the 
total power. WTien resistance is the only consideration and Ohm's 
law holds true, El, the power expended, equals PR. But when other 
work is being done, such as the mechanical work of an electric motor, 
this is no longer true. Then PR represents only part of the input, 
and is therefore less than El. 
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SUPPLEMENTARY READING 

A. Zeleny, Elements of Electricity (Chapters 8, 9, 10), McGraw-Hill, 1930. 

PROBLEMS 

1 . What is the field strength at a point 8 cm from a long straight wire 
carrying a current of 48 amperes? Ans. 1.2 oersted. 

2 . How many turns are needed in a coil of negligible section and 15 cm 
radius to create a field of 6 oersteds at its center, when a current of 3 amperes 
flows through it? Ans. 48 turns, nearly. 

3. A straight wire 60 cm long is at right angles to a field of 12 oersteds. 
If a current of 8 amperes flows through it, what is the force pushing it across 
the field? Am, 576 dynes. 

4 . What is the potential difference between the ends of a wire of 16 ohms 
resistance, when 42 coulombs flow through it in 6 seconds? Am, 112 volts. 

6, How many calories are produced in 15 minutes by a current of 4 
amperes in a coil of wire whose resistance is 12 ohms? Am, 41,299 calories. 

6 . A current of 5 amperes flows through a wire for 8 seconds, and develops 
10 joules of heat energy. What is the resistance of the wire? Am, 0.05 ohm. 

?• Calculate the joules per minute developed in coils of 10 and 20 ohms 
resistance under an impressed e.m.f. of 110 volts. Am, 72,600; 36,300 joules 
per minute. 

8. How many coulombs are needed to develop 500 calories with an e.m.f. 
of 110 volts? Am, 19 coulombs nearly. 

9 . Calculate the resistance of a copper wire at 18® C, if its length is 24 m 
and its cross section is 0.3 mm^. Am, 1.424 ohms. 

10 , What is the length of german silver wire which should be used in a 
heating element designed to develop heat at the rate of 55 watts on a 110 volt 
circuit, if its cross section is 0.2 mm^ and p = 33 X lO*"®? Am. 133.3 m. 

11 . A copper wire has a diameter of 3 mm, and carries a current of 12 
amperes. What is the potential gradient? (Use equation (2) of Article 628.) 
Am. 3 X 10~^ volt/cm. 



CHAPTER 47 

The Electric Current 

630. Circuits. In order that a difference of potential may produce 
a steady flow of electricity or continuous current, there must be a 
complete circuit closed upon itself. In the simplest case this consists 
of a wire connecting the two terminals of a battery. The battery 
itself forms a portion of the circuit, and exactly the same current 
flows between its plates that is to be found at every point of the wire. 
In short, as has already been stated, electricity in motion behaves 
like an incompressible fluid which a pump causes to circulate through 
a closed pipe. But there are many possible circuits more complicated 
than this one, where it is not so evident just how such a current will 
behave in the different parts of the system. In order to deal with all 
such cases we make use of two laws formulated by G. R. Kirchhoff 
(1824-1887), a German physicist. These laws enable us to solve 
problems when the current is subdivided in very complicated systems 
of conductors and cells. 

631. Kirchhoff’s first law. This law states that the algebraic 
sum of all the currents which meet at a common 'point is equal to zero. 
Thus in Fig. 54 the currents ii and h are arriving at the point P, 
while izy u, and 4 are leaving it. If 
this were a flow of water in pipes 
arriving at a common junction point, 
we should unhesitatingly write ii + 
i 2 = ^3 + U + ih‘ This is also the 
case with the electric current, but it 
is customary to set all the terms on 
one side of the equation, with minus 
signs before those which are flowing away from the junction. Thus 
we write ii + k + is-k . . + in-i + in = 0> or more simply, 

= 0 , ( 1 ) 

which means that the algebraic sum of the n currents is equal to zero. 

632. Kirchhoff’s second law. This law applies to any one mesh in 
a network of currents, where there may or may not be sources of elec- 
tromotive force included in the particular mesh. This law states that 
the algebraic sum of all the IR potential, differences around any closed 
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circuit is equal to the algebraic sum of the electromotive forces in that 
circuit. Here again we should expect the same thing in hydraulics, 
for a network of canals and rivers with canal locks at certain points 
is a close analogue of the network of currents as represented in Fig. 55, 

The locks are similar 
to batteries, and the 
fall or rise of level in 
going down or up 
stream corresponds 
to changes in elec- 
trical potential due to 
resistance. It is self- 
evident that a canal 
boat wliich traverses 
a series of canals and 
rivers, finally return- 
ing to its starting 
point, must have descended as many feet in level as it has risen. So 
in circuit abcduy where there are no batteries, there is a fall of 
potential in going with the current from a through b and c to rf, and 
then a rise in going from d to a against the stream. Hence, since in 
general, potential difference equals IRy we may write 

iiTi + i2r2 + - Wa = 0, 

or in general, == 0 (1) 

around a closed circuit which contains no sources of electromotive 
force such as a battery. The negative sign indicates that the poten- 
tial is rising because we are going against the current, and the posi- 
tive sign indicates falling potential as we move vdth the current. 

If a cell of voltage E is included in the circuit, as in bedby the level 
changes abruptly at that point, and the equation becomes 

Ur^ + HTz -f- nre = £'2, 

or in general, = E, (2) 



If there is more than one cell in the circuit, as around abdeay then we 


should write 


— 'SjfiEy 


( 3 ) 


where is the algebraic sum of m electromotive forces acting within 
the mesh. In the case of the circuit abdeuy IE equals '-E 2 + Eiy 
because the potential falls in going through a cell against its e.m.f. and 
rises going with it. 
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It should be noted that r® and n refer to the entire resistance of the 
paths hd and dea, part of which, however, is inside the cell in the form 
of “internal resistance,” whose effects will be considered later. 

In the network of Fig, 55 there are four junction points and ten 
possible closed paths; hence we could write fourteen equations by 
using both laws. In such problems the resistances and voltages are 
usually known, so that a complete solution of all seven currents may 
be made by picking seven suitable equations from among the fourteen. 

633. Series and parallel circuits. When two or more resistances 
are connected end to 
end, the total resistance 
is equal to the arith- 
metical sum of them all. 

This rather obvious fact 
may be rigorously proved 
by using Kirchhoff^s 
second law, and applying it to the circuit showm in Fig. 56, w^here 
there is but one current. Then 



Fig. 5(i. 


Iri + M + Irs + Ita = E, (1) 

But according to Ohm’s law, I == E/R, or 

R = E/L (2) 

Hence, dividing (1) by / we obtain 

n + r2 + rs + r4 = E/I = R, (3) 

When two or more resistances are so connected that the main cur- 
rent divides between them, as 
shown in Fig. 57, then from 
Kirchhoflf’s first law 

I = ii + H + H + 4, (1) 

and from Kirchhoff’s second law 
we have for each of the five cir- 
cuits 

E = iiVi = i2r2 == izn = Wi = 
Therefore, substituting for each i in (1) above, we obtain 



. E ,E ,E ^E ^E 

I s- j , 

Ti Ti Tz Vi rs 


( 2 ) 
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But by Ohm's law, I = E/R\ therefore the total resistance R is equal 
to the reciprocal of the parenthesis. If there arc only two re- 
sistances, this becomes {n ] if there are three, J? = 

(n r2 rz)/(rir2 + nrz + r2rz)y and so on to any number of branches. 
This conclusion may be summed up briefly in the rule: To obtain the 

total resistance of parallel circuits, 
add the conductances and invert. 

It is convenient to consider the 
very usual case where a number of 
equal resistances are in parallel 
across a constant potential, as in the case of lamps in lighting circuits, 
shown in Fig. 58 . Then since ri = r2 = rs = . . . r„, 

1 ^ 1 ^ 1 , 1 n 

. — I 1 ^ ^ , 

ri r2 rz r 

so that R == r/n, and the total resistance of twenty lamps, for instance, 
is but one twentieth that of a single lamp. From this it follows that 
the more lamps we turn on in our houses the lower is the resistance to 
the flow and the greater the current becomes, with a consequent in- 
crease in the amount of electrical energy consumed. If no lamps are 
turned on, there is no circuit, and the resistance between the ^fleads," 
as they are called, is infinite, which is quite different from no resistance. 
The latter is possible only with a “dead short circuit" between the wires. 

Still another useful consideration is the fact that when a current 
divides between two or more branches in parallel, the currents in 
the branches are proportional to each other inversely as the 
resistances. This may be shown as foHows: In the branches, 
ii = E/ri, i2 = E/r2, iz = E/rz, and so on. But as E is the same for 
all, the quotients of these equations give us fi:f2:z3: . . . 

1 /ri : l/r2 : 1 /^ 3 : . . . l/r„. If there are only two resistances, 
ii/i2 = r2/ri, which is a frequently used relation. 

634. Temperature and resistance. The resistance of all pure 
metals increases with the temperature in much the same way that the 
volume of gases increases when they are heated at constant pres- 
sure. There is a nearly constant increase in resistance for equal 
temperature intervals. Therefore we may express the resistance at 
any temperature in terms of that at 0 ° C by the familiar equation 
Rt Rq (1 + at), where a (as writh thermal expansion) is the tem- 
perature rate of proportional increase in resistance. This equation 

may also be written « = which becomes a = 7 ^^ for infini- 

xtoC Kdt 




Chap. 47] THE ELECTRIC CURRENT 611 

tesimal changes in the temperature, and must be used in this form 
when a is not constant. 

The influence of temperature on resistance is a consequence of the 
thermal agitation of the molecules. Their motion tends to impede 
the circulation of the free electrons by increasing the probability of 
collision, and consequently the current caused by a given e.m.f. is 
diminished. 

In the case of pure copper and platinum, a is approximately 0.004, 
which is not far from the values of the expansion coefficient of gases. 
Its value for iron is 0.0055, and for nickel, 0.006. Iron behaves 
irregularly at 800° C, the point of recalescence, just as it does in a 
magnetic field. The value of a rises rapidly to 0.018, and then near 
850° it comes back to its former value of 0.0055. 

The temperature coefficient of alloys differs very much from 0.004, 
and in some of them, like manganin, an alloy of copper, manganese, 
and nickel, a is only 0.00002, so that the effect of heat on resistance is 
negligible at the temperatures to which it is ordinarily subjected. 
Manganin is therefore used, with other alloys of the same type, in the 
manufacture of resistance standards. Carbon and the oxides of the 
alkaline earths such as cerium, on the other hand, have negative co- 
efficients, so that R falls when they arc heated. A rod made of such 
oxides is practically a nonconductor at ordinary temperatures, but 
when heated by some outside source, such as a flame or electric coil, 
it begins to conduct at red heat. If a current is then sent through the 
rod, the Joule heat makes it incandescent and keeps it glowing as 
Iftng as the current flows. This principle was used by Nernst in the 
‘‘Nernst lamp,’^ formerly much in vogue. 

The reason why some nonconductors begin to conduct at high 
temperatures may be the production of free electrons caused by 
thermal agitation of the molecules. Other nonconductors un- 
doubtedly become ionized, and conduct by the process known as 
electrolysis (Article 644), which occurs in many solutions called elec-- 
trolytes. Electrolytes also have negative temperature coefficients 
and conduct better when they are warmed. 

636. Superconductivity. Some metals experience a very abrupt 
fall in resistance at temperatures within a few degrees of the absolute 
zero. Among these are tin, lead, mercury, and thallium. The change 
occurs at 7?26 K in lead, at 4?12 K in mercury, at 3?69 K in tin, and 
at 2?38 K in thallium. Until somewhere near this point, the decrease 
in resistance goes on about as in other metals, and the resistance- 
temperature curve shows a tendency to flatten out as if toward a 
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finite resistance at the absolute zero. But then the resistance of 
superconductors begins to fall much more rapidly until, at a sharply 
defined temperature, it suddenly drops to less than a ten-billionth 
part of its usual valuer In the case of thallium, for instance, the re- 
sistivity at 0° C is 17.6 X 10"® ohm, at 90° K it is 4.08 X 10"®, and 
at 5° K it is 0.4 X lO*"®, but at 2?38 K it drops practically to zero. 

When there is no resistance in a conductor there is no lost energy 
when a current flows, and no Joule heat is developed. Therefore a 
current once started keeps on flowing. This was tested by Kamer- 
lingh Onnes, who immersed a closed coil of lead wire in liquid helium 
at about 4° K and placed it between the poles of an electromagnet. 
A current was then induced in the lead coil by gradually cutting out 
the current in the coils of the magnet. The strength of the current 
thus produced decreased so gradually that at the end of four days it 
still had two thirds of its initial value. To explain this phenomenon, 
it has been suggested that as the metal cools and shrinks, the atoms 
crowd closer and closer together, and at length electrons usually held 
close to the nuclei become free to pass from atom to atom in ^^some 
sort of chain gang motion/^f But the details of what happens to a 
metal when it passes into the superconductivity state are not at all 
clearly understood in spite of a great amount of study by many 
physicists. 

636. The bolometer and resistance pyrometer. The bolometer is 
a very delicate device for comparing and measuring minute quantities 
of thermal radiation. It was invented and used with great success by 
Professor Langley, an American astronomer, in his classic study of th0 
distribution of energy in the infrared region of the solar spectrum. 
The apparatus consists of blackened platinum strips 0,0005 mm in 
thickness, or of very fine wires. These are placed parallel to the slit 
of a spectrometer fitted with a rock-salt prism, and in the path of the 
refracted beam. The strip absorbs the radiation falling on it, its 
temperature rises, and its resistance is increased. This change of 
resistance is readily observed, and serves as an index of the amount of 
energy received in the particular part of the spectrum where the strip 
is located. 

The resistance pyrometer operates in a similar manner, but instead 
of being used to record very small quantities of heat, its function is 
to measure temperatures beyond the range of a thermometer. It is 
essentially a resistance coil made fibm some refractory metal like 

t E. L. Hill, * ‘Superconductivity in Metals,” Review of Scientific Instrumentef 
January, 1933. 
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platinum whose melting point is sufficiently above the temperatures 
it is designed to measure. The change in resistance resulting from a 
rise of temperature is measured, and the corresponding temperature 
is obtained from a knowledge of its temperature coefficient, or from a 
curve plotted from its actual performance at known temperatures. 
Pyrometers of this type may be used to measure temperatures up to 
about 1000° C. 

637. Electric heating. As has already been shown, when a current 
flows through a conductor, the latter is heated so that PRi joules of 
heat energy arc produced. If we multiply this expression by the 
reciprocal of Joule’s equivalent, we obtain the heat in calories as 

W = 0.239 PRi, 

when a current /, expressed in amperes, flows for t seconds through 
the resistance R in ohms. This unavoidable conversion of electrical 
energy into heat becomes of practical value in electric cooking, heat- 
ing, and lighting. 

In the conversion of electrical into thermal energy, there is no 
waste, and the process is always 100 per cent efficient, so that one 
heating device is just like another as n^gards the number of calories 
produced per second by a given number of watts. But the resulting 
temperature depends upon the design of the apparatus, and much can 
be accomplished to prevent loss of heat by unnecessary radiation, and 
in concentrating the heat where it is most useful. The requirements 
of a heater for cooking, or for warming a room, arc given by the number 
of joules it is desired to develop per second, and the line voltage. 
Hence, transforming Joule’s equation by substituting I = E/R, we 
obtain W (in joules) = EH/R, whence the required resistance is 
readily obtained. Evidently for a fixed E, a low resistance results 
in a greater evolution of heat than a high one. 

638. Further applications of electric heating. Electric furnaces, 
capable of melting copper, iron, and other metals, arc made of coils of 
a refractory metal such as tungsten or platinum surrounded by some 
insulating material like porcelain or asbestos. In this way tempera- 
tures as high as 1500° C may be obtained. 

If still higher temperatures are needed, the electric arc between 
carbon terminals is employed. Substances placed between the car- 
bons may be heated to 3500° C. All elements have melting points 
below this temperature, including even tungsten, which melts at 
3395° C. There is therefore no known element which cannot be 
melted in the electric arc. 
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Iron and other metals are welded in several ways. In butt joints, 
the two ends are pressed together and a very heavy current is sent 
through the junction, heating it to welding temperature. Lap joints 
between metal plates are made by “spot welding.’" In this process 
the overlapping plates are placed between two electrodes which press 
them together. Then a current of several thousand amperes flows 
across the overlapping plates so that the spot between the electrodes 
is heated to redness, and the plates cohere as if they had been riveted. 

639. Arc lights. As in electric furnaces, the arc light depends upon 
heat created by an electric current. In the carbon arc, the highest 

temperature, and consequently the most intense 
light, is in the “crater” of the positive carbon, which 
reaches 3500® C under ordinary conditions. When 
surrounded by carbon dioxide under high pressure, 
its temperature may exceed 6000® C. The negative 
carbon also glows brightly, but normally reaches only 
2700® C. Some light also comes from the arc itself. 
But most of the light is emitted from the crater, in 
the direction shown in Fig. 59. 

The heat developed by the arc is due only in part to the resistance 
of the carbons. The high temperature of the crater is caused mainly 
by electrons that are shot out from the negative terminal and strike 
the positive carbon with great violence. This results in a production 
of about a candle power of light per watt between carbon termi- 
nals, while an arc between a rod of copper and one of magnetite fur- 
nishes light at the rate of a candle power for every half watt of power 
expended. 

640. Incandescent lamps. Nearly all commercial electric lights 
today are of this type. They depend upon the principle that a current 
of electricity passing through a wire heats it to incandescence. The 
light produced does not differ from that which would result from heat- 
ing the same filament in a Bunsen flame, and so is wholly thermal in 
its origin. 

The earliest incandescent lamps had a carbon filament enclosed in 
a bulb from which most of the air had been exhausted. This precau- 
tion is necessary to prevent the rapid oxidation of the filament which 
would otherwise take place. Later the carbon filament was replaced 
by tantalum and tungsten. These refractory metals can stand a very 
high temperature (2000® C) without sublimation, which blackens the 
bulb and wastes away the filament. The possibility of using higher 
temperatures with metal filaments results in much more light for the 



Fig, 59. 
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same expenditure of energy. Then the proportion of the energy con- 
verted into visible light as compared to the entire amount, including 
the long waves of heat, increases very rapidly as the temperature 
rises. The wave length of maximum energy emitted by tungsten 
lamps, as calculated by Wien's law, is 1.27 microns. This is not far 
below the visible red. Still higher temperatures are made possible 
by introducing into the bulb an inert gas like nitrogen or argon, at 
about one-third atmospheric pressure when cold. When the lamp 
gets hot, the pressure rises to about an atmosphere, and so prevents 
the sublimation of the metal which would occur in a vacuum at the 
temperatures employed. 

As the actual value of the useful part of the light emitted by a lamp 
cannot readily be found in terms of watts, it is customary to rate its 
efiSciency not as a per cent, but as so many candle power per watt. 
Ordinary tungsten lamps consume about one watt per candle, which 
is much better than the old carbon lamps whose “efiSciency" was not 
better than one third of a candle per watt. In gas-filled lamps it is 
possible to heat the filament nearly to 3000° C, and the consumption 
is then below 0.7 watt per candle. 

641. The mercury vapor lamp. An electric discharge through 
mercury vapor may produce luminescence at the low temperature of 
140° C. This is a relatively cold light and highly efficient. If the 
current is increased, the temperature rises, and a much brighter 
though less efficient light is obtained. The color of this light appears 
greenish to some eyes and violet to others, because its visible light is 
chiefly in strong green and violet spectral lines. 

One type of mercury lamp is made by exhausting a tube of glass 
containing a very small quantity of liquid mercury which fills the tube 
with vapor. Electrodes are sealed into the 
ends, and the vapor is made luminous by 
the passage of an alternating current. This 
current is applied by a high-tension trans- 
former whose voltage depends upon the 
length of the tube. Such lamps are very 
efficient and are used for display purposes. 

Another type of mercury lamp depends 
upon the formation of a true arc. These 
lamps have two pools of mercury in an ex- 
hausted bulb, with platinum wires sealed into the glass to make con- 
tact with the mercury. Fig. 60 illustrates a convenient laboratory 
model. It must be connected to a direct current supply and requires a 
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potential of about 25 volts between terminals. The current is con- 
trolled by a rheostat (variable resistance) when it is operated on a 
commercial 115 volt circuit. With such low voltages the lamp is not 
self-starting, and the current is established by tilting the tube until 
the two pools of mercury unite momentarily. Then as they separate, 
the arc is struck and continues with one pool acting as anode and the 
other as cathode. 

The light of the mercury arc is so different from daylight that 
its use is limitc^d to purposes for which it is not necessary to see colors 
with their normal values. It is used in some factories because of its 
efficiency, and in some photographic studios because its violet com- 
ponent is highly actinic and greatly shortens the necessary exposure. 

In addition to its visible light, the mercury arc is peculiarly rich 
in ultraviolet rays, but those arc almost completely stopped by the 
glass of the tube. To permit the emission of this light, such lamps are 
oiUm made of fused quartz, which is very transparent to the ultra- 
violet. In this case the emergent light is a powerful ionizer of gases, 
ca\ises many substances to fluoresce brilliantly, and is valuable in the 
treatment of certain skin diseases. But it is very dangerous to the 
eyes, which should be protected by spectacles of ordinary glass. 

642. The neon lamp. The gas neon at low pressure is even more 
easily excited to luminescence by an electrical discharge than mercury 
vapor. A slender tube four feet long requires only 2000 volts, alter- 
nating, and consumes very little energy. The color is a warm reddish 
orange, and is much more pleasing than that of the mercury arc. 
Neon-filled tubes, bent to form letters and other patterns, are much 
used for advertising purposes and display. Other inert gases are also 
used for display and give other colors — blue, green, and so on. 

A new form of neon tube, used as a “night lainp^' because of its 
small consumption of energy, screws into an ordinary socket and is 
designed for commercial alternating voltages. Within the nearly 
spherical bulb, which contains neon at low pressure, is a metal cylinder 
cut in two by a small longitudinal gap. Each half cylinder is con- 
nected to one terminal, and a negative glow surrounds them alter- 
nately when the voltage approaches its peak value, while a direct 
voltage forms a glow over only one of the half cylinders. Thus an 
alternating e.m.f. produces a pulsating flickering of twice the com- 
mercial frequency, which is much too fast for the eye to detect under 
ordinary conditions. 

643, The sodium vapor lamp. A lamp using sodium vapor is now 
manufactured in two forms, one for direct, the other for alternating 
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currents. It delivers 6500 lumens with an expenditure of only 100 
watts, a remarkable efficiency which corresponds to five candles per 
watt. Its light has a pleasant color and affords a very high degree of 
visibility. In starting the lamp, a discharge passes through a trace 
of an inert gas contained in the tube, and the heat thus developed 
vaporizes some of tlui metallic sodium, which thereafter serves as the 
carrier of the current. Sodium vapor is also used in connection with 
the mercury arc, to enrich its spectrum and yield a light more re- 
sembling daylight. 

644. Electrolysis. The electric current, as we have seen, can be 
carried through metals, gases, and liquids. Molten metals conduct 
like solids, but other liquids, when they carry a current, do so by a 
process known as electrolysis. This means that the liquid must con- 
tain carriers, or ions, which are either charged atoms or charged 
molecules, and are produced by the splitting up of certain chemical 
compounds dissolved usually in water. The passage of the current by 
means of these carriers results in chemical reactions which do not 
occur either in metallic conduction or discharges through gases. 

The presence of ions in c(irtain solutions called electrolytes is due 
to a phenomenon known as dissociation. This was discovered by the 
Swedish physical chemist Arrhenius. He found that in certain solu- 
tions, such as tho§e of salts or acids in water, the osmotic pressure is 
slightly higher than it should be when calculated from the known 
concentration. This discrepancy is more pronounced the greater the 
dilution, and is due to the tendency of the molecules of the solute to 
dissociate or separate into two ions, one po.sitively and one negatively 
charged. Thus the total number of dissolvc^d particles is increased, 
and the osmotic pressure rises. These ions form a perfectly definite 
proportion of the whole solute at a given concentration, although they 
are continually recombining as other molecules split up and take their 
place. This process producers a statistical equilibrium very much as 
the percentage of divorced couples in a very large city remains 
approximately constant, though the particular individuals concerned 
differ from year to year. 

If a solution is made increasingly dilute by adding water, there is an 
increase in the percentage of dissociation. In other words, with 
higher dilution, the number both of whole molecules and of ions in a 
given volume decreases, but the proportion of ions to whole molecules 
increases. This is because the tendency to split up is at least as groat 
as before, while the chance of recombinaiion grows steadily less owing 
to the greater average separation of any two ions of opposite sign. So 
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if we double the volume of water we do not quite halve the osmotic 
pressure. 

The reason why certain molecules tend to split up into ions in 
water, is probably due to the fact that they are normally held together 
by electrostatic attraction according to Coulomb's law (equation (4), 
Article 602). This force varies inversely as the dielectric constant, 
of the medium by which the charges are surrounded. Water has an 
extremely large dielectric constant; therefore th(i force between the 
charges is supposed to be so much weakened that occasionally a mole- 
cule breaks down spontaneously into its component ions. 

646. Migration of the ions. It is the presence of the charged ions 
which makes it possible to pass electricity through a solution. The 
positive ions are atoms or groups of atoms which have lost one or 
more electrons when the dissociation took place. They are drawn 
toward the negative plate of the electrolytic cell under the influence 
of electrostatic attraction. The negative ions arc atoms or groups of 
atoms which have gaincid one or more (electrons, and these move 

toward the positive plate, as represented in 
Fig. 61. The neutral undissociated mole- 
cule, however, does not move under the 
influence of the field. As an illustration, 
suppose sulphuric acid is dissolved in water. 
At once, depending only on the concentra- 
tion, a certain definite proportion of H 2 SO 4 
+ — 

molecules split up into H and SO 4 ions, the 
former being charged positively, and the latter negatively. There 
arc, moreover, two hydrogen ions to every ^‘sulphion." Each carries 
an elementary positive charge due to loss of an electron. The sulph- 
ion has an excess of two electrons which represent its double un- 
saturated valence. The passage of these charged particles through 
the solution under the influence of the field is known as the migration 
of the ions. They move at different speeds of a few centimeters an 
hour, but both speeds depend upon the voltage impressc d upon the 
cell, the distance between the plates, the concentration, and the 
temperature. 

646. Electrolytic reactions. When an ion reaches the plate attract- 
ing it, it gives up its charge. This is neutralized by an opposite charge 
sent there from the battery. Then a fresh unit from the circuit takes 
its place on the plate, whose charge must be kept constant if the flow 
is to continue. The discharged ions are either liberated as an un- 
ionized gas, such as H 2 , or they combine chemically with the solvent 
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or with the plate itself. If we have dilute sulphuric acid between 
platinum electrodes, neutral hydrogen gas formed from the dis- 

charged H cations is evolved at the negative plate, or cathode. At 

the positive plate, or anode, of the same cell, the anions of SO 4 com- 
bine with water to form a molecule of oxygen gas and two fresh 
molecules of H2SO4, according to the reaction: 

2 H2O + 2 S64 O2 + 2 H2SO4. 

The neutral oxygen gas is liberated at exactly half the rate of the 
hydrogen, because^, in order to form one molecule of O 2 , it takes two 

SO4 ions, each of which was dissociated from two hydrogen ions. 
Thus we sec that the total amount of acid is unaltered, but the water 
is steadily decomposed. 

It should be noted that while in the ionic state, a substance behaves 
very differently from the way it does in its ordinary form. Sodium, 
for instance, as an ion, passes through water without reacting with it 
as ordinary metallic sodium would do. But when it reaches the 
cathode it gives up its charge and then behaves in the usual way, 
forming hydrogen according to the reaction: 

2 Na + 2 H 2 O -^112 + 2 NaOH. 

If this sodium ion were derived from Na 2 S 04 , the SO4 would act just 
as in the case of sulphuric acid, and liberate O 2 by reacting with the 
water at the anode. 

When chlorine is the anion from sodium chloride, a different type 
of reaction occurs. In this case some of the chlorine ions combine 
with water to form hydrochloric acid and oxygen gas, though most of 
them are liberated as chlorine gas. 

647. Reactions with the electrodes. We have just seen that 
though the solute produces a variety of ions, the final result may be 
the same, that is, the liberation of hydrogen and oxygen at the elec- 
trodes. But this is not necessarily the case, for if the electrodes are of 
a substance which can combine chemically with one of the ions, or if 
the positive cation is a metal which does not combine with water, very 
different results take place. Copper plates, for instance, in dilute 
sulphuric acid, ultimately prevent the evolution of either oxygen or 

hydrogen. The SO4 ions unite with metallic copper to form CUSO4, as 
is seen by the blue color which rapidly spreads out from the anode, 
4 * 

while the H ions are liberated for a time as a gas at the cathode. 
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But this soon ceases. As more and more copper sulphate is formed, 
the cation becomes copper instead of hydrogen and is deposited on tlie 
cathode as a fresh metallic coating. This process then continues 
with no change in the strength of the CuSOi, once it has been formed 
from the original acid, until the anode has wasted away, and the 
cathode has gained a corresponding weight. 

648 . Electroplating. If the electrodes are of platinum in a solution 
of CuS 04 , the cathode becomes coated with copper, while oxygen 
resulting from 2 ILO + 2 SO 4 is liberated at the anode. This con- 
tinues until all of the solute has been decomposed, heaving only water, 
and if the current is then reversed, the copper deposit will be re- 
absorbed and deposited on the other electrode. 

If a copper anode is used, the process of electroplating the platinum 
cathode continues in the same manner as described in Article 647, 
accompanied by a gradual wasting away of the anode. This then is 
the usual method of electroplating. Thu anodes is of thc^ mental to be 
deposited, the cathode' the object to receive the metallic coat, and the 
electrolyte is a salt of the same metal. Gold, silver, nickel, and copper 
are the substances most commonly deposited in this manner. Gold 
and silver cyanides are used as the electrolytes in plating with these 
elements, nickel is deposited from a double sulphate of nickel and 
ammonium, and copper from copper sulphate. Copper, moreover, is 
refined by a similar process from an anode of the crude metal to a 
cathode which builds up what is known in the market as “electrolytic 
copper.” 

649 . Faraday’s laws of electrolysis. In 1833, Michael Faraday 
first formulated the laws by which quantitative calculations of 
electrolysis were made possible. They are : 

1. The total mass of the substance liberated at either electrode is 
'proportional to the quantity of electricity which has passed through 
the cell. 

2. The total mass of the substances at either pole liberated by the same 
quantity of electricity is proportional to their chemical equivalents. 

The first law tells us that with a given substance, Moc Q. Hence 

M/ilf' = Q/Q\ (1) 

where M and M' are the masses of a given substance deposited by the 
quantities Q and Q' respectively. 

In the second law, chemical equivalent means the atomic weight 
divided by the valence. It is also called combining weight. If then 
we compare the deposit of two different substances produced by the 
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same quantity of electricity, the second law may be expressed as 


^ v' V 


( 2 ) 


where w is the atomic or molecular weight, and v is the valence. 
These two laws may be combined in the single expression 


M - cg)e, 

or M = c(^It zlt, (3) 

where C is a constant of proportionality, and C ^ is the electro- 


chemical equivalent of the ions denoted by z. The value of C is 
usually determined by the experimental plating of silver from a 
solution of silver nitrate. This process is very dependable, and the 
result is a deposit of 0.0011180 gram per coulomb. The atomic 
weight of silver is 107.88, and it has unit valence. Therefore, sub- 
stituting these values in equation (3), we obtain 


0.0011180 = 1, 

or C = 10,363 X 10“^' gram per coulomb. 

Now that C is known, w'o may calculate the mass of any ion lib- 
erated by the passage of a known quantity of ekictricity. Then let 
the amount liberated be chosen so as to be as many grams as the 
numerical value of the combining weight of its substance, w/v. In 
other words, suppose a gram equivalent is to be liberated ; then equation 
(3) becomes 

••• Q = ^ = F. 




Taking the value of C just determined, we find that its reciprocal Q 
equals 96,494 coulombs. This is the quantity of electricity required 
to liberate a gram equivalent of any ion. It is the natural electro- 
chemical unit of quantity, usually designated by E, and is known as 
the faraday, or ^'Faraday's constant.’^ 

By substituting in equation (3) the proper value of w/v of the 
cation, Faraday’s equation enables us to calculate the weight of a 
deposit in electroplating from any electrolyte. If the current is ex- 
pressed in amperes and the time in seconds, M is given in grams. If, 
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however, the relative amounts of two or more substances deposited by 
the same quantity of electricity are required, the calculation is still 
simpler, for then we have the continued proportion 


Mj: M2: M2 




W2 . Wt^ 
V2 ' V3 



660. Significance of Faraday’s constant. As we have shown that 
the constant C is the reciprocal of F, the electrochemical equivalent, 
Zj of any ion, defined above as Cw/v, may be expressed by 

z = w/Fv. (1) 


The product Fv is the charge carried by a gram molecule of any 
substance, and as there are 6.06 X 10-^ molecules in a gram molecule 
(Avogadro’s number, N) we may obtain the charge Q' carried by a 
single ion, by dividing Fv by AT, thus 

Q' = Fv/N, (2) 


If the ion is singly ionized, = 1, and denoting this particular charge 
by e, we obtain 


e = F/N. 


( 3 ) 


Taking the accepted values of F and N given above, we find that 
e == 1.59 X coulombs, or 1.59 X emu. This is the basic 
charge of electrolytic conduction. Doubly ionized atoms or mole- 
cules carry two such charges, trebly ionized atoms or molecules carry 
three, and so on. 

The ratio of the charge of an ion to its mass is an important quantity 
in electron theory. This is easily calculated as follows : The mass m of 
an ion is always given by w/N (see Article 203), and its charge is 
given by (2) above. Then 

Q[ ^ Fv/N ^ Fv ^ 1 
m w/N w z ^ 


Thus the ratio of the cliarge to the mass of an ion equals the reciprocal 
of its electrochemical equivalent. If th(» ion is singly ionized, the 
ratio e/m equals 1/-?, and in the case of hydrogen, when w = 1 and 
mu is its mass, 


e/mjj = l/^ = F. 


( 6 ) 


661. The international ampere. For commercial purposes the 
ampere has been defined by law as the unvarying electric current 
which, when -passed through a solution of nitrate of silver in water, 
deposits silver at the rate of 0.001118 gram per second. The cell in 
which this is accomplished is carefully described, for the deposit 
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varies slightly with its construction. This unit of current is not to be 
thought of as anything but a convenience, and in no way replacing 
the true definition upon which it is based. The scientific unit already 
defined, however, is very difficult to measure with precision, and 
manufacturers find the international ampere a valuable substitute. 
It agrees closely enough with one tenth of the absolute unit of current 
for most purposes. 

662. Polarization. There are several secondary phenomena con- 
nected with electrolysis which are grouped under the general name of 
polarization. The most important of these is an opposing e.m.f. set 
up within the cell. Suppose a current from a battery, giving a con- 
stant e.m.f. of several volts, is sent through an electrolytic cell con- 
taining dilute sulphuric acid between platinum electrodes. If the 
current is measured by a suitable meter, it will be found that on 
closing the circuit it decreases rapidly from its initial strength, and 
then tends to remain constant at a much smaller value. This is 
caused by the accumulation of the ions at the two electrodes, which 
thus become equivalent to plates of oxygem and hydrogen. They 
then behave like a battery producing a countcr-e.m.f. which acts 
against the impressed e.m.f. to reduce the flow of the current. The 
value of the counter-e.m.f. in the case supposed is 1.119 volts, and the 
impressed voltage must exceed this value in order to maintain the 
current after the polarization has been established. If Ohm’s law 
is to be applied to such a circuit, it must be modified to read 

~ ^ 

^ li ’ 

where E is the impressed e.m.f., £" the countcr-e.m.f., and R the 
resistance of the cell. 

To make the current flow against the counter-e.m.f. of polarization 
in an electrolytic cell, energy has to be supplied. This energy is 
needed to bring about the chemical changes that occur. If no energy 
were needed to decompose water, we might violate the conservation 
of energy in the following way: Set up a large cell with platinum 
electrodes very close together and pour in acidulated water. Then 
send a current through the cell. As the cell is supposed large and the 
plates are close tog^her, the resistance is very low and very little 
power would appear to be necessary. Then the oxygen and hydrogen 
given off might be used as fuel giving much more energy than was 
needed to produce them. This is contrary to the law of the conserva- 
tion of energy, and is impossible. The explanation is that extra work 
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is done in sending the current against the counter-e.m.f. of polariza- 
tion, and this extra work is used in breaking up the water molecules. 
So the fuel value of the produced gases was not obtained for nothing 
after all! 

663. Conductivity of electrolytes. If a current is sent through a 
nonpolarizable electrolytic cell, we may apply Ohm's law and calcu- 
late the resistance from the current and from the observed potential 
drop across its terminals. The reciprocal of the resistance is the 
conductance of the cell. If this is measured, and if the area of the 
plates and their distance apart are known, the conductivity k may be 
obtained from the relation 1/R — kA/L 

In comparing the conductivity of different electrolytes, it is neces- 
sary to use corresponding concemtrations. This is accomplished by 
taking the same number of gram molecules per unit volume. If we 
dissolve a gram molecule, which is a mass in grams numerically equal 
to the molecular weight, in a liter of water, we obtain a molar solu- 
tion. The number of molecules present is then always equal to 
Avogadro's number, as it is the number of molecules in a gram mole- 
cule of any substance. 

The number of gram molecules per liter, or moles per liter, is called 
molecular concentration. If one mole is dissolved in a liter of water, 
the solution is called normal. Other concentrations are called “half 
normal," “tenth normal," and so forth. The number of moles per 
cubic centimeter is one thousandth of the molar concentration. 

664. Molecular and equivalent conductivities. Molecular con- 
ductivity is defined as the ordinary conductivity divided by the molar 
concentration per cubic centimeter; therefore 


= fc -f- 


m 

1000 


lOOOfc 
m ' 


( 1 ) 


where k^ is the molecular conductivity, k the ordinary conductivity, 
and m the molecular concentration in gram molecules per liter. 

Equivalent conductivity is defined as the ordinary conductivity 
divided by the concentration in gram equivalents per cubic centi- 
meter, or m/1000 V. Therefore equivalent conductivity equals the 
molecular conductivity times the valence. 

666. Effect of dilution on conductivity. If w$ measure the resist- 
ance of a given electrol 3 rte between plates at a fixed distance apart, 
it would seem natural to expect that both the molecular and equiva- 
lent conductivities would remain constant with increasing dilution. 
One would expect the conductivity to decrease at the same rate 
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as the concentration m, leaving the same. But this is not 
the case. The molecular conductivity increases, and nmy become 
several times as great as its original value, as we approach infinite 
dilution. This is because, although the number of molecules is pro- 
portional to m, the number of ions is not, but becomes relatively 
greater as the average distance between them increases. 
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PROBLEMS 

1. Calculate the resistance of 3, 6, 8, and 9 ohms in parallel. Ans. 
1.36 ohms, nearly. 

2 . What is the total current if 106 volts are applied to the circuit of 
Problem 1, and what is the current in the 8-ohm branch? Ans. 78 amperes; 
13.25 amperes. 

3 . What is the current when 50 volts are applied to 1 ohrn in series with a 
branched circuit of 2, 3, and 4 ohms in parallel? Ans. 26 amperes. 

4 . In Problem 3 calculate the fall of potential across the three parallel 
resistances and the current in each branch. Ans. 24 volts; 12, 8, and 6 
amperes. 

6. The leads (#9 B and S gauge) connecting a generator with a set of 
fifty 200-ohm lamps in parallel arc each 250 ft. long and have a resistance of 
8 X 10“^ oliin i)er foot. What are the current and drop on the line with a 
generator e.in.f. of 110 volts? Ans. 25 amj^eres; 10 volts. 

6. The average temperature coefficient of the resistance of copper is 
0.00428. Calculate the current in Problem 5 if the temperature of the leads 
is increased by 30° C. Ans. 24.7 amperes. 

7. At 8 cents per kilowatt-hour, how much do 2 million coulombs cost 
when the e.m.f. is 110 volts? Ans. $4.89. 

8. What is the cost of 2 million calories at 8 cents per kilowatt hour? 
Ans. 18.6 cents. 

9. How long must a current of 3 amperes flow through an electrolytic cell 
to decompose 2 g of water? Ans. 1 hr. 59 min. 8 sec. 

10 . In a copper voltameter (a cell which measures coulombs by the weight 
of metal deposited) 0.593 g of copper (valence = 2) is deposited by a 
current of 2 amperes in 15 min. Calculate the atomic weight of copper. 
Ans. 63.58. 

11 . If 0.3 g of hydrogen is liberated by a certain current in 10 min., how 
long will it take the same current to deposit 15 g of gold in a gold plating bath? 
(The atomic weight of gold is 197.2, its valence is 3.) Ans. 7 min. 36 sec. 
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Batteries 

666. Electromotive force. The fall of potential when a current 
flows through a wire is given by the product of the current and the 
resistance, as was explained in Article 625. Therefore IR vanishes if 
there is no current, or if there is a perfect short circuit, when R = 0, 
This quantity is in the nature of a reaction caused by the resistance. 
In fact, it is sometimes called resistance reaction. 

In order that there may be a reaction, there must be an action. 
The “action’^ is called the electromotive force which, as has been 
explained, is the difference of potential due to some agent such as a 
battery. It is measured, of course, in the same units as the reaction, 
that is, in volts, and is not a ‘‘force^^ in spites of its name. Sources of 
electromotive force arc like pumps in which the flow is from low to 
high levels, while the resistance reaction is like the fall of level in a 
stream flowing under the influence of gravity. 

667. Internal resistance. In any source of electromotive force 
there must be some resistance. This internal resistance has no effect 
on the e.m.f. produced, but does alter the difference of potential 
measured across the terminals of the source when the current is flow- 
ing. The internal drop caused by this resistance r is equal to /r, 

and is a tax upon the actual e.m.f. 
developed. So the terminal differ- 
ence of potential is given by 

AV E - Ir, 

where E is the electromotive force 
of the source on open circuit, and 
AF is the difference of potential 
of its terminals when a current I is 
flowing through it. This may be represented graphically as in Fig. 62, 
where potential is plotted as a function of resistance. As the current 
is the same throughout the circuit, the line edc, which represents the 
potential at any point, is straight. It slopes from the point represent- 
ing the e.m.f. of the source at e, down to c, which must be thought of 
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as joined again to a, where the source again raises the level to e. The 
internal drop of potential is ed, and the external is db, wliich also equals 
the terminal voltage on closed circuit. If the external resistance is 
smaller, the current is stronger and the line is steeper. Then c is 
closer to a, as at c', and the internal drop ed' is increased, while the 
terminal potential difference d'b is decreased. 

The fall of potential within a cell when it is delivering a current 
may involve a serious loss of energy if its resistance is large. Also, 
more cells are required to send a given current through a given ex- 
ternal resistance. Therefore both primary and secondary (storage) 
cells are designed to have as low an internal resistance as possible. 
A dry cell is commonly tested for its internal resistance when it is 
sold, bc'cause this is an index of its freshness — the lower the resistance 
the fresher thci cell. This test consists in short-circuiting the cell 
through an ammeter. Thus if the ammeter reads 25 amperes, and if 
the e.m.f. is 1.5 volt, the internal resistance is 1.5 — 25 = 0.06 ohm, 
which is a fair showing, though some cells give 30 amperes on short 
circuit. 

If two or more cells are connected in series, their total resistance 
and total e.m.f. are the sums of all the individual resistances and 
voltages. Therefore four cells, like the one supposed above, when 
connected in series, would have an e.m.f. of 6 volts and an internal 
resistance of 0.24 ohm, but the short-circuit current would still be 25 
amp('res, as with one such cell. If, however, n cells are connected in 
X)arallel, the total e.m.f. is that of one cell only, but the internal 
resistance is one nth of that of each, and the short-circuit current is n 
times as large. 

In order to calculate the current through an external resistance R, 
the total e.m.f. is divided by R plus the internal resistance of the 
whole battery of cells. If they are in series, I = nE/{R + nr), 
where r is the internal resistance of each cell. If they are in parallel, 
I = E/{R + r/n). If there are m strings of cells with n cells in 
series in each string, and the strings are in parallel, then the internal 
resistance of this series-parallel arrangement is clearly nr/m, and 
the total current is given by 

nE 


I = 


R + 


m 

m 


or 


7 = 


mnE 
mR + nr 


( 1 ) 
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Thus if a total of mn cells is available, the current may be varied 
according to how they are grouped. Obviously 7 is a maximum when 
the denominator in equation (1) is a minimum, since the numerator is 
constant at constant voltage. This occurs when mR = nr, because 
the product of the two factors (mn) and (Rr) is constant, and in gen- 
eral the sum of two factors whose product is constant is least when 
they are equal. Therefore the current is maximum when R = nr/m, 
or when the oxt(^rnal and internal resistances are the same. If, then, 
R and r are known, we may group the nm cells so as approximately to 
fulfill the theoretical requirement. 

668. The “galvanic” couple. The earliest known source of electro- 
motive force capable of maintaining a continuous flow of electricity 
was accidentally discovered in 1786 by Galvani, a professor of 
anatomy in the University of Bologna. He observed that freshly 
prepared frogs^ legs near an electrical machine twitched when the 
discharge took place. He also found that if they were hung by a 
copper hook passing through the lumbar nerve, the muscle contracted 
violently when the leg came in contact with the iron rail of his bal- 
cony. This second discovery, though resulting from the first, was 
really accidental also, but it led to an investigation of the so-called 
“contact” electromotive force. 

Galvani had rightly concluded that the twitching of the frog's 
leg was due to an electric stimulus, and assumed that the current origi- 
nated in the animal tissues as a sort of fluid. 
But Volta, of the University of Padua, disputed 
this conclusion, and showed that the source of 
electrification was due to the contact of the* 
two dissimilar metals, copper and iron, acting 
through the moist leg of the frog. In his voltaic 
pile he amplified this effect by having a series 
of such contacts, or couples, arranged as shown 
in Fig. 63. Here pieces of cloth moistened with 
dilute acid or a solution of salt, or even plain 
water, separate every alternate pair of silver and copper discs piled 
on top of each other. The moistened cloth takes the place of the 
frog's leg, and the e.m.f. is directed from copper toward silver across 
the pad. A fairly large voltage may thus be built up by using a large 
number of couples to form the voltaic pile. 

Volta thought that the moistened pad acted merely as a conductor, 
and that the e.m.f. was due chiefly to the junction of dissimilar 
metals. But it is now very certain that although this effect exists, it is 
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extremely small. The real source of the e.m.f . was shown by Faraday 
and others to be the chemical action caused by the moistened pad. 

When dissimilar metals are separated by an electrolytes or a very 
thin layer of a gas which acts upon them, they develop a potential 
difference. Various metals may then be arranged in a series in which 
those coming first are electropositive to those which follow. If the 
metals are brought together in air, the series is: zinc, lead, tin, nickel, 
iron, copper, gold, silver, graphite. Thus tin is electropositive to 
copper in air, but electronegative to zinc. In an atmosphere of 
hydrogen sulphide the series is quite different, with zinc following 
copper, among other changes. Therefore the order of the series de- 
pends upon the nature of the medium surrounding the metals, and 
even upon its concentration. In dilute nitric acid, zinc is electro- 
positive toward tin, but it is electronegative in strong acid. 

669. The voltaic cell. If instead of separating two metal plates by 
a moistened pad, they are plunged into a jar containing an electrolyte 
such as dilute sulphuric acid, the same difference of potential appears 
between them, as in the voltaic pile. Taking copper 
and zinc, for instance, and connecting them externally 
by a wire as in Fig. 64, we find that a current flows in 
the wire from copper to zinc, and from zinc to copper 
through the dilute acid. An accepted elementary ex- 
planation of this action is due to Nernst, and accounts for 
the production of an e.m.f. and consequent flow of cur- 
rent when two dissimilar metals are placed in an electro- 
lytic solution. The chief features of Nernst^s theory are 
given in the following article. 

660. Solution pressure. When a metallic body is plunged into 
pure water or an electrolyte, it tends to throw off ions into the liquid 
with what is known as solution pressture. Since the metallic ions are 
all charged positively, this loss of positive electricity by the body 
gives it a negative charge, while the liquid near the plate acquires a 
positive charge. These charges go on increasing until equilibrium is 
established by the electrostatic attraction between the layer of free 
ions which forms in the liquid, and the equal and opposite charge 
upon the metal plate. These charges form a ‘‘double layer,” like the 
plates of a charged condenser, as shown in Fig. 65, and establish a 
field directed toward the plate. As the charges of the layers increase, 
the field strength increases until it reaches the equilibrium value. 
Then no more positive ions are able to move out against it. In the 
case of pure water, there is no other effect, and a definite potential 



Fig. 64. 
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difference between the layers is quickly established, depending only 
upon the solution pressure of the particular metal used. But if the 
liquid is an electrolyte, there is also an osmotic pressure exerted by the 
positive ion of the solute, which opposes the solution pressure. If 
this is greater than the solution pressure, the solution 
ions “condense^’ (as a vapor condenses) on the metal, 
giving it a positive charge, and leave the liquid nega- 
tively charged, thus forming a double layer with the 
field directed from metal to liquid. If, however, the 
solution pressure predominates, the metallic ions 
escape from the plate into the liquid, until a balance 
is established between solution pressure P, on the one 
hand, and osmotic pressure added to electrostatic attraction F 
on the other. This may be written symbolically thus: 

P,-^P. + P, 


Fig. 65. 


where P, and Po are constant, and F varies from zero to a maximum 
value when equilibrium is established. Then 

P, = P, + P„. 


Of course, Po differs with the nature of the solution, and the same 
metal may become either positively or negatively charged in different 
electrolytes. The most familiar case occurs when the positive ions 
of the solution are the same as those from the metal, as when zinc is 
plunged into zinc sulphate, and copper into copper sulphate. In 
one case the zinc plate is negative to the liquid, because P, > P^. 
Each escaping zinc ion leaves two electrons on the plate, while the 
neighboring liquid acquires a positive charge. In the other case, 
copper is positive to the liquid, because Po > P., so P^, = P, + F^, 
The copper ions in the solution tend to collect i>n the plate, from which 
they take away two electrons each. This charges it positively, while 
the liquid near the plate becomes negatively charged with an excess 

of SO 4 ions. 

661. The Daniell cell. In this cell a copper rod or plate is immersed 
in a solution of copper sulphate contained in a porous cup, and sur- 
rounded by a solution of zinc sulphate in which a cylinder of sheet 
zinc surrounds the cup. This is equivalent to the arrangement shown 
in Fig. 66 , where the porous cup is replaced by a plane porous parti- 
tion. This separates the liquids but allows free passage of the ions. 

On open circuit, equilibrium is soon established. The more 
electropositive metal, zinc, by virtue of its higher solution pressure, 
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acquires a negative charge, and the copper, whose solution pressure in 
copper sulphate is very low, acquires a positive charge. This means 
that although zinc is electropositive to copper in the voltaic series in 
air, in a Daiiiell cell it acquires a negative 
charge, and its potential falls below that 
of the liquid, while that of copper rises 
above it. 

If now the circuit is closed, the charges on 
the plates neutralize each other, and the at- 
tracted charges in the liquid are freed from the 
electrostatic force which held them near the 
plates. At once new zinc ions escape into 
the zinc sulphate solution, and new copper 
ions are deposited from the copper sulphate solution upon the copper 
plate. The plates are thus charged again only to be discharged, and a 
continuous current around the circuit ensues. In the liquid the posi- 
tive zinc ions, continually liberated, carry their charge toward the 
porous partition. There they unite with the negative sulphions liber- 
ated when the copper ions go out of solution to form metallic copper. 
This union results in the formation of neutral zinc sulphate molecules, 
and the whole process is equivalent to a conduction current through 
the liquid, having the same magnitude as that in the wire. 

As a result of this process the zinc sulphate solution grows more 
concentrated at the expense of the zinc plate, while the copper sul- 
phate solution grows steadily weaker. To offset these losses copper 
sulphate crystals must be present in the porous cup, so as to maintain 
the solution concentrated, and the zinc plate w hich wastes away must 
ultimately be replaced. 

As osmotic pressure tends to w^eaken the negative charge on the 
zinc plate and strengthen the positive charge on the copper plate, it 



Metal 

Potential 

Magnesium. . . . 

1 - 1.45 

Zinc 

- 0.622 

Cadmium 

- 0.152 

Ijead 

+ 0.126 

Copper 

4- 0.681 

Mercury 

+ 0.990 

Silver 

+ 1.024 


is clear that the potential of the cell is 
a function of the concentrations of the 
two electrolytes, and should decrease 
as the zinc sulphate solution grows 
stronger, and the copper sulphate 
weaker. That this is the case is an im- 
portant confirmation of Nernst^s theory. 

Many cells similar to Danieirs, but 
using different metals and electrolytes, 


are possible. The accompanying table gives values by which the 


voltages of such cells at 18® C may be computed. It gives the 
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difference of potential in volts between a metal and a solution of 
its sulplate, all having the same molecular concentration. 

662* Polarization of a cell. If dilute sulphuric acid is used as the 
electrolyte in a zinc-copper cell, it amounts to a couple in the voltaic 
pile. The process in this case is somewhat different and much less 
satisfactory than with the Daniell cell. 

The zinc and copper plates acquire negative and positive charges 
as before, but now, with closed circuit, positive hydrogen ions form on 
the copper plate, instead of the copper ions as in the Daniell cell. 
This sets up an opposing electrostatic field. It tends to neutralize 
the field that develops on open circuit, and the external current falls 
rapidly to a very small value. Polarization of this kind is explained 
by Nemst's theory, for hydrogen has a very large solution pressure, 
resists being thrown out of solution, and tends to come back again in 
opposition to the field between copper and the acid. In fact, we are 
forming what amounts to a zinc-hydrogen couple in which hydrogen 
is more electropositive than zinc, and therefore tends to drive a current 
through the cell from hydrogen to zinc. 

To eliminate this difficulty, all effective primary cells use some 
depolarizing agent which absorbs chemically the discharged cations at 
the positive pole of the battery as fast as they are formed. In the cell 
we are discussing, copper sulphate would act in this way. If it sur- 
rounds the copper plate, the hydrogen ions unite with the sulphion of 
CuS04 to fonn sulphuric acid and copper, thus: H2 + CUSO4 = 
H2SO4 + Cu. The liberated copper is deposited on the copper plate, 
and the sulphuric acid goes to restore the concentration of the electro- 
lyte. Thus modified, such a cell is rapidly transformed into a Daniell 
cell, provided a porous membrane is used. Then the zinc ions form 
zinc sulphate with the sulphions of the solution, while the loss of an 
acid molecule is exactly compensated b}" its formation from the copper 
sulphate, as noted above. 

663. The LeclanchS cell. Here the electrodes are zinc and carbon 
instead of zinc and copper, and thus yield a higher voltage than the 
Daniell cell. This might be expected from the voltaic series given 
in Article 658 , where graphite (a form of carbon) is seen to be farther 
from zinc in the ‘^contact’' potential series than is copper. The 

electrolyte is a solution of ammonium chloride, whose ions are NH4 

and Cl. The chlorine, or negative, ion moves toward the zinc 
electrode and, when the cell is delivering a current, combines with the 
zinc to form zinc chloride. The ammonium ion tends to react with 
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water at the carbon plate to form aimnonium hydroxide and give up 
one atom of hydrogen according to the reaction 

H2O + NH 4 -^H + NH4OH. 

Tliis would cause a counter-c.m.f. of iX)lari 2 ation, as in the case of 
the Daniell cell, and to prevent it, the carbon is surrounded with 
mangaiK^se dioxide as a depolarizer. This oxide is reduced by the 
liberated hydrogen to form manganic oxide and water, thus: 

2 Mn02 “h H 2 — ^ MnjOs -f- H 2 O. 

The so-called “dry celV^ is not ilry, but is essentially a Leclanch^ 
cell with the electrolyte, composed of several components in addition 
to ammonium chloride, made up as a moist paste or jelly. When it 
becomes really dry, the cell ceases to function. 

664. The standard cadmium cell. This cell, invented by Edward 
Weston of New Jersey, was adopted in 1908 by the International 
Electrical Congress as a standard of e.m.f. At 15° C it gives 1.0185 
volts at its terminals on open circuit, or when no current is flowing, 
so that the volt may be defined as 1/1.0185 of the e.m.f. of a standard 
Weston cell. This “legal volt,^' like the legal ohm and ampere, is 
very convenient for commercial and laboratory practice. However, 
it is not based on fundamental physical concepts and differs from the 
true volt, which is 10® times the absolute unit already defined in 
Article 626. 

The Weston cell is made according to exact specifications, as shown 
in Fig. 67. The positive electrode is mercury covered by a paste of 
mercurous sulphate on which are loose 
crystals of cadmium sulphate. The negative 
electrode is an amalgam of cadmium and 
mercury, also covered with cadmium sul- 
phate crystals. The electrolyte is a concen- 
trated solution of cadmium sulphate. This 
combination is tightly sealed in an H-tube, 
as indicated, with platinum wires let in 
through the glass to make contacts with 
the electrodes. When properly constructed, 
this cell will give its rated voltage for years, 
provided no appreciable current is drawn from it, and as it has an 
extremely low temperature correction, its e.m.f. may be regarded as 
independent of ordinary temperature variations in the laboratory. 
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666, Storage cells. If an external electromotive force is opposed 
to that of a Daniell cell, a current will flow through it in opposition 
to the cell's e.m.f., provided the applied voltage is the higher one. 
When this occurs, the zinc ions of the zinc sulphate solution are 
deposited on the zinc plate against its solution pressure, and this 
electrode gains in weight, while copper ions are forced into solution 
from the copper plate against their osmotic pressure in the copper 
sulphate solution. The removal of the zinc ions from the solution 
of zinc sulphate involves a progressive liberation of sulphions which 
unite with the copper ions, liberated from the copper electrode, to 
form copper sulphate, thus strengthening the latter while the zinc 
sulphate solution is being weakened. 

It is evident that a Daniell cell which has been in operation for 
some time, with consequent consumption of metallic zinc and copper 
sulphate, and with a gain in metallic copper and zinc sulphate, can 
be restored to its original condition by the reversal of the current. 
This is the basic principle of the storage cell, which in no sense stores 
up electricity, but after use can be brought back to its original ele- 
mentary status by a reversal of the current, when the so-called “charg- 
ing" process takes place. Of course, it is no more electrically charged 
afterwards than before, but chemical reactions have taken place 
which bring back its original constitution, and consequently its 
original electromotive force. 

666. The lead accumulator. By far the most successful storage 
battery yet devised is the “lead" battery. It excels all others in its 
high voltage, low internal resistance, and in the efiiciency with which 
the electrical energy used in charging can be recovered on the dis- 
charge. Its most serious drawbacks are its weight and the fact that 
if not kept properly charged, it deteriorates rapidly to a point where 
it is practically impossible to restore it. 

This cell is made of two lead grids into one of which a paste of lead 
peroxide, Pb 02 , is pressed, while into the other are inserted strips of 
spongy metallic lead. The electrolyte is dilute sulphuric acid which 
reacts with the electrodes as follows: On discharge^ the lead peroxide 
of the positive plate unites with the hydrogen ions and sulphuric 
acid to form lead sulphate and water, while the metallic lead of the 
negative plate combines with the sulphions to form lead sulphate also. 
On charge, the reverse process takes place, and the lead sulphate of 
the positive plate reacts with the sulphions to re-form lead peroxide, 
while the hydrogen ions reduce the sulphate at the negative plate 
back into metallic lead. This may be shown symbolically thus: 



Chap. 48] 


BATTEEIES 


635 


+ Plate: PbOj + HsS04 + 2H 2H*0 + PbS04 ] 

J [ Discharge 

- Plate: Pb + PbS04 J 

+ Plate: PbSOi + 2H2O + SO4 — 2H2SO4 + PbO^ ] 

1 + Charge 

- Plate: PbS04 +2H-»H2S04 + Pb j 

The vertical arrows indicate the direction of the current, and there- 
fore the direction of migration of the positive hydrogen ions. It will 
be seen that during discharge the acid in the solution is broken up, 
and its concentration diminished, while it is regenerated during 
charge. This useful fact makes it possible to test the condition of a 
battery by using a hydrometer, which gives the density of the solu- 
tion. It should be about 1.250 when the cell is fully charged, and 
should never fall below 1.150 as a result of too heavy a discharge. 
During the process of charging, a potential of about 2.5 volts is neces- 
sary to send a suitable current through the cell in opposition to its 
back e.m.f . (a trifle over two volts) and to supply the additional energy 
which appears as heat. When charged, the cell has an e.m.f. also 
slightly over two volts, but on discharge it falls quite rapidly to 1.9 
volts, and then more slowly to 1.8. It should then be charged again 
before its voltage goes below this value. 

As there is a steady formation of lead sulphate on both plates during 
discharge, and as this compound is highly insoluble and has a very 
high resistance, it is evident that too great a discharge is fatal to such 
a battery. The plates then become wholly coated with the white 
deposit, and a charging current cannot flow through it to bring it 
back to its original condition. 

SUPPLEMENTARY READING 

Win. H. Timbie, Elements of Electricity (Chap. 10), Wiley, 1925. 

A. W. Hirst, Electricity and Magndism (Chap. 8), Prentice-Hall, 1937. 

G. W. Vinal, Storage Batteries^ Wiley, 1930. 

PROBLEMS 

1. Six dry cells in series deliver current to a circuit whose resistance is 
3 ohms. The e.m.f. of each cell is 1.5 volt and its internal resistance is 
0.06 ohm. What are the current and the terminal volts of the battery? 
Ans. 2.68 amperes; 8.04 volts. 

2. If the cells in Problem 1 are in parallel, what are the current and terminal 
volts? Ans. 0.498 ampere; 1.494 volt. 



636 


ELECTRICITY AND MAGNETISM [Chap. 48 


3. A cell whose e.m.f. is 2 volts is connected in opposition to one giving 
1.55 volt. The internal resistance of the former is 0.1 ohm, and of the latter, 
0.05 ohm. What are the current and terminal volts? Am, 3 amperes; 
1.7 volt. 

4. Two cells whose e.m.f. are 2 and 1.5 volts, and internal resistances 0.1 
and 0.075 ohm, respectively, are connected so as to send currents in the same 
sense around their common circuit. Wliat are the current and terminal 
volts? Am, 20 amperes; zero. 

5* Three strings of 4 cells each are connected in series-parallel. The 
e.m.f. of each cell is 1.5 volts and its internal resistance 0.1 ohm. What 
current flows through an external resistance of 1.8 ohm? Am. 3.10 amperes. 

6. Show how to arrange a group of 96 cells whose internal resistances are 
0.1 ohm each, so as to send a maximum current through an external resistance 
of 0.6 ohm. Am. 4 strings of 24 cells each. 
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Thermoelectricity 

667. The Peltier effect. If a current is sent across the junction 
of two bars of dissimilar metals, in addition to the Joule heat devel- 
oped throughout, heat is either evolved or absorbed at the junction. 
This fact was discovered in 1834 by Peltier, a French physicist 
(1785-1845). The amount of the Peltier heat in joules is given by 
W = Epitj where Ep is an electromotive force directc^d across the 
contact. If the current flows against Epy it does work and develops 
heat which warms the junction. If it flows with Epy work is done on 
the current, heat is absorbed, and the junction is cooled. This is a 
true contact electromotive force, and has a much smaller value than 
those observed by Volta when chemical action took place. 

If the junction is between a copper and iron bar, and if the current 
flows from iron to copper across the junction, heat is evolved. If it 
flows from copper to iron, the junction is cooled. Then the Peltier 
e.m.f. must be directed from copper to iron. This means that the 
copper must be at a lower potential than the iron, because an electro- 
motive force is always directed from low potential to high. The lower 
potential of copper is in accord with the usual voltaic series, where both 
in air and in dilute sulphuric acid, iron is (dectropovsitivc to copper. 

The value of Ep in most couples is of the order of 0.001 volt, and the 
Peltier heat developed by a current of an ampere is the same as the 
Joule heat when one ampere flows through a njsistance of 0.001 ohm. 
This would be very hard to observe, because it would be masked by 
the Joule heat. But if the current is reduced to a milliampere, the 
Peltier heat is the same as the Joule heat developed by a milliampere in 
one ohm. Then if the junction has a fairly large section whose re- 
sistance is a small fraction of an ohm, the Joule heat is negligible in 
comparison with the Peltier effect. 

The thermocouple which has the largest Peltier e.m.f. is one made 
of copper and an alloy of bismuth and antimony. It develops 0.022 
volt at 25® C. 

668. The Seebeck effect. Heating or cooling a junction by an 
electric current is the inverse of a phenomenon discovered in 1821 by 
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Seebeck, a German physicist (1770-1831). If two metal bars or 
wires are connected as in Fig. 68, and if one of the two junctions is 
heated, a current flows around the circuit. When the metals are 
copper and iron, the Peltier e.m.f. is directed from copper toward iron. 

If both junctions are at the 
same temperature, as indi- 
cated in (a), the values Ei 
and E 2 of Ep are equal and no 
current flows. But the Peltier 
electromotive force rises with 
the temperaturCf so that if the 
first junction is heated, Ei 
becomes larger than E 2 , and 
a current flows from copper to 
iron across the heated junction. 
This current must tend to 
cool the junction, in accordance with the Peltier effect. If it heated 
the junction, the rise of temperature would make the current 
stronger. Then there would be a further rise of temperature and the 
current would increase of itself indefinitely, which is impossible, as 
stated by the second law of thermodynamics (Article 263). 

669. Thermo-e.m.f. and temperature relations. The current pro- 
duced by heating one of the junctions, shown in Fig. 68 (6), increases as 
that junction’s temperature rises, reaches a maximum, then decreases 
to zero, and finally flows in the 
opposite direction. This cur- 
rent is caused by the thermo- 
electromotive force, which may 
be measured by a suitable volt- 
meter. A curve plotted between 
this e.m.f . and the temperature 
is given in Fig. 69. It is sym- 
metrical with respect to a line 
drawn perpendicular to the 
temperature axis and passing 
through its highest point. 

Therefore the temperature of 
the heated junction, at reversal, is as far above its value at the peak 
of the curve as the cooler junction is below it. The temperature of 
the peak is known as the neutral temperature, and that at reversal 
as the temperatisre of inversion. The neutral temperature is inde- 
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pendent of the temperature of the cooler junction. If the cooler junc- 
tion is taken at a higher value, for instance, the thermo-e.m.f. does 
not reach as high a maximum and reverses sooner. The resulting 
curve is still symmetrical about 
the same neutral temperature 
axis, as shown in Fig. 70. The 
various curves obtained by keep- ^ 
ing the cooler junction at various 
constant temperatures are all 
parabolas. In fact, they are arcs 
of the same parabola that would 
be obtained by cutting off various / 
amounts by the temperature axis 
if the first parabola were moved 

vertically downwards. In the extreme case in which one junction is 
kept at the neutral temperature, the current will flow in the reverse 
direction (from iron to copper) across the other, whether it is either 
warmed or cooled, as is evident from the fourth curve. 

The fixed neutral temperature of a copper-iron couple is commonly 
said to be 275° C, though the kind of copper and iron used makes a 
good deal of difference. The variable inversion temperature is twice 
this value, or 550°, when the cooler junction is at 0°, but correspond- 
ingly higher if it is below 0°, and lower if it is above 0°. Thus, if the 
cooler junction is at — 10°, the heated junction must reach 560° 
before the current changes direction. 

670. The Thomson effect. In 1851, Sir William Thomson (later 
Lord Kelvin) showed by thermodynamic reasoning that the reversal 

of the thermo-e.m.f . must be due to 
a field in opposition to the Peltier 
e.m.f. This predicted effect was 

J ' f; then verified experimentally and 

named after its discoverer. 

^ The Thomson effect is caused, not 

^ _ contact of dissimilar metal 

bars, but by the unequal tempera- 
^ h (&) ture of two parts of the same bar. 

I It may be demonstrated as follows; 

If a copper rod is heated at its 
Pjg 71 center, the temperature rises to a 

maximum there, and falls off sjrm- 
metrically on either side, as indicated by the dotted line in Fig. 71 (a). 
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But if at the same time a current is sent through the bar, the tempera- 
ture curve is no longer symmetrical, but indicates more heat on the 
side toward which the current is flowing and less on the other side, as 
shown in Fig. 71 (6). This is readily explained by assuming a higher 
potential where the bar is heated, so that the current in flowing up 
the grade requires work done upon it and so absorbs heat, while in 
flowing from higher to lower potential it does work and evolves heat. 
In the case of iron, the opposite effect occurs, and the temperature 
curve shows a decreased heating on the side toward which the current 
is flowing. This indicates a lower potential at the heated portion of 
the bar, and a consequent absorption of heat where the current flows 
from the low potential of the heated center toward the higher poten- 
tial of the colder end. There is also an evolution of heat where the 
current flows toward the heated center. 

The potential difference caused by heating some portion of a con- 
ductor does not represent an electromotive force as we have used that 
term. A true e.m.f. tends to cause a current to flow from low to high 
potential within the region where it is developed. But the potential 
difference of the Thomson effect does not act in this way. The tendency 
is for the charges created by unequal temperature to neutralize each 
other and thus produce a current from high to low potential, as when 
two oppositely charged bodies are connected by a wire. 

671. Cause of the Thomson effect. In metals which act like 
copper, the Thomson effect is said to be positive. The heated end of 

a bar is electropositive to the cooler 
end. This is probably due to a diffu- 
sion of electrons away from the region 
where the thermal agitation is greatest, 
as would be the case with gas in a sealed 
tube. Most of the gas molecules would 
collect in the cooler end, like the dots 
in Fig. 72, which are supposed to repre- 
sent free electrons. 

In certain metals such as iron, nickel, bismuth, and platinum, the 
Thomson effect is negative, which means that heat flows more freely 
against the current than with it. This anomaly can be explained 
either by supposing that the electrons themselves carry thermal en- 
ergy, or by supposing that the current is carried more by positive than 
by negative ions. Both explanations are open to serious objections, 
so it must be admitted that the negative Thomson effect has not yet 
been satisfactorily accounted for. 
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672. Cause of the Peltier effect. The Peltier e.mi. is closely 
related to contact difference of potential, and this in turn is closely 
related to the photoelectric effect and thermionic emission to be dis- 
cussed farther on. These latter phenomena depend upon the possi- 
bility of electrons escaping through the free surface of a conductor 
either when it is illuminated or heated. 

If two metals are placed in contact, and the free electrons from one 
escape more readily through its boundary than they do from the 
other, a situation represented in Fig. 73 arises. More electrons have 
crossed the boundary from metal A into 
metal B than have crossed from B into 
A . Therefore B has acquired a negative 
charge close to the bounding surface, 
and A, by losing electrons, has acquired 
a positive charge. These charges attract 
each other and establish a field adverse to the further escape of 
electrons at a given temperature. If the junction is heated, more 
electrons cross the border as a result of thermal agitation, and the 
difference of potential between A and B increases. The two charges 
facilitate the flow of a current from right to left in both bars, and 
thus constitute a source of e.m.f. directed across the junction from 
negative to positive, as indicated by the arrow. 

We find from the photoelectric and thermionic tables that it takes a 
higher voltage to stop electrons from escaping from iron than from 
copper when these metals are illuminated or heated. This amounts 
to saying that electrons have a greater tendency to leave iron than to 
leave copper, so that A should represent iron in the diagram and B 
copper. Therefore the thermo-e.m.f. must be directed from copper 
to iron across the junction, as has been determined by experiment. 

673. Theory of thermoelectric curve. In order to account for the 
parabolic form of the exponential curve of thermo-e.m.f. as a function 
of the temperature, it is necessary to assume that the Peltier effect 
varies directly as the temperature, and the Thomson effect as the 
temperature squared. If the cold junction is maintained at 0° C, 
the equation of the first parabola of Fig. 70 may be written 

E = At - \Bt\ (1) 

where A and B are constants which determine the Peltier and Thom- 
son potentials respectively, and depend upon the metals used. This 
equation is equivalent to that of a projectile, with t representing time 
and E the vertical height y, ox y — vjt — where is the vertical 
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component of the original velocity and gives the steadily increas- 
ing effect of gravitation. 

Just as gravitation tends to neutralize and finally reverse the up- 
ward motion of a projectile, so the Thomson effect tends to neutralize 
the rising thermo-e.m.f. due to heating one junction of a couple. At 
first its effect is negligible, because B is much smaller than A, but as 
the Thomson effect varies as the square of the temperature, it increases 
more rapidly than the Peltier e.m.f., and ultimately reverses it, as we 
have seen. This may be represented diagrammatically as in Fig. 74. 

The solid line represents 
the abrupt rise, /i, of 
potential in going across 
the junction from copper 
to iron, while the dotted 
lines show the gradual 
change of potential along 
the bars due to the 
Thomson effect. It is 
clear that the latter tends to diminish h by an amount j, because 
the rise of potential due to the heating of one end of the copper 
bar is in opposition to the contact difference between it and iron. 
Similarly, lowering the potential of the iron by heating it, tends to 
lower its potential with respect to the copper. At the temperature of 
inversion, j = /i, and beyond that, when j > h, the current flows the 
other way, or from iron to copper across the heated junction, for then 
the iron is at a lower potential than the copper. 

674. Calculation of the]ino-e.m.f. In the general case when the 
temperature of the cooler junction may have any value, not necessarily 
0® C, and when B is not necessarily negative, the equation of the 
thermo-e.m.f. is ^ 

( 1 ) 

where k is the temperature of the cooler junction and k is the tempera- 
ture of the heated junction. When k = 0, and B is negative, this 
equation reduces to (1) of Article 673. The values of the constants 
depend upon the metals used, and are each the algebraic differences 
of two other constants. Thus A = aji/ — and B 
where a and h measure the Peltier and Thomson effects in the 
metals M and N referred to lead as a basis of comparison. Lead 
has been taken for this purpose because it has practically no 
Thomson effect. 
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The following table contains values of a and h for several metals in 
terms of microvolts per degree and microvolts per degree squared, 
respectively.! 


Metal 

a 

h 

Iron 

+ 16.7 

- 3.0 X 10-» 

Cadmium 

-f 3.1 

+ 2.9 X 10-* 

Zinc 

-f 3.0 

- 1.0 X 10“* 

Copper (drawn) 

+ 2.8 

-f 1.2 X 10-* 

Platinum 

- 3.0 

- 3.2 X 10"* 

Paladium 

- 7.4 

- 3.9 X 10"* 

German Silver 

- 10.9 

- 3.3 X 10"* 


If we wish to obtain the equation of a copper-iron couple, we have 
only to take the algebraic difference of the values of a for the two 
metals to find ^4, and of h to find B. Thus the thermo-e.m.f. of a 
copper-iron couple when i\ = 20° and <2 == 100° becomes 

0 042 

E = 13.9 (100-20) - (10,000 - 400). 

E - 910.4 microvolts. 

676. Thermopiles and pyrometers. The thermopile is a series of 
junctions connected as shown in Fig. 75. If the four junctions a are 
kept at a constant and relatively low tempera- 
ture, and the junctions 6 are warmed, an e.m.f. 
four times as strong as that due to one junction will 
be produced. Thermopiles with many couples 
made by joining fine wires are very sensitive to 
radiant heat. Their junctions are flattened out 
into small discs coated with lampblack to increase 
their power of absorption. 

In order to measure temperatures too high for an 
ordinary thermometer, a single thermo junction 
pyrometer is much used. It is made of two metals 
joined at a point that is subjected to the tempera- 
ture to be measured. For very high temperatures one of the wires is 
of platinum and the other of an alloy of platinum and rhodium. A 
baked clay inner tube like a pipe stem separates the two wires just 
above the junction, as shown in Fig. 76, and a larger porcelain tube 

t Taken from the Handbook of Chemistry and Physics, Chemical Rubber Pub- 
lishing Co. 




644 ELECTRICITY AND MAGNETISM [Chap. 49 

protects the junction and the wires from too intimate contact with the 
molten metal of the furnace. 

If the wires from the pyrometer to the milliammeter and its own 
winding are of copper, there are two junctions at room temperature 
instead of one. But there is a principle of thermo- 
electricity according to which the difference be- 
tween the two effects at K and is the same as 
the single c.m.f . that would exist if the platinum 
wire were joined directly to the alloy at the same 
temperature. So tlu; meter is affected only by 
the difference between the temperature of the 
junction J and the temperatures of K and K\ 
which are supposed to be the same. 

676. The thermocouple meter. Ordinary gal- 
vanometers do not detect alternating currents be- 
cause of the periodic reversal of the torque. But 
if the current, whatever its frequency, is sent 
through a fine wire of high resistance, the wire is 
heated. The resulting rise of temperature may 
heat a thermojunction whose thenno-e.m.f . causes 
a direct current to flow through an ordinary gal- 
vanometer. An instrument of this kind is shown 
in its essential parts in Fig. 77, where J is a thermo junction in contact 
with a fine wire stretched from a to h. Through this wire is sent the 
alternating or oscillatory current to be measured, and so the wire is 
heated. This heats the junction J, and the resulting thermo-e.m.f. 
sends a current through the galvanometer G. The deflection of the 
galvanometer depends upon the heat //, which 
is proportional to PR, according to Joule’s 
law. Thus the deflections depend upon the 
current squared. They would vary directly as 
P if the thermo-e.m.f. were a linear function 
of the temperature. But the thermo-e.m.f. 
increases at a decreasing rate with rising tem- 
peratures, as we have seen. This tends to 
offset the increasing effect due to the current 
squared. However, as the rise of tempera- 
ture never approaches the value at which the thermo-e.m.f. begins to 
decrease, the thermogalvanometer, on the whole, becomes increasingly 
sensitive with increasing current, and the scale divisions are therefore 
more widely spaced for the larger current values. 
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SUPPLEMENTARY READING 

A. W. Hirst, Electricity and Magnetism (Chap. 7), Prentice-Hall, 1937. 

C. A. Culver, Electricity and Magnetism (Chap. 13), Macmillan, 1930. 

Page and Adams, Principles of Electricity (pp. 218-233), Van Nostrand, 1931. 

PROBLEMS 

1. Using the values of a and h in Article 674, calculate the thermo-e.m.f. 
of a copper-iron couple when one junction is at 0° C and the other at 200° C. 
Ans. 1940 microvolts. 

2. Calculate the temperature of inversion and neutral temperature of a 
copper-iron couple when the cooler junction is at 0° C. (Use equation (1) 
of Article 674.) Ans, 662° C, 331° C. 

3. Calculate the thermo-e.m.f. of a copper-iron couple when one junction 
is at 50° C, and the other at 200° C. Ans, 1297.5 microvolts. 

4. Calculate the thermo-e.m.f. of a palladium-zinc couple when one junction 
is at 0° C, and the other at 100° C. Ans, 1185 microvolts. 

6. Calculate the thermo-e.m.f. in Problem 4, if the cooler junction is kept 
at 20° C. Ans, 971.21 microvolts. 

6. Calculate the neutral temperature of a zinc-iron couple and of a plati- 
num-copper couple. Ans. 685° C; —132° C. 
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little affected by temperature. 


677. Resistances. An indispensable part of the apparatus needed 
in making most electrical measurements arc standard resistances and 
variable resistances, or rheostats. The former are made by winding 
bobbins with coils of wire made of an alloy whose resistance is but 

A usual form of resistance box is the 
plug type, in which the terminals 
of the resistance units are soldered 
to brass blocks mounted on the hard 
rubber top of the box. These are 
separated by spaces into which brass 
plugs may be inserted, thus short- 
circuiting the successive units. 
When all the plugs arc in place, the 
total resistance is practically zero. 
If the first plug in Fig. 78 is re- 
moved, the e.m.f. applied to the 
10 ohms. If the first and second 

A 





Fig. 78. 


box encounters a resistance of 

plugs are removed, 30 ohms are introduced into the circuit, 
removal of the first and third plugs introduces 40 ohms, and so 
on. Another and increasingly popular type is the dial rheostat 
built on the decade principle. Such a resistance box may have 
four dials, one in steps of single ohms, one in tens, one in hun- 
dreds and one in thousands. There are ten steps of each kind, 
so that by rotating the moving arm over the dial, resistances from 
1 to 9999 ohms are introduced into ^ 

the circuit. ^ ^ 

There are also many cases in 
which resistances are used to con- 
trol the current or vary the poten- 
tial difference between terminals 
of a circuit, when the value of 
the resistance need not be known. 

These variable rheostats are of several types. A very convenient one 
is the drum rheostat, shown in Fig. 79. The coil of high-resistance 
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wire is wound on an enameled drum and brought out to two binding 
posts, CD. A sliding contact runs on a conducting rod whose ends are 
fitted into binding posts, AB. If the circuit is made between A 
and C, the resistance is due to that portion of the coil between C and X. 

Another convenient form of con- 

, , . , , . 1 T 1 AToJ 1^0.4 hfa.3 

trol rheostat is obtained by having 
coils of different resistances con- 
nected as shown in Fig. 80. On 
100 volts, with the first switch 
closed, half an ampere flows. The 
second switch gives one ampere, 
the first plus the second gives 1.6 ampere, the third gives 2 amperes, 
the first plus the third gives 2.5 amperes, and so on in stages of half 
an ampere up to 15.5 amperes, when all the switches are closed. If 
all are open, the resistance is infinite and there is no current. 

678. Galvanometers. Oersted’s classic experiment with the com- 
pass under a wire carrying a current represents a galvanometer, be- 
cause the deviation of the compass depends upon the strength of the 
current. Such a galvanometer can therefore be used as an indicator 
both of current strength and direction. But the same result could 
have been obtained if the magnetized compass needle had been held 
stationary, and the wire had been delicately pivoted and so capable of 
motion. The force that acts between them would have moved the 
wire instead of the needle, as we should expect from the discussion in 
Article 621. Thus we may have two kinds of galvanometer, one 
where the wire, or coil, is fixed and the magnet 
moves, and one in which the magnet is fixed 
and the coil moves. 

679. The fixed-coil galvanometer. The 

most sensitive instruments arc of this type, 
and are best represented by the Thomson 
galvanometer, shown diagrammatically in 
Fig. 81. A group of very short needles sn is 
at the center of a coil A of many turns of wire. 
A similar group of needles w's' of reverse po- 
larity is at the center of a similar coil B. Both 
sets of needles are mounted on a light but 
rigid rod which is suspended by a fine silk 
fiber at its upper end. Such a system is called astatic, because the 
directive torque of the earth's field is neutralized by the two sets of 
needles. The bar magnet SN below the coil B supplies a directive 
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torque by its action on n'a', so that the moving system has a definite 
zero position when no current is flowing. 

The winding sense of the two coils is opposite, so that the torques 
on the two sets of needles are in the same sense when the current is 
flowing. The resulting deviation of the suspended system is measured 
by a beam of light reflected from the mirror M upon a scale, or by 
observing the scale as seen reflected in the mirror with the aid of a 
telescope. This Thomson galvanometer may be so sensitive as to 
deflect a beam of light through a measurable angle when the current 
is less than ampere. But it has the serious disadvantage of 
being somewhat affected by stray magnetic fields. 

680. The moving-coil galvanometer. This instrument is the re- 
verse of the galvanometer described in the last article. J 'stead of a 
fixed coil acting on a light movable magnet, a fixed and hea\ magnet 
acts upon a light movable coil. It is often called a D^Arsffeval gal- 
vanometer, a name derived from that of its inventor. 

The magnet in typical D’Arsonval galvanometers is of the horse- 
shoe t3^pe, and is usually fitted with curved pole pieces so as to concen- 
trate the field. This field is normal to the central 
turns of the coil as it rotates about a vertical axis within 
the angle a, as shown in Fig. 82 (h ) . The coil consists 
of many turns of fine wire, and the current is led in 
by a narrow strip of phosphor bronze or gold, which 

acts as the suspension 
shown in (a) . The cir- 
cuit is completed 
through a helical spring 
of the same material 
as the suspension, and 
so flexible as to produce 
a negligible torque. 

When a current flows 
through the coil, if its direction is downward in the left half and upward 
in the right half, two forces shown by the arrows in (6) act upon it, pro- 
ducing a torque around the axis A . An iron cylinder B, supported by a 
horizontal rod C, helps to strengthen the field and therefore the torque, 
and also to make the lines of force more nearly radial where the coil 
cuts them. If they were exactly radial, the torque would be directly 
proportional to the current. The restoring torque supplied by the 
phosphor bronze suspension is proportional to the angular twist of the 
coil; therefore, when there is equilibrium between the two torques, 




Fig. 82 . 
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the angular deviation is directly proportional to the current and to 
the field strength. This is the fundamental principle of the in- 
strument. However, as it is impossible to calculate the value of the 
field strength, the constant of the galvanometer must be determined 
by experiment. This ‘^constant,” unfortunately, changes slowly over 
a period of years as the magnet grows weaker with age. 

Since in a well-made moving-coil galvanometer, the angular 
deviation B varies as the current, it follows that I = kS, where k is the 
constant of the instrument. We can determine k by sendinga very small 
current through the coil, and observing the resulting angular devia- 
tion. In practice, 6 is observed indirectly by reflecting a pencil of 
light from the mirror to a scale over which the “spot^’ travels as the 
coil turns. If the scale is at the standard distance of one meter, the 
current in amperes necessary to produce one millimeter of deflection 
is known as the figure of merit. This constant may be as small as 
2 X 10"^® ampere, or one five thousandth of a microampere per 
millimeter. This high sensitivity demands a coil with many turns, 
a very concentrated field, and a very delicate suspension. 

681. The ammeter. In measuring currents such as occur in com- 
mercial practice, the galvanometer is far too sensitive. But it may 
be used as an indicator, provided only a small fraction of the main 
current is passed through it. To accomplish this, use is made of a 
low-resistance shunt across the galvanometer terminals. Further, 
as very great sensitivity is no longer necessary, the galvanometer may 
be made portable. This is accomplished by having the armature 
pivoted, and by using fine spiral springs to carry the current and 
supply the restoring torque. In- 
stead of a mirror and scale, a 
light pointer fastened to the 
coil, or armature^ turns with it 
and passes over a scale divided 
to read amperes or milliampcres 
directly, as shown in Fig. 83(a). 

The electrical connections are 
shown diagrammatically in Fig. 

83(6), where the shunt S is a 
bar or strip of metal of very low 
resistance, while that of the winding of the galvanometer is relatively 
high. The current divides at a inversely as the resistances (see Ar- 
ticle 633), so that if the galvanometer has a resistance of 99.9 ohms, 
and the shunt 0.1 ohm, 0.001 of the total current flows through the 
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galvanometer, and 0.999 through the shunt. As this ratio is in- 
dependent of the current, the deflections of the galvanometer are very 
nearly proportional to the main current. The scale may then be 
calibrated in nearly equal divisions reading amperes directly. 

682. The hot-wire ammeter. In measuring high-frequency cur- 
rents such as are used in radio transmission, we may use either a meter 

with a thermo junction, such as 
was described in Article 676, or 
a hot-wire meter. The essential 
parts of this instrument are shown 
in Fig. 84. A fine wire ww is 
fastened to the supports a and 6, 
by which it becomes part of the 
circuit. A thread fastened to 
the wire at T passes around a 
spindle S and to a spring R, which 
keeps it tight and takes up the 
slack in the wire. The pointer 
P turns with the spindle and in- 
dicates the current. When the current passes, the wire gets hot 
and expands, the thread takes up the slack, and the spindle rotates 
clockwise. As the heat developed varies with J^, the deflections vary 
approximately with P also. This results in making the higher scale 
divisions farther apart than the lower ones, so that the instrument 
grows increasingly sensitive as the current increases. 

683. The voltmeter. A pivoted moving-coil galvanometer may be 
used to indicate differences of potential as well as current strength. 
In this case it must be protected by a high rejsistance from the de- 
structive current which would flow through its 
fine winding if commercial voltages were impressed 
upon it. This resistance also serves to bring its 
readings within the range desired. Both galvanom- 
eter and auxiliary resistance are usually enclosed 
within the same box, as indicated in Fig. 85. 

The calculation of the resistance for a given 
range of voltages is as follows: Suppose a piv- 
oted galvanometer whose needle sweeps over the 
entire scale with a current of 100 milliamperes, and it is desired to 
have the instrument read to 150 volts. Then the combined resistance 
of galvanometer and protecting coil is given by R + r — E/I - 
150/0.1 « 1500 ohms. If the galvanometer resistance r is 100 ohms, 
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R must be 1400 ohms. As the deflections are nearly proportional to 
/, and as R + r is constant, they are also proportional to E, The scale 
may then be laid off in nearly equal divisions reading volts directly. 

There are two uses for the voltmeter: in the first case, as indicated 
in Fig. 85, it is connected directly across the terminals of a battery or 
generator. It then reads the terminal voltage, 
which is always less than the e.m.f . because of the 
internal drop. However, as the voltmeter draws 
very little current, this loss is small in most cases 
for which it is proper to use a voltmeter at all. 

The other use is in determining the fall of poten- 
tial across a resistance r carrying a current 7, as 
indicated in Fig. 86. The galvanometer current i 
equals Ir/Ry since i/T == r/R. Therefore the de- 
flection of the needle is a measure of the fall of potential Ir across the 
resistance r. This gives a nearly correct value for the drop before the 
voltmeter was connected, provided the resistances of the battery and 
leads, as well as r, are small compared to the resistance of the voltmeter. 
If they are not, the increase in the main current due to connecting the 




Courtesy Weston Electrical Instrument Co. 

Plate 16 . 

Photograph illustrating essential parts of portable 
D.C. ammeter. 

voltmeter in parallel with r results in a decrease in the potential drop 
that was to be measured. A correction of the reading is then neces- 
sary in order to obtain the value desired. 

684. Wattmeters. If the power delivered to a circuit is to be 
measured, we may connect a voltmeter across the terminals of the 
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load, as indicated in Fig. 87, and an ammeter in series with the circuit. 
This enables us to calculate the power in watts by the familiar relation 
P = El. But it is more convenient to have a single instrument 

which reads watts directly. This is 


accomplished by using a galvanom- 
eter, whose field is not supplied by 
a permanent magnet but by a coil 
“ of a few turns of heavy wire capa- 
ble of carrying the entire current 
/, or a determined fraction thereof. Within this field is an armature 
of fine wire protected by a high resistance in series with it, as in a 
voltmeter. The flux, indicated by the arrows in Fig. 88, sets up a 
torque in the armature exactly as is the case when a permanent mag- 
net is used. But here the field is not constant. It varies directly as 
the current 7, just as the field H varies at the center of the coil of a 
fixed-coil galvanometer. The torque depends upon both the field 
strength and the current i flowing in the armature, so we may write 
L oc iH. But i = E/Rj as in 

the case of the voltmeter, where pci — r -T -T — r 

R is the total resistance of the \ Till 

armature circuit. Then since \ -/ | 

77 oc 7 we may substitute these _i_ £ E: 

values in the first variation, and J 
obtain T 



Thus since 72 is a constant, the Fig. 88. 

torque is a direct measure of El, 

or the power delivered to the load, and the scale may be laid off in 
nearly equal divisions to read watts directly. 

As one terminal of the armature circuit is permanently connected 
to one terminal of the field circuit at c, only three external terminals 
are needed, namely, a, 6, and c, of which a and c are in series with one 
side of the line, while b is connected to the other. 

Such instruments read the power of alternating as well as of direct 
cun’ents, because if the current changes sign, both field and armature 
currents reverse simultaneously and the torque is still in the same di- 
rection. 

685. The ele€trod 3 mamometer. In general, all meters like the 
foregoing, in which an interaction between two circuits results in 
a torque that may be measured, are called electrodynamoineters. 
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Both voltmeters and ammeters may be constructed on this principle, 
and thus be made available for alternating currents as well as direct. 
In the case of the latter, the same current flows through both the fixed 



Courtesy Weston Mectrical instrument Co, 


Plate 17. 

Photograph of a wattmeter, showing two fixed coils and the 
moving coil (white) mounted on an axis to which the needle 
is attached. The plates in the rear include the resistors of the 
potential circuit, indicated by R in Fig. 88. 


coil, which may be regarded as establishing the field, and through the 
movable coil, which represents the armature. This is shown diagram- 
matically in Fig. 89, where A is the armature supported by pivots (not 
shown), and F is the field coil. The torque L, as usual, is proportional 

to IHy but since H varies as I, we may write 

L oc P, Then the current may be found from 
the torque that must be set up in a helical 
spring acting upon the armature in order to A 

keep it from turning; or a pointer attached ' 

to the armature may move over a scale whose 
divisions are spaced so as to read amperes 
directly. 

686. Electrostatic voltmeters. These instruments are especially 
useful in reading potentials too high for a dynamometer type of meter. 
There are many kinds, but all depend upon the electrostatic forces 
between charged bodies. In Fig. 90, the plates PP are connected to 
one terminal of the source of e.m.f., and the needle iV“, pivoted at A, 
to the other. If P is either positive or negative, N will always have a 
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charge of opposite sign, and is attracted toward P, causing the pointer 
to sweep over the scale. In this form of the instrument, the restor- 
ing torque is supplied by gravity acting upon 
the needle, whose center of mass is above 
the horizontal axis. The small weights w 
partially counteract this torque, and may 
be adjusted for purposes of calibration. As 
the charges on plates and needle are directly 
proportional to the charging e.m.f., the de- 
flection, when equilibrium is attained, is a 
direct measure of the applied voltage. 

687. The potentiometer. When it is de- 
sirable to measure an electromotive force 
with extreme precision, a device known as Poggendorf^s potentiometer 
is used instead of a voltmeter. This consists in comparing an 
unknown with the known e.m.f. of a standard cell. The fundamental 
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Fig. 91. 




principle of the potentiometer is shown 
in Fig. 91. There are two circuits. 

The main circuit contains a storage 
cell P, whose e.m.f., E, must be greater 
than those used in the branch circuit. 

The other contains either the standard 
or unknown cell S or Z, whose electro- 
motive forces are Eg and E^, In the 
main circuit Bdc, the fall of potential across dc is adjusted to equal 
and oppose the e.m.f. of the standard cell or unknown cell in the 
shunt circuit Sdc (or Xdc), Then no current can flow through the 

shunt circuit and the galva- 
nometer 0 is not deflected. 

Figure 92 illustrates the con- 
nections in more detail. The 
variable resistances Ri and Ri 
control the current through a 
wire ab whose resistance and 
length are r and L Any 
change in Pi must be com- 
pensated by a corresponding 
change in R 2 , so that the total 
resistance, and therefore the 
main current, may remain constant. A sliding contact c adjusts 
the potential drop so that the potentiometer may be “balanced.^' 
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Fig. 92. 
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This balance is shown by the galvanometer, which then does not deflect 
when t|ie key K is closed. 

Let /hs suppose that with the standard cell in the branch circuit, 
the galvanometer does not deflect when the contact is x centimeters 
from tV Then the resistance of the wire between c and a is rx/l, and 
the tot il shunted resistance is Ri + rx/l. When the unknown cell is 
connect td, there are, in general, different values of Ri and z that we 
may indicate by R\ and x', so the shunted resistance is now R'l + 
rx//l. As the main current has been maintained constant, the ratio 
of the two voltages is equal to the ratio of these shunted resistances, or 



, R\ + rx'/l 
Ri + rx/l ' 


( 1 ) 


If real precision is not needed, we may dispense with Ri and R^j mak- 
ing the balance wholly with the wire. Then equation (1) reduces to 


the very simple formula 



(2) 


where it is not necessary to know either the resistance or length of the 
wire, but only the length of the two segments x and x'. 

688. Wheatstone’s bridge. The usual measurements of resistance 
depend upon a comparison of the resistance to be measured with a 
standard resistance. The best- 
known method is due to Wheat- 
stone, f who made use of the 
network shown in Fig. 93. A 
battery of voltage E sends a cur- 
rent to the junction at a, where 
it divides, part flowing through 
the unknown resistance X and 
then through the known resis- 
tance R, and part through the re- 
sistances A and B. If the four 
resistances are so adjusted that pig. 93 ^ 

the fall of potential through A is 

equal to that through X, then a galvanometer connected between b 
and d will not deflect when the key K is closed. This is because b 
and d are at the same potential level. The same would be true of the 
flow of water if the figure abed were an island with a river flowing 

t Charles Wheatstone (1802-1876), an English physicist and inventor. 
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around it. A canal cut across between two points where the level 
of the branches of the stream was exactly the same would liave no 
current. 

If we assume the bridge to be balanced, with no current flowing 
through G, ii = h, is = u, and the potential differences are equal in 

( 1 ) 

and iiR — isB. (2) 

Dividing (1) by (2) gives 

X _ 4 ‘ 

R" W 

or X = ft (3) 


from which X can be calculated if R and the ratio of A to 5 are known. 

689. The slide-wire bridge. There are two types of the Wheat- 
stone bridge in common use. Both are based on the same principle, 
l)ut it is differently applied in each. In the slide-wire pattern, the 
resistances A and B are replaced by a wire of german silver or other 
high-resistance alloy, and a sliding contact which is opened or closed 

at will connects the galvanom- 
eter to the movable point d, 
as in Fig. 94. If the wire is of 
uniform cross section, the re- 
sistances of the segments m and 
n (measured in centimeters) are 
proportional to their lengths. 
Therefore AjB ^ m/riy where 
A and B are the resistances 
of the segments. The bridge equation now becomes X = Rmln, 
In this case it is evident that the resistances A and B need not be 
known, as the ratio m : n is that of two lengths read in centimeters or 
any other convenient unit. 

690. The post-office bridge. This (the second type) is the form 
most commonly used in both laboratory and commercial testing. It 
is so named because it was first developed for use by the British Post 
Office in connection with the telegraph. It differs from the slide- 
wire pattern of Wheatstone’s bridge in having a fixed ratio A : B, but 
with R variable. Such bridges are usually made in a portable box 
with all the parts, including battery and galvanometer, assembled in 
a compact form. The resistance coils representing either A or B may 
each be chosen from four units wound to 1, 10, 100, and 1000 ohms, 
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so that ratios of 1 : 1, 1 : 10, 1 : 100 and 1 : 1000, as well as their 
reciprocals, may be obtained. Thus if a 10-ohm coil is chosen for A, 
and 1000 ohms for R, the ratio A : B equals 0.01, and X is one- 
hundredth part of R. 

691. Condensers. Measuring the capacitances of condensers is 
an important part of laboratory procedure. In any condenser, paral- 
lel plates separated by a dielectric have a capacitance given by 
C = Q/AVj where Q is the charge on either plate, and AV the dif- 
ference of potential between them. Such a condenser may be adapted 
to the relatively low values of 
AV obtained from batteries and 
generators by multiplying the 
number of the plates and con- 
sequently increasing the total 
area. This greatly increases the 
capacitance, so that even if 
AF is small, Q may reach any desired value. The condenser, shown 
diagrammatically in Fig. 95, is made of a great number of interleav- 
ing sheets of tin foil separated by thin layers of paraffin, or still better, 
of mica. Each side has a total area of n times the area A of each 
sheet, where n is the number of sheets on each side. The total capaci- 
tance is therefore 2n—l times as great as that of a single pair, as seen 
in the diagram, where there are ten sheets, but only nine condensers. 

692. Dimensions and unit of capacitance. As we have seen, the 
dimensions of capacitance in the electrostatic system are those of 
length. In the electromagnetic system we may obtain the dimensions 
of C from the defining equation [C] = [Q/V]; hence, substituting the 
dimensions of these quantities, we obtain 

[C] = [MUJ] = [L-^T^]. 

The ratio of the dimensions of C in the two systems is therefore 

[g] - yQ - 

The quantity U/T^ is the square of a velocity, and accurate measure- 
ment shows that it is the velocity of light, c. This illustrates the 
important fact discovered by Maxwell that the ratio of the electro- 
static to the corresponding electromagnetic units is equal to c or one 
of its powers as shown for currents in Article 617. 

The absolute unit of capacitance in the e.g.s. system is that capaci- 
tance which is charged to one absolute unit of quantity by the abso- 



Fig. 95. 
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lute unit of potential difference. This applies to both the e.s.u. and 
e.m.u. systems. But if we use the coulomb (one-tenth of the e.m.u.) 
and the volt (10* times the e.m.u.), wc obtain the corresponding 
capacitance unit which is called the farad, after Michael Faraday. 
Therefore the farad is lO"® of the absolute unit in the electromagnetic 
system. Even this unit is much too large for common practice, and 
the microfarad, one millionth of the farad, and 10“^* of the absolute 
unit, is the usual measure of capacitance. 

693. Calculation of the capacitance of a condenser. If the value 
of the capacitance of a parallel-plate condenser, as obtained in equa- 
tion (7), Article 602, is multiplied by n, the number of pairs of leaves, 
we obtain 

^ _ K7iA 
^ ~ iTrT"^ 


where A is the area of each leaf in square centimeters, t is the thickness 
of the dielectric in centimeters, and K is the dielectric constant. To 
reduce this to absolute electromagnetic units, we must divide by the 
square of the velocity of light, or 9 X 10^ cm/sec. But the micro- 
farad is 10'"^'^ of the absolute unit; therefore C measured in this smaller 
unit is numerically 10*^ times larger, giving 


KnA X 

irt X 9 X TO^ 


885KnA 


microfarads, 


( 1 ) 


which is a convenient formula for calculating the capacitance of 

commercial condensers. 

694. Combinations of condensers. 
In order to obtain a large capacitance 
suitable for the relatively low potentials 
of batteries and generators, several con- 
densers may be connected in parallel, 
as in Fig. 96. In this case it is almost 
self-evident that the total capacitance, 
C, is equal to the sum of their individ- 
ual capacitances, Ci + C 2 + . . . C„. 
This, however, may be proved as fol- 
lows: The total charge is equal to the 
sum of the charges on each condenser, 
or 0 ~ Qi + Q 2 + Qs + . • * Qn* Therefore, since Q = FC,t and as 

tin this discussion, V is written in place of the more correct AF, to avoid 
unnecessary complexity. 



Fig. 96. 
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each condenser is charged to the same potential F, we may substitute 
for the values of Q, and obtain 

VC = FCi + FC2 + FC3 + . . . FC„. 

/. C = Cl + C2 + C3 + . . . c„. 


The condensers used in connection with low-voltage circuits are 
unsuitable for use with high potentials, and there is always a maxi- 
mum allowable potential which should not be exceeded. This varies 
according to the nature of the dielectric and its thickness, being as 
low as 40 volts for some paraffin condensers, and 150 volts for many 
made of mica. In 
order to use such con- 
densers with higher 
voltages, it is neces- 
sary to connect them 
in series, as in Fig. 

97, so that each will 
have only a part of the total e.m.f. impressed upon it. In this 
case it is obvious that V == vi + V 2 + V 3 + . • • Vn, where Vi, V 2 • . . 
are the potentials across the terminals of the individual condensers. 
But the charge Q is about the same for each, since if + Q units are on 
one set of plates of any condenser, — Q units must be on the other set, 
according to the principles established by Faraday^s ice-pail experi- 
ment. Consequently there is a charge Q on every alternate set of 
plates, and a charge -- Q on those in between.t In other words, there 
is a uniform displacement of Q units of electricity throughout the cir- 
cuit. Therefore, we may substitute V — QjC for the total potential, 
and vi = Q/Ci, V 2 = O/C 2 , and so on, for the various partial potentials. 



and obtain 


c Cl ^ C, ^ (7, ^ 


Then, dividing by Q, we have 


l = i.+ l + l+ JL 
c ■ ■ ■ CJ 


t This is not strictly true, because not quite all of the repelled charge 
appears on the next condenser. A very small portion of it is on the connecting 

wire, and on the outer surface t)f one of 
the two outer sheets of the condenser from 
which it is repelled. 

This is indicated in the accompanying 
+ drawing, where the number of -f and — 
signs indicates the relative magnitudes of the charges. 
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from which C, the total capacitance of condensers in series, may be 
approximately calculated in the same manner as the total resistance of 
a number of resistances in parallel. 
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PROBLEMS 

1 . A current of 3.2 X 10'”’^ ampere causes the '^spot^^ of a D Arson val 
galvanometer to deflect 16.8 cm on a scale 75 cm from the mirror. What is 
its figure of merit? Ans. 1.43X10“® ampere per millimeter. 

2. A portable galvanometer, whose needle deflects 5 scale divisions per 
milliampcre, is to be used in an ammeter. Its resistance is 238 ohms. What 
should be the resistance of the shunt in order that the needle may deflect 10 
divisions per ampere? Ans, 0.477 ohm. 

3 . It is desired to use the galvanometer of Problem 2 in a voltmeter to read 
half a volt per division. What resistance must be connected with it in series? 
Ans. 2262 ohms. 

4 . A voltmeter whose internal resistance is 90 ohms is used to read the 
drop of potential across 45 ohms in a circuit whose total resistance is 
75 ohms, when an e.m.f. of 150 volts is impressed upon it. What is the drop 
to be measured, and what is the observed value? Ans. 90 volts; 75 volts. 

6. A jwtentiometer uses a standard cell whose e.m.f. is 1.0185 at 15® C. 
The slide wire is 1 m long, and has a resistance of 1.50 ohm at 15® C. Wlien 
used to measure the e.m.f, of an unknown cell at this temperature, the resist- 
ances Ri and Rf are 8 and 12 ohms respectively. The distances x and x' 
are 36.2 and 64.3 cm, respectively. Calculate E^^. Ans. 1.546 volt. 

6. In a Wlieatstone slide-wire bridge the balan^-e is obtained at a point 
32 cm from one end of a wire 120 cm long. The unknown resistance is con- 
nected to that end, and the standard resistance is 4.5 ohms. What is the 
value of XI Ans. 1.64 ohm. 

7. Calculate the capacitance of a condenser made of 2 sets each of 6 inter- 
leaving semicircular metallic sectors whose radii are 6 cm, with an air space 
of 2 mm between them. Ans. 0.275 millimicrofarad. 

8. Calculate the capacitance of a condenser made of 2 sets each of 150 tin 
foil sheets measuring 20 X 30 cm and separated by layers of mica 0.1 mm 
thick, and whose dielectric constant is 6. Ans. 9.53 microfarads. 

9 . What is the capacitance of 6 condensers each of 0.2 microfarads ca- 
pacitance when connected in parallel? In series? Ans. 1.2 m.f.; 0.033+ m.f. 

10. "^ree condensers, each of 0.2 microfarad capacitance, are raised to a 
potential of 1 10 volts. Wliat charges do they receive when connected in series 
and in parallel? Ans. 7.33 X 10“^ coulomb; 66 X 10”® coulomb. 
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696. The solenoid. This is a helically wound coil of wire through 
which a current may be passed, thus producing a magnetic field of 
force which interlinks with the current. A solenoid is shown in 
Fig. 98, whore the dotted lines represent the field. The general effect 
is the same as in the case of a single turn, but the magnitude of the 
field and its distribution are quite different, so that a new equation must 
be derived to meet the altered condi- 
tions. 

In order to solve this problem, wo 
apply Laplace^s formula, and with the 
aid of the calculus find that the field 
at the center of a solenoid is given 
very nearly by 

47rnjr^ 






H 


> 4r= 


/ / , 

^ 'I-'''/ 




where I is the length of the solenoid, r is 
its radius, n is the number of turns per Pig. 9 ^. 

unit length, and I is given in e.m.u. 

There are two important special cases to which equation (1) may 
be applied, and which reduce it to a simpler form. If the solenoid is 
very long compared to its radius — that is, I ^ r — then may be 

neglected compared to P, and H becomes 47rn7. If / is measured in 
amperes, 

H = 0.47rn/, 


or H ^ OAirNI/l, (2) 

where N is the total number of turns. If I is ten times the diameter 
of the solenoid, this equation is only about 0.5 per cent in error at the 
center. At the ends of a long solenoid, U is one half of its value at 
the center, as there is a continuous sidewdse leakage of lines that never 
reach the ends. 
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The other case is when 1. Then H becomes 27rn/Z/r, or 

2TrNI 


H 


lOr 


( 3 ) 


when / is in amperes. This is th(' field at the center of a narrow coil 
such as is used with moving-needle galvanometers. When W = 1, 
we recover the familiar equation for H at the center of a single turn. 

696. Magnetic flux in a field of force. If an iron core is introduced 
into a solenoid through which a current is flowing, the magnetic 
field induces poles at the ends of the core corresponding to those of the 
solenoid itself. This effect is accompanied by an increase of the field 
within the iron. In order to study the changed conditions, let us 
suppose that the core is cut across at its center, and the two halves 
separated just enough to permit a miniature magnetized needle to 

be swung in the ^ ^crevasse” 
between them as in Fig. 99. 
If the crevasse is very narrow, 
it does not appreciably alter 
the field, and the needle is 
acted upon by the resultant 
magnetic force at the center 
of the solenoid as if the iron 


£ 




Fig. 99, 


were not cut in two. This resultant is the net effect of three 
fields of force. These are: the original field Ho before the iron 
was introduced; the field caused by the poles on either side of the 
crevasse which appear when the core is divided, as explained in Arti- 
cle 562; and the demagnetizing field Hd caused by the free poles at 
the ends of the core. Calling the total effect S. we have 

B^Ho-Ho + H^ ( 1 ) 

But H ^ equals 47re9, where is the intensity of magnetization of the 
core, as was proved in Article 563, equation (3); and we may set 
Ho -- Hd - H where H is the net field within the iron. Then 


B ^ H + 4x^9. 


( 2 ) 


With a long slender solenoid and core, the demagnetizing field Hd be- 
comes so small that the original and internal fields are sensibly equal, 
and H = But with short thick bars, as stated in Article 564, H 
is very much weaker than Ho and can be calculated only approxi- 
mately. These bars make poor permanent magnets, because when the 
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magnetizing field ffo is withdrawn, H — — Hj), and B = iir^ — 
where Hd is much greater than in long slender bars. 

No matter how short the solenoid, the resultant B is always in the 
same direction as Hy and therefore the lines representing it are directed 
from S to N inside the iron, and from N to aS outside, forming con- 
tinuous loops, like those shown in Fig. 98, instead of starting at a 
north pole and ending at a south pole. The lines representing B 
were called by Faraday lines of induction, and, taken altogether, the 
magnetic flux, represented by 0. Thus B measures the flux density, 
or lines of induction per cm^. Its unit is tlie gauss, f or one line per 
cm^. The total flux <t> is measured in maxwells ;t one line of induc- 
tion is one maxwell. This flux is purely imaginary, for nothing flows, 
and a field of induction has not the same reality as a field of force. 
However, the idea of a continuous flux is extremely useful in certain 
practical problems concerned with magnets and with electromagnetic 
induction. In fact, Faraday devised the notion of flux in order to 
formulate the phenomena of induced currents, considered in the next 
chapter. 

697. Permeability and susceptibility. In order to calculate his 
imaginary flux in a simple manner, Faraday regarded it as a sort of 
consequence of the field of force in which the iron was placed, some- 
what as strain may be regarded as the result of stress. This means 
that B varies as i/, as is evident from equation (2) of the last article. 
Thus Ave may write 

B = mH, (1) 

where m is a constant of proportionality. This constant is known as 
the permeability of the iron, and it is much used by engineers in de- 
signing electrical machinery. Its value in a vacuum is arbitrarily 
taken as unity, so that B = H in a vacuum, and m^arly so in air. 

To obtain a relation between permeability and magnetic intensity, 
we may divide eqxiation (2) of the last article by H, giving 



4^9 
H * 


( 2 ) 


The ratio A/H is known as the susceptibility of the iron, and is indi- 
cated by the Greek letter k (kappa). So (2) becomes 

M - 1 + 47ric. (3) 

t Named for Karl F. Gauss (1777-1856), a celebrated German mathematician. 
t Named for James Clerk Maxwell (1831-1879), a celebrated Scottish mathe- 
matical physicist. 
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As permeability is unity in a vacuum, the susceptibility there is zero. 
With diamagnetic bodies whose permeability is less than unity, k is 
slightly negative. With ferro- and paramagnetic bodies it is more or 
less positive. 

The susceptibilities of paramagnetic bodies at 18° C range from the 
very high figure of 22 X 10"*® for the rare element erbium, 15 X 10”*® 
for cerium, and 9.9 X lO"*® for manganese, down to such low values 
as 0.025 X lO"*® for tin. Liquid oxygen at —219° C has a suscepti- 
bility of 310 X 10~®. 

The most strongly diamagnetic clement is bismuth, whose suscep- 
tibility at 18° C is —1.35 X 10"*®. Next comes antimony with a 
value of —0.87 X lO-®. Pure copper is feebly diamagnetic with 
^ = 0.086 X 10- «. 

Both the susceptibility and permeability of ferromagnetic bodies 
vary with the flux density and consequently with the field intensity. 
But they each have a maximum value. The values of maximum 
susceptibility range from 1200 for annealed cast steel down to 24 for 
nickel and 14 for cobalt. 

698. Electromagnets. A solenoid without an iron core behaves 
like a magnet. This may be demonstrated by the attractions and 

repulsions between two helical coils 
carrying currents, or between a bar 
magnet and a pivoted solenoid, as shown 
in Fig. 100. Here the contacts to the 
coil are made through mercury cups, 
and the solenoid is thus free to rotate 
about a vertical axis passing through its 
center. When a current is sent through 
the coil, it tends to point north and 
south, like a magnetized needle, and one of the poles of a bar magnet 
repels one end and attracts the other. 

In general, electromagnets have iron cores. This makes them 
much stronger, because the high permeability of the iron produces a 
flux density numerically much greater than the intensity of the mag- 
netizing field. This flux issuing from the poles of the magnet may be 
regarded as the external field of force, because in air R == H ; so the 
magnetic force on another magnet or on the induced poles in unmag- 
netized iron is greatly increased. 

The magnetizing field i/, as we have seen, is weakened by the 
demagnetizing effect of the poles of the iron core of a straight solenoid, 
so that equation (2) of Article 695 applies approximately only to a 
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long solenoid. But this (equation is much mon; exact when the coil 
is wound in the form of an anchor ring, or toroid, as shown in Fig. 101. 
Then if the mean circumferenc(‘ /, (ttZ)), 
is large compared to the section area A , 
the formula applies, for there are no free 
poles to be considered. Then having 
found H, we may calculate B if the 
permeability is known. 

Fortunately most practical problems 
in electromagnetism are similar in prin- 
ciple to that of the anchor ring. In the 
case of the horseshoe magnet and arma- 
ture, shown in Fig. 102, if the air gaps between the poles and the bar 
are short, the condition is near enough to that of the closed ring to 

permit us to use the same formula in 
calculating H, and consequently B. 

699. Tractive force of a magnet. The 
force with which an electromagnet holds 
an armature is commonly called its ‘‘lift- 
ing power.’’ It would be more logical 
to call it holding powers for a magnet 
may hold a very large weight which it 
could not lift through one millimeter. 
In the ideal case where the armature 
makes perfect contact with the magnet 
so that there is no leakage flux between the poles, the theory shows 
that the force required to pull the armature away from the magnet 
is given approximately by 




F = 


B^A 

Stt ’ 


( 1 ) 


whore B is the flux density, and A is the total area of contact between 
the two poles and the armature. As B equals the total flux divided 
by the area, A/2, of each pole, B = 2(t>/A, and we may transform (1) 
to read 



( 2 ) 


This means that for the same total flux, the tractive force is greatest 
when the area is least, a conclusion of considerable practical impor- 
tance in engineering. 
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The tractive force of a magnet is used commercially for holding 
large castings or armor plate, as shown in Fig. 103. The magnet is 
^ circular in form, like an inverted 

saucer. There is a resultant south 
pole at the center, on which the coil 

WmpjillB is wound, and a continuous ring of 

^ “\ north polarity at its edge. This is 

lowered by a hoisting crane over 
the object to be lifted; then when 
the contact has been made at a convenient point, the current is 
turned on, and the metal is held, by magnetic attraction. The crane 
then lifts the object and lowers it again at the place desired, when 
the circuit is broken, and the iron released. In this case the crane 
does all the lifting, the magnet acting only as a means of attachment. 

700, Applications of the electromagnet. Unlike the permanent 
magnet, the electromagnet may be magnetized and demagnetized at 
will. This property is made use of p_ 

in numerous applications. Of these ^ ^ 

the telegraph sounder and electric ^ ^ (2, 

bell are among the most important. m-'M 

The electric telegraph was really ^ 
invented by the American physicist P 
Joseph Henry in 1831, but made C .[, 1 ^ j 

practicable by Morse in 1837. It 
consists essentially of an armature A 

(Fig. 104) pivoted at P. It is attracted by the electromagnet M when 
the key K closes the circuit. A spring S holds the armature away from 
the magnet on open circuit, and as the operator at the sending station 
manipulates the key, the armature at the receiving end is succes- 
sively pulled down by the magnet or up by the spring, making a 


Fig. 104. 



Fig. 106. 


sharp click in each case on the metal arms at B. 
The interval between the down and up strokes 
may be varied, thus forming what are known as 
^‘dots"' for short intervals, and ‘‘dashes” for long 
ones. Combinations of these form the letters 
of the alphabet. 

The electric bell operates by causing the ar- 
mature of an electromagnet to vibrate auto- 


matically. The armature opens its own circuit 
when attracted to the magnet, and closes it again when pulled back 
by a spring. The essential parts are shown in Fig. 106, where the 
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armature is pivoted at F, and a spring S holds it away from the magnet 
until the button B is pressed. This results in pulling it toward the 
magnet, thus separating 
the flexible strip C from the 
point P, and so opening taooo 
the circuit. The armature 
is then pulled back by 
S, closes the circuit once 
more, and the process is 
repeated. This causes the 
clapper to strike the bell sooo 
periodically, as long as 
the button is held down. 

701. Magnetization 
curves. Permeability bears 
a relation to magnetic flux 
density similar to that Fig. loe. 

which conductivity bears 

to current density (equation (2), Article 628). But conductivity, as 
we have seen, is wholly independent of the current, and is a constant 
at constant temperature. Penneability, however, depends upon 
^ the flux density according to 

3000 unknown function of B. This 

relation can be expressed only 

2300 % graphically, and is usually given 

' indirectly, with B plotted against 

Hj as shown in the accompanying 
diagram (Fig. 106) for various sorts 
of iron. But since m = B///, we 
may also plot curves wdth ^ as a 
function of either B or //, by using 
the ratios obtained from the B-H 
curve. Such curves for soft an- 
nealed and wrought iron, giving m 
as a function of B, are shown in 
Fig. 107, where m is seen to increase 
B for small values of B to a maximum, 
and then decrease as the flux 
density increases. At 20,000 gauss 
the permeability of even the best iron is so small that it does not pay 
to attempt to force the magnet to a higher degree of saturation. In 


li^» 

nmi 
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Fig. 107. 
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commercial machines it is rarely forced much beyond the knee of the 
B-H curves shown above. Thus 14,000 gauss would be the practical 
limit for soft annealed iron, whose knee, or point of maximum curva- 
ture, is reached when H is about 20 oersteds. 

The particular “permalloy’^ mentioned in Article 566 has a maxi- 
mum permeability of 105,000, with a flux density of 5000 gauss. 
This calls for a field of only 0.05 oersted, and a bar of this material 
may be magnetized to saturation by holding it in line with the earth's 
field with an intensity of, say, 0.5 oersted. In contrast to permalloy 
we may cit(^ ordinary wrought iron. Its maximum permeability 
rarely exceeds 2000, and it requires a field of 2.5 oersteds to develop a 
flux density of 5000 gauss, and about 50 oersteds to saturate it. 

As the permeability of permalloy falls rapidly when B exceeds 5000 
gauss, it cannot be used when a large flux density is needed. In 
order to meet this requirement, another alloy, ^‘permendur," (half 
iron, half cobalt) has been developed. It has a high permeability 
which endures into the region of flux densities between 12,000 and 
23,000 gauss, and does not reach its maximum permeability of 8000 
until B reaches 12,000 gauss. 

702. Hysteresis. If a copper wire is clamped at one end, and 
held vertically, a force F applied horizontally, as shown in Fig. 108 (a), 
will bend it through a certain distance x. As copper is not highly 

elastic, it is easy to exceed the elastic limit 
r-^1 of bending. Then if bent beyond the 
F" A elastic limit, when F is removed, the wire 
\ does not return to its original position, 

\ but the free end is still displaced a dis- 

\ tance x', as shown in (6). To straighten 
it, a smaller force F' must be applied in 
the opposite direction, and the wire may 
be held erect under its action. But if 
the force F' is increased to a particular 
Fig. 108, value F", the wire is bent to the right, 

and if now released, will spring back into 
its original vertical position. Thus we see that a certain succession of 
deviations x corresponds to a certain set of values of F on the outward 
swing, while a different set corresponds to diminishing F, and in- 
creasing F' on the return. This is because the wire is not perfectly 
elastic within the range of motion considered. As a result it becomes 
heated when bent vigorously back and forth, because work is done on 
it in each outward swing, which is not recovered on the return. The 
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difference, taken over a complete cycle, is the energy consumed in the 
process, and this appears as heat. 

An electromagnet subjected to a varying field H behaves in the 
manner just described. This behavior may be roughly explained by 
the lack of freedom of the small dipoles within the iron, as was indi- 
cated in Article 565. It amounts to imperfect magnetic elasticity, 
and is called hysteresis, from a Greek word meaning to lag behind. 
Let a sample of unmagnetized iron be subjected to an increasing field, 
and let the result be plotted on the B-H diagram, as in Fig. 109. The 
curve will start at 0 and go to a, like 
the curves of Fig. 106. But now if 11 is 
diminished, the induction B follows a 
new curve, and when II is zero, there 
is a residual flux density Ob called 
remanence. The ability of the iron to 
retain magnetism is called retentivity. 

Tliis makes it possible to produce 
permanent magnets by raising B 
to a high value and so obtaining a 
correspondingly large residual mag- 
netism when the magnetizing field is 
removed. The next portion of the 
curve, from 6 to c, is obtained by reversing thus reducing B to zero 
at c, and the magnet may be kept in tliis state under the action of 
H = Oc. This value of /f is called the coercive force. If H is now 
further increased in this reverse sense, a point d, symmetrical with a, 
may be reached with —R as large as +B, A return to a is effected 
by carrying H back to 0, reversing it once more, and building it back 
to its original maximum value while the curve follows the route defa. 
The cycle of changes is now complete, and may be repeated as often 
as desired, with B following the same sequence of values, provided H 
varies between the same limits. 

It will be seen that the curve never passes through the origin after 
the start, which means that the iron has not been demagnetized. 
There must, however, be some point P where, if H were reduced to 
zero, B would follow the dotted curve to 0, and the magnetism would 
vanish. As P is hard to find, it is easier to demagnetize the iron by 
causing H to vary less and less from zero, as it goes through successive 
cycles, until the loop collapses on the origin. This is easily effected 
by gradually withdrawing a piece of iron from an alternating magnetic 
field to which it has been subjected. 


B 



Fig. 109. 
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The area of the hysteresis loop may be proved to be proportional 
to the work done in carrying the iron through the cycle. It appears as 
heat, which means wasted energy, and may be very great if the fre- 
quency of the cycles is high and the field strong. Hard iron and steel 
have greater hysteresis losses than soft iron, as shown by the greater 
width of their loops when plotted between the same maximum values 
of field strength. Therefore, the core of an electromagnetic machine 
which carries an alternating or variable flux is made of a grade of iron 
having as narrow a hysteresis loop as possible. To illustrate the mag- 
nitude of the lost energy due to hysteresis, we may take ordinary 
wrought iron, which consumes about 16,000 ergs per cm^ per cycle 
when the magnetization is carried to saturation. 

In addition to the alloys mentioned in Article 701, the Bell Tele- 
phone Laboratories have developed another called “porminvar” made 
of 45 per cent nickel, 25 per cent cobalt, and 30 per cent iron. If 
perminvar is “baked’' in the process of manufacture, it acquires the 
remarkable property of having practically no hysteresis. The B-H 
curve, if not forced beyond 800 gauss, retraces its path with decreas- 
ing field, so as to enclose no area when the material is put through 
such a cycle. If H varies within the limits of +2.6 and —2.6 
oersteds, there is no hysteresis and no lost energy. 

In contrast to perminvar, an alloy known as “alnico” has been pro- 
duced by the General Electric Company. This alloy, as its name 
suggests, is made of aluminum, nickel, and cobalt, alloyed with iron 
as the main constituent. Its hysteresis curve shows an unusually 
high remanence, which adapts it admirably for use in making perma- 
nent magnets. In fact, magnets made of this substance are said to be 
capable of holding sixty times their own weight. 

703. Magnetomotive force. In designing electrical machinery, 
engineers have to calculate the magnetic flux produced by the field of 
force developed within a solenoid. This calculation is greatly simpli- 
fied by the use of a quantity known as magnetomotive force (m.m.f.). 
It is analogous to electromotive force, and is not a force, but measures 
difference of magnetic potential. It is therefore found in terms of 
work per unit pole, just as electromotive force is measured in terms 
of work per unit quantity. Let us apply this principle to the simplest 
case, that of a solenoid wound in a closed ring, as specified in Article 
698. We may imagine that a pole of strength m is carried once 
around the axis of the ring and against the field H set up by a 
current in the solenoid. The force on this pole is jfiTm, and if I is 
the length of the path (mean circumference), the work done is Hmh 
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Substituting the value of H given by equation (2), Article 695, we 


obtain 


W = 0.47rAr/m. 


Then as the m.in.f. is W /m^ by definition 

m.m.f. = 0.47riV'/, ( 1 ) 

where I is the current in amperes. 

This definition may be regarded as the difference in magnetic level 
created by NI ampere turns. Its e.m.u. is the gilbert, named for 
William Gilbert (Article 555), and one ampere turn creates a m.m.f. of 
47r/10 gilbert. The same formula may also be used to calculate ap- 
proximately the m.m.f. produced by a long slender solenoid, or by a 
solenoid wound on a straight iron core that forms part of any continu- 
ous, or nearly continuous, iron path, as explained in the next article. 

704 . The magnetic circuit. As was noted in Article 701, B corre- 
sponds to current density in awire carrying a current, and permeability 
corresponds to conductivity. Following out tliis analogy with the 
aid of equation (2) of Article 628 (that is, //A = k(dV/dl)y we see 
that current density equals the product of conductivity and potential 
gradient. In magnetism this gradient is the field strength Hy just as 
in electrostatics, field strength equals the space rate of change 
of potential (equation 2, Article 588). Thus the relation B = 
is an exact analogue of the flow of electricity along a conductor. 

If we compare equation (1) of Article 703 with (2) of Article 695 
(that is, m.m.f. = 0.47riV/, and H = 0.47rA'//0, it is evident that 

m.m.f. = HI ( 1 ) 

This is also true for an electric circuit, in which the potential difference 
between two points may be found by multiplying the potential 
gradient by the distance between them. 

In order to calculate the total flux 0, we multiply its density, R, 
by the section area. A, so that 

<t, = BA^ nHA. ( 2 ) 

But H = QAttNI/I] hence 

« = ^irNluA/m. ( 3 ) 

In this expression, 47rW//10 = m.m.f., and denoting m.m.f. by the 
letter G. . ^ 

4 > = — ’ 


or 


= G _ (? 
l/yiA Z' 


( 4 ) 
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As is the magnetic equivalent of current, and m.mi . is the equiva- 
lent of e.m.f., the quantity ^//uA, represented by Z, must be the mag- 
netic equivalent of resistance. It is known as the reluctance of the 
magnetic circuit, and when /u is known, it may be calculated from the 
dimensions of the iron path, just as the resistance of a conductor fol- 
lows from R = the resistivity p and dimensions of the wire are 

known. In fact w^e may make the two expressions identical in form 
by writing Z = al/Ay where o- equals 1/p and is known as the re- 
luctivity of the material. It is now clear that equation (4), </> = G/Z, 
is the magnetic analogue of Ohm’s law, I = E/R. 

The definitions of the various magnetic and equivalent electrical 
quantities we have been discussing may be summarized as follows: 



Electric 

Magnetic 

Sjxjcific 

Resistivity = p 

Reluctivity - a 

Conductivity — 1/p = A; 

Permeability = 1/tr = p 

General 

Resistance = R — pi /A 

Reluctance — Z — al/A 

Conductance = l/R ^ kA /I 

Permeance = 1/Z = pA 11 


= 7 = 


706. Magnetic-circuit problems. In general, the magnetic circuit 
has a cross section which varies along the path of the flux, and it is 
often composed of two or more substances; therefore we cannot cal- 
culate the flux by a simple substitxition in the formula. In practice 
such problems usually specify the amount of flux that is to be de- 
veloped in a given circuit, and it is desired to find the value of NI, or 
the ^^ampere turns” required to produce it. Then with NI known, 
the choice of either variable, N for instance, may be made to suit 
other imposed conditions. These are the available voltage, dimen- 
sions of the magnet, allowable heating, and so 
forth. As an illustration, suppose the required 
NI is found to be 12,000 ampere turns. 
Then I may be 6 amperes with 2000 turns, 
or 20 amperes with 600 turns, or any com- 
bination which gives the necessary total. 

To find NI with an assumed <^, the values 
of A and I are estimated for the various, ma- 
terials of the circuit. In Fig. 110 the magnet 
is supposed to be made of wrought iron hav- 
The armature is of soft annealed iron for which 
The air gaps, whose perme- 


1 


t-r 


— U 

Fig. 110. 
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ing a mean length k 
the mean length of path of the flux is h. 
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ability is unity, have a total length of 2k, The various cross sections 
Aij A 2 , and As arc estimated, and the corresponding values of B 
obtained. Thus (in the magnet core) Bi = </)/Ai, similarly B 2 — 
0 /A 2 , and Bz = <^/A 3 . We must then find jui and /xs from the B-H 
curves of the two kinds of iron by determining the values of H which 
correspond to the appropriate value of B. Then /xj = Ri//7i, and 
fjLz = Bz/Hz. Finally, remembering that ^2 = 1, we find that equation 
(4) of Article 704 becomes 


0.4tW/ 

Jl. + A + * 

niAi A2 /X3A3 


( 1 ) 


This gives NI in terms of known quantities. The reverse problem of 
finding 4), when NI is given, is much more difficult, and in some cases 
can be worked only by the method of “trial and error. We assume a 
value of 0 , and find and /X 3 as before. These values are substituted 
in equation ( 1 ), from which NI is calculated. This result must be 
made to agree with the actual value by altering the assumed flux. 

706 . The Barnett experiment. Through the evidence of spec- 
troscopy, it has been found that the electron, rather than the atom, is 
the ultimate magnet or dipole. Electrons, in addition to “orbitar^ 
motion about the nucleus of an atom, have a spin like that of a 
“curved^' baseball set spinning by the pitcher. This has two effects. 
One is purely electromagnetic, producing a magnetic field along the 
axis of spin, due to the rotating charge, somewhat as 
in Rowland's experiment (Article 620). The other 
effect is a gyroscopic action, like that described in 
Article 113. 

An experiment performed by Bamettf in 1914 giv(^s 
striking evidence of the gyroscopic action. He pro- 
duced this effect by abruptly magnetizing an iron 
cylinder suspended vertically, as shown in Fig. Ill, 
where the field B is directed vertically downward. 

This causes a twist in the axes of the electron “gyro- 
scopes^^ which tends to make them more nearly 
parallel with the field. But this twist involves a 
rotation about an axis normal to their axes of spin. The resultant of 
the two rotations is a rotation about a third axis, like P in Fig. 79 of 
Article 113. This experiment proves that the process of magnetizing 
a bar of iron consists in bringing the axes of electron spin into partial 
alignment with the field. 



Fig. 111. 


t S. J. Barnett, Physical Review , 1915, Vol. 6, pp. 171, 239. 
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The fact that some metals are ferromagnetic and others arc not is 
explained as follows: According to evidence obtained with the spectro- 
scope, the atoms of nonmagnetic substances have as many electrons 
spinning in one sense as in the other sense. Thus they are mag- 
netically neutral. But in an iron atom there is an excess of four 
electrons spinning one ’way over those spinning the other. In cobalt 
there is an excess of three, and in nickel, one. 

707. The Barkhausen noises. The theory of magnetization out- 
lined above further postulates '‘domains^’ within which all the atoms 
of a ferromagnetic element like iron act upon each other so as to line 
up with the axes of their spinning electrons parallel to each other. 
These domains are suppose^d to be always magnetically saturated, 
but in the absence of an external field the axial directions of the various 
groups are oriented wholly at random, so they neutralize each other 
in the metal as a whole. In an experiment due to Barkhausen, the 
existence of these domains may be proved by very gradually applying 
a magnetic field to a sample of iron. This is surrounded by a coil in 
which currents are induced by any change in the magnetic flux, as is 
explained in the next chapter. The coil is connected to an amplifier 
and so to a telephone receiver. While the field is increasing, a suc- 
cession of clicks is heard, each click corresponding to a turnover of one 
of the domains. Thus the B-H curve, if sufficiently magnified, 
would not appear smooth, as in Fig. 106, but like an irregular flight 
of stairs. Each of the steps would indicate the alignment of a single 
domain. Careful measurements of the curve and the frequency of 
the clicks show that the domains which account for them must con- 
tain something like 10^® atoms and occupy a volume equivalent to a 
cube having an edge of about 0.025 mm. 
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PROBLEMS 

1. Calculate the exact value of the field at the center of a solenoid of 200 
turns, whose length of 20 cm is not great compared to its radius of 5 cm, when 
a current of 4 amperes flows through it. Also find //, assuming r negligible 
compared to Ans, 44.94 oersteds; 50.24 oersteds. 
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2. A ring of soft annealed iron is wound with 400 turns of wire. The ring^s 
mean radius is 18 cm, and that of its section 1.5 cm. Using the curve of Fig. 
106, calculate the current required to send 113,000 maxwells through the core. 
Am. 11.2 amperes. 

3 . If the ring in Problem 2 is broken with an air gap of 2 imn width, calcu- 
late the current required to produce the same flux.^ Am. 17.6 amperes. 

4 . An electromagnet and the armature that bridges its poles are made of 
annealed steel and have an average section of 4 cm^ and an average length of 
magnetic path of 24 cm. The magnet is wound with 172 turns through which 
flows a current of 3 amperes. Calculate the flux and lifting power of the two 
poles. Am. 72,000 maxwells; 103.2 megadynes. 

*6. It is desired to send 400,000 lines of induction through the armature of 
a generator specified as follows: The field core of cast iron has an average 
section of 64 cm* and length of 90 cm. The path of the flux through the arma- 
ture of soft annealed iron is 35 cm long, and has an average section of 25 cm ’. 
The air gaps between pole pieces and armature have an effective section of 80 
cm*, and are each 3 mm across. Using Fig. 106, calculate the ampere turns 
required. Am. 5950 ampere turns. 
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Induced Currents 


\y 


Fig. 112. 


708. Induced electromotive force. By far the most important 
method of producing an e.m.f. is electromagnetic. Without the in- 
tervention of chemical, thermal, or radiant energy, we may transform 
mechanical into electrical energy at almost any desired voltage. 
This important fact was discovered by Faraday in 1831. The trans- 
formation consists essentially of relative motion between a magnet 
and a conductor, resulting in a current through the conductor. The 

discovery was as epoch-making as Oersted^s 
discovery eleven years earlier. Oersted found 
that an electric current could move a magnet. 
Faraday discovered that a moving magnet could 
produce an electric current. One effect is the 
inverse of the other, but both are fundamental 
facts in the theory of electromagnetism, and 
) had to be discovered independently. 

Let a metal rod be moved at right angles to 
its axis across the pole of a magnet, so that it cuts 
the flux emanating from the pole. Then the potential of one end is 
higher than that of the other, as long as the rod is moving. Thus in 
Fig. 112, if the conductor moves perpendicularly to the plane of the 
paper and toward the observer, the potential of the right-hand end is 
higher than that of the left-hand end. If the ends are connected by 
a wire, indicated by the dotted line, a current will flow from low to 
high potential through the rod, and from high to 
low in the wire. Therefore the moving ^^inductor^' 
is the seat of an electromotive force directed from 
left to right. 

709. Lenz’s law. Let the operation just described 
be viewed along the axis of the rod, whose section 
is shown by the central circle in Fig. 113. Then 
the current, when the circuit is completed, is flowing 
away from the observer. The lines of force which sur- 
round it are directed as shown by the dotted arrows, and the direction 
of motion is shown by the solid arrow. The direction of the lines of 
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force is the one in which a north pole would move in the field that the 
lines represent. It is then evident from the diagram that the north 
pole of the inducing magnet is urged to the right, and thus tends to 
keep up with the moving rod. If it is prevented from moving, this 
force acts as a drag on the rod and must be overcome while it is in 
motion. Thus work must be done upon the moving rod equal to the 
product of the magnetic drag times the distance moved. 

The current obtained by the above process is produced at the ex- 
pense of mechanical energy. The current represents energy, and we 
find that it cannot be induced without the expenditure of an equiva- 
lent amount of work elsewhere. This sounds very much like the law 
of the conservation of energy. Further, we may affirm that the 
direction of the induced current must he such as to create a field opposing 
the relative motion that caused it. This is Lenz^s law, which is really 
a statement of Newton’s law of action and reaction extended to cover 
electromagnetic forces. It should be noted that on open circuit, as 
no current flows, no appreciable amount of work is done in creating 
merely a difference of potential. 

710. Direction of the induced current. This can always be ob- 
tained from the known direction of the flux surrounding the current, 
combined with Lenz’s law. But it is more convenient to use the 
^*right-hand rule” as follows: Extend the thumb, index, 
and middle fingers so as to approach mutually perpen- 
dicular directions, as showm in Fig. 114. Then if the 
thumb represents the direction of the motion of the 
inductor, and the index finger the direction of the flux, 
the middle finger points in the direction of the current. 

It is easy to remember this rule by recalling the fact 
that the most mobile finger, the thumb, stands for 
motion. This is one of the two causes of the induction. 

The index finger stands for the second cause, or flux, while the third 
represents the direction of the effect, or current. We may, how- 
ever, choose any finger to represent motion, provided we follow the 
same order: motion, flux, current, in the same sequence of the fingers- 

711. Essential conditions of induction. To induce a current in a 
conductor there must be relative motion between magnet and con- 
ductor. But Faraday saw that because of this relative motion, the 
magnetic flux was cut by the conductor. In fact he created tjie fic- 
tion of a magnetic flux in order to form a useful picture of the process 
of inducing a current. We may then say that an e.m.f. is induced 
whenever a conductor moves across a magnetic flux, or whenever a 
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magnetic flux moves across a conductor. It makes no difference 
which moves, provided the flux is cut, and we may generalize by say- 
ing that an indnced e.m.f, is caused by a cutting of the flux. This may 
be due to relative motion between a magnet and a conductor, but it is 
also possible to cut the flux when there is no motion, as will be ex- 
plained. Then flux may be defined as the condition of space in and 
around a magnet which gives rise to an induced e,m,f. in a conductor 
when relative motion of flux and conductor results in cutting the flux. 
We must now qualify the right-hand rule for finding the relative di- 
rections of motion, flux, and current. The thumb points in the direction 
of the relative motion of the conductor (or inductor, as it may be called). 
Therefore if the magnet in Fig. 113 is moved instead of the inductor, 
the thumb points in a direction opposite to the motion of the magnet. 

If a bar magnet is moved along the axis of a coil of wire, as shown 
in Fig. 115, the flux from the north pole cuts the turns of the coil, 

and an e.m.f. is induced. Ac- 
cording to Lenz's law, this tends 
to send a current around the 
coil in such a direction as to 
create a field in opposition 
to the motion of the pole. In 
this case it is clockwise when 
viewed from the left face of the coil, looking toward the advancing 
magnet, in accordance with the usual right-handed screw rule. 
Further, the more rapidly the magnet is moved, the greater the in- 
duced e.m.f. and the larger 
the resulting current. 

If a coil A carrying a cur- 
rent is substituted for the 
magnet, as in Fig. 116, the 
same effect is produced. 

When its current flows so as 
to create north polarity on 
the face which is approaching 
coil J5, then motion of A toward B induces a current in B which flows 
as in the preceding case. In both the case of moving magnet and 
moving coil, a reversal either of polarity or direction of motion 
reverses the direction of the induced current. 

The energy of the induced current, in the case illustrated by Fig. 115, 
is created wholly at the expense of the mechanical work needed to 
push the m£^et into the coil or to pull it out again. It is not de- 
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rived from the magnet. But in the case shown in Fig. 1 16, the energy is 
supplied in part by mechanical work, and in part by the current in coil 
A. This is because the flux produced by the current in B reacts Upon 
A, and in overcoming this reaction the current in A supplies energy, 

712, Induction without motion. This case cannot be said to be 
in quite the same class as the sources of e.m.f . we have just been dis- 
cussing, where one form of energy, that is, mechanical, was used at 
least in part to create another form, that is, electrical energy. In 
order to induce currents without motion and with no expenditure of 
mechanical energy, there can be a transfer only of electrical energy 
from one coil to another. 

If a current is started in coil A, Fig. 116, and if the coil is kept at 
rest, a current is induced in B exactly as if A were moved toward it. 
The flux sent out from A, when its circuit is first closed, cuts the coil 
B in the same manner as when a steady current was flowing in A as 
it moved toward B. But here the rate of increase of the current in A 
determines the magnitude of the induced e.m.f. None of the energy 
of the induced current is now derived from mechanical work, but 
wholly from electrical energy consumed in A (the 'primary coil) while 
the current is being established. This exceeds the amount when no 
current is induced in B (open circuited secondary) by the exact value 
of the energy developed in the secondary on closed circuit. Thus it 
appears that the law of the conservation of energy may be extended to 
include electromagnetic phenomena. 

As soon as the current in the primary has been established at its 
normal value determined by Ohm^s law, no more change in the flux 
occurs, and the transfer of energy to the secondary ceases. But now 
if the current is broken, the flux through the primary collapses and 
produces the same effect on the secondary as when the coils were 
separated with a steady current flowing in one of them. 

In all cases of induced currents, one fundamental principle is the 
cause of the induction, and that is the cutting of a magnetic flux by 
the inductor. As the rate of cutting determines the magnitude of the 
induced e.m.f., we may state the laws of induction thus: Indmed 
electromotive force varies directly as the time rate of cutting of the mag- 
netic flux, and tends to cause a current to flow in a direction which would 
set up a flux in opposition to the motion, or change of flux, which caused it, 

713. Magnitude of the induced e.m.f« We shall now derive rela- 
tions enabling us to calculate the value of the e.m.f. as determined by 
the rate at which an inductor cuts magnetic flux. 

As was proved in Article 618, the field ff at a point r centimeters 
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from a long wire carrying a current is given by H = 2//r. Therefore 
in Fig. 117 the force F on a pole m at the point p is 2Imlr. Now sup- 
pose the pole to be carried at a 
constant rate once around the wire 
in opposition to H, and in a circle 
of radius r, or suppose that the wire 
is carried once around the pole at 
the same distance, in a path shown 
by the dotted line. Then in both 
cases, which are really the same, 
every line of force emanating 
The work done is 27rrF, or substituting 


£ 

r 








Fig. 117. 


from the pole is cut once, 
for F, we have 


W = 27rr X 
= 4:TrIni. 


2Im 

r 


( 1 ) 


But this action causes an equal amount of work to be done in the wire, 
which appears as the electrical energy — FQ, where Q is the quantity 
of electricity which passed through the wire during the time t of the 
action, and — F is an induced e.m.f . This e.m.f . is so directed as to 
oppose the motion which produced it, as indicated by the minus sign. 
But as the motion was supposed to be against the field, the e.m.f. 
favors the current already flowing, as indicated in the diagram. 

We may now calculate F by setting the mechanical work done equal 
to the electrical energy produced. Then 


But 


and 


— EQ = Mm, 
Q^It 

Elt = — 47rJm, 

p — — 


( 2 ) 


Since 4iirm is the flux 4> emanating from the pole m, we may write 
F = — 4t/U Therefore if the rate at which the flux is cut is constant, 
the induced e.m.f. is equal to the total flux divided by the time it takes 
to cut it. If the rate varies, we must set F equal to — which is 
the instantaneous value of the e.m.f . whether the flux or the velocity 
or both are constant or not. 

In the preceding discussion we have supposed that a current was 
already flowing in the wire. But as this current appears on both sides 
of the equation of energies, it cancels out, and the final result is inde- 
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pendent of its value. Therefore equation (2) applies even when no 
current is flowing. Thus an e.m.f. is induced even when the wire is 
not part of a closed circuit. If it is part of a closed circuit, an induced 
current is set up in that direction which opposes the relative motion 
of the pole and the wire. 

Since neither r nor m enters specifically into the basic expression 
E = — d<i>/dty we may infer that when the flux which passes through a 
coil of N turns is varied by any method, we may write 

E - Nd<l>/dL (3) 


Experiment shows that this inference is correct both when the coil 
moves with respect to the flux, and when the coil itself remains sta- 
tionary and the change in flux is due solely to an alteration in the 
strength of the magnetic field. 

Now suppose the flux through a coil of N turns increases from an 
initial value </>i, to a final value <t> 2 ; then if the rate is uniform 


E = - 


iV(<^ — </>i) 
t 


(4) 


As this gives E in c.m.u., we must divide by 10® to reduce it to volts, ' 
as explained in Article 626. Then the general expression, which ap- 
plies either to a constant or to a variable rate of change of the flux, 
becomes 

10* dt' 


E (volts) = — 


(5) 


714. Magnitude of the induced current and quantity. The im- 
portant result given above enables us to calculate the instantaneous 
induced e.m.f. whenever there is relative motion of flux and inductor. 
When the inductor or coil is part of a closed circuit, a current must 
flow through it as a result of the induced e.m.f. Then, applying 
Ohm's law, we obtain ^ —Nd<t> 

^ "" Wr It’ 


( 1 ) 


which is the instantaneous value of the induced current, 
ing, wehave _ 


Idt = -N 


10* ft 


Transpos- 

( 2 ) 


where Idt is the infinitesimal quantity dQ which flows in the time dL 
If the time has a finite value t, the current varies during that time, 
and as we do not know its average value, It cannot be calculated di- 
rectly. However, the total quantity Q may be found from equation 
(2) as follows: If ^ changes from an initial value 0i to a final value 
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<t> 2 y the sum of the infinitesimal changes in is — <^ 2 , and equation 
(2) becomes cfe — 


e= +N- 


WR 


( 3 ) 


This means that the quantity of electricity in coulombs which passes 
through the circuit when the flux changes from <t)i to <l >2 is independent 
of the way in which the flux was cut, or of the varying rate of cutting 
it, and depends only upon the initial and final conditions. 

716. The ballistic galvanometer. Equation (3) of the last article 
is of great value in the comparison of capacitances or other apparatus 
in which the discharge occurs suddenly, and a certain quantity of 
electricity flows through the circuit in a very short time. This is 
most readily done by using a ballistic galvanometer, which is merely 
a moving-coil instrument whose armature has sufficient inertia to be 
rather slow in starting to swing. Its angular momentum then carries 
it through an angle proportional to #S, the initial impulse. The im- 
pulse is equal to the torque L applied to the armature, multiplied by 
the time during which the impulse acted, or in general, dS == Ldt, 
But the torque varies as the current; therefore dSccIdt, where Idt 
is the quantity dQ which flows in the time dt. We may then affirm 
that the impulse S is proportional to the total quantity of electricity 
that flows through the galvanometer. If the discharge is sufficiently 
rapid, the resulting *^throw^’' of the armature (galvanometer coil) is 
proportional to S and, therefore, to Q. 

If we use the principle just established, the ballistic galvanometer 
enables us to compare the capacitance of an unknown condenser C* 
with that of a standard condenser, Cg* These are charged by the 
same battery to the same potential AV, and then discharged through 
the galvanometer. Since C = Q/AF, the charge on each condenser is 
directly proportional to its capacitance, or Cx/Cg = Qx/Qs- But the 
deflections dx and d^ are proportional* to the quantities discharged, 
or dx/dg = Qx/Q,* Therefore 

Cg dg 


from which Cx may be found in terms of known values. 

716. Mutual induction. The method of inducing currents with- 
out motion, which was explained in Article 712, is described as mutual 
inductioui because each coil acts upon the other as soon as a current 
flows in the so-called ^^secondary^' coil, as has already been noted. 
This arrangement is shown in Fig. 118. Mutual induction occurs 
when the current in the primary is varied so as to act inductively 
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upon the secondary by means of the mutual interlinkage of part 
of the primary flux. Since the amount of interlinking of this 
flux with the secondary coil 
depends upon the position and 
dimensions of both coils, and the 
medium between them, the in- 
duced e.m.f . cannot be calculated 
except in some very simple cases. 

In general, we must know from 
previous measurements a con- 
stant of the system called the co- 
efficient of mutual induction^ or 
the mutual inductance. This is defined as the ratio of the induced 
secondary e.m.f. to the time rate of change of current in the primary, 
and is expressed by ./r 

( 1 ) 



where M is the mutual iucluctance. Now E 2 = —N 2 d<l>'/dt^ where 
<i> is that portion of the primary flux which interlinks the secondary, 
and N 2 is the number of turns of the secondary coil. The negative 
sign means that when the current Ii is increasing [dli/dt positive), 
E 2 tends to send a current in the opposite direction through the 
secondary, and th\is builds up an opposing flux which resists the 
growth of the interlinking flux. Wlien the current is decreasing 
{dhidt negative), E% tends to send a current through the secondary 




Fig. 119. 


in the same direction, and thus retards the decay of These 
effects are suggested in Fig. 119. We may now substitute E 2 = 

— N 2 . in the equation which defines M, and obtain 




or 


- Mdh. 


But since the flux is zero when the current is zero, and is equal to 
(p' when the current is 7i, we may use the same kind of reasoning as 
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in Article 714, and state that when the final current has fully built 
up the final flux, 

A2<<>' = M/i. 


M = 




e.m.u., 


and when h is measured in amperes, 


M = 


10 

‘ h 


e.m.u. 


( 2 ) 


These last expressions enable us to describe M as the total amount of 
secondary interlinkage per unit primary current, since every 

line of the <t>' flux produced by Ii links with every one of the N 2 
turns of the secondary. The coeflficient M may now be calculated 
provided we can calculate <i>' for a given current. This is possible 
approximately for the simple case when the secondary is wound 
closely over the center of a long solenoid serving as primary (Fig. 120), 

or on a closed ring, if we assume 
that both are wound on nonmag- 
netic cores. In these cases the flux 
due to Ii flowing in the primary 
coil Si is equal to 47riV’iJiA/10Z, as 
given in equation (3), Article 704, where A is the coiFs sectional area, 
I is its length, and /u = 1. This is practically identical with the flux 
that interlinks the turns of the secondary S 2 . Therefore, substi- 
tuting for <t)' in equation (2) above, we have 

M = 4:7rNiN2A/l e.m.u. (3) 

The practical unit of mutual inductance is the henry, named for 
the American physicist Joseph Henry (1797-1878) of Princeton. It 
is defined as the amount of inductance which mill result in an induced 
e.m.f. of one volt when the current varies at the rate of one ampere per 
second. Its dimensions are those of EI{1IT), which is the same as 
resistance multiplied by time, or \LT~'^ X T] = [L]. So the unit was 
called an ohm-second before the name henry was adopted. It might 
also be expressed as a length. As the ohm is 10® times the absolute 
unit (Article 624), the henry is 10® times the absolute unit of induct- 
ance. Therefore equations (2) and (3) above become 

and M = henries. (4) 
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In practice the henry is rather too large as a unit, and the millihenry, 
one thousandth of a henry, is commonly employed. 

717. Self-induction. Whenever a current flows around a circuit, 
there is always some magnetic flux which interlinks with it, as shown 
in Fig. 121, so that, when the circuit is closed, the flux must be estab- 
lished, and must collapse when the current ceases. This is equivalent 
to cutting the conducting wire by the 
total amount of the flux in either 
case, and this cutting process induces 
an e.m.f . in the circuit in such a direc- 
tion as to oppose its cause. Then on 
the ^^make,” the e.m.f. is directed 
against the current, tending to re- 
tard its growth from zero to full value, 
and on the ^^brcak^' it acts with it, tending to prolong the time of 
decay down to zero again. 

This effect can be greatly enhanced by using a coil of many turns 
of wire through which a strong flux passes when the circuit is closed, 

as in Fig. 122. The e.m.f. thus induced 
when the current is growing is called the 
back electromotive force, or counter- 
electromotive force, and the w'hole phe- 
nomenon is known as self-induction. In 
general, the flux interlinking a circuit when 
a known current is flowing can be calculated 
only for very simple cases such as the long 
solenoid, or a closed ring. But as in mutual 
induction, a constant may be defined, 
known as the coefficient of self-induction, or the self -inductance, or 
simply inductance, which enables us to calculate the back e.m.f. 

This coefficient is the ratio of the ind/uce4 e.m.f. to the time rate of 
change of the current; therefore 



Fig. 122. 



E = - L 


dt 


( 1 ) 


when L is the coefficient, and the negative sign indicates the fact that 
the e.m.f. is opposed to the current when I is increasing (dl/dt posi- 
tive), and is with the current when I is decreasing {dlfdt negative). 

As in the case of mutual induction, we may substitute E = 
—N{d<h/dt)\ hence 


Nd<t> = JAI. 




when / is measured in amperes. Thus inductance is shown equal to 
the total amount of interlinkage per unit current. The total inter- 
linkage may be calculated from the known value of <j> produced by a 
given current in a closed ring whose core is nonmagnetic. Using, as 
before, equation (3) of Article 704 and setting m = U we have </> = 
iirNIA/lOL Substituting this value in (2), we obtain 


— j — e.in.u.. 


(3) 


which shows that L depends upon the dimcnisions of th(^ coil and the 
square of the number of turns. 

The practical unit of self-inductance is the henry, the sanui as for 
mutual inductance, because its defining equation involves the same 
units in the same manner. Its dimensions are therefore the same, 
and it must be measured in the same way. Also, as the henry is 10® 
times as large as the e.m.ii,, equations (2) and (3) become 


henries, and L = 


^wN^A 


henries. 


The effect of self-induction in opposing the growth of a current, and 
in prolonging its decay, shows that a current with its interlinking flux 
has inertia exactly as has mass. Both resist change of motion. This 
fact is brought out strikingly by comparing the expression that gives 
the energy required to establish a current in a coil with that of the 
kinetic energy of a moving mass. The coirs energy may be proved 
to be given by 

TT = I hPf 

and the energy of the moving mass is 

IT = i mvK 

As kinetic energy is a consequence of the inertia of a moving mass, 
it is evident that electricity in motion, like ordinary matter, also has 
inertia, and L is the electrical equivalent of mass. 

718. The spark coil. The energy established in a coil in which a 
current interlinks with a magnetic flux may be utilized to produce a 
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very high voltage and a hot spark when the current is abruptly broken. 
In fact most of the stored-up energy may be concentrated in the spark 
at the point where the current is interrupted. To obtain the best 
results, and to avoid eddy currents (discussed in Article 721), a coil 
of many turns should be wound on a core made of a bundle of soft iron 
wires. The core is not closed upon itself as in a transformer, because, 
if it were, the residual magnetism would be very large, and so greatly 
reduce the total change of flux when the circuit is broken. With the 
arrangement shown in Fig. 123, the instantaneous e.m.f. of self-in- 
duction may be roughly indicated 
by the throw of a voltmeter when 
the circuit is opened by the switch 
K. It is much larger than the 
voltage of the battery which mag- 
netizes the core, because the induced 
e.m.f. depends upon the time rate 
of change of the flux. This has 
nothing to do with the voltage of the battery, and when the magnetic 
circuit is mostly in air, <1) falls nearly to zero with great rapidity. 
With a single dry cell giving 1.5 volts we may develop instantaneously 
several hundred volts across the terminals of the switch when it is 
opened. If there is no voltmeter to absorb the induced current, a 
bright spark due to the “extra current, as it is sometimes called, 
jumps the gap and may be used as a means of igniting an explosive 
mixture of gases. This is the basis of the “make and break” method 
of ignition in certain types of internal combustion engines. We may 
make this effect even more striking by breaking the circuit under oil, 
thus reducing the time of interruption of the current; the discharge 

may then be made to take place across 
a small gap G, in parallel with the 
switch S, as seen in Fig. 124. 

719. The induction coil. If the 
coil just described is wound with a 
relatively small number of turns of 
coarse wire, and this has wound over 
it many turns of fine wire, the latter 
coil, or secondary winding, is linked by most of the flux which passes 
through the primary. It is therefore the seat of an induced e.m.f. 
whose instantaneous value in volts is 

N^<l> 
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This arrangement, often called the Ruhmkorff coily is named after its 
inventor.f If and the total flux are very large, and if the tim(' 
rate of establishing or destroying th(^ flux is very short, E 2 may mo- 
mentarily reach a value of hundreds of thousands of volts and produce 
a sx)ark many inches long at (7, shown in Fig. 125. But as we have 

seen, it is impossible to establish the 
primary current, and consequently the 
flux, with extreme rapidity, owing to the 
opposing e.m.f. of self-induction. It is 
therefore necessary to rely upon the 
break to obtain the high potentials re- 
ferred to, for the time of decay may be 
indefinitely shortened. This is greatly 
accelerated by placing a condenser C 
across the point of interruption, as 
shown in the diagram. It absorbs the 
“extra current’^ which would otherwise maintain an arc between 
the x)oints of contact after the break. As a result, the e.m.f. of 
self-induction, which tends to keep the current flowing, charges 
the condenser instead of maintaining the arc. As this induced 
voltage is far higher than that of the battery, the condenser at 
once discharges through the primary circuit against the battery’s 
e.m.f. This reverse current has the desirable result of sweeping out 
the residual magnetism of the core, and so rendering the total change 
of flux greater than it would be otherwise. Thus the condenser ac- 
complishes three objects: It prevents the gradual burning up of the 
contacts, usually of platinum, by the arc at K; it decreases the time 
of the break, and it increases the total change of the flux. 

In order to make the process of making and breaking the circuit 
automatic and continuous, various types of interrupters are used in 
place of a simple switch. Most of them operate 
on the same princi])le as the electric bell, and 
may use the core of the coil itself as the at- 
tracting magnet, or may be quite independent 
of it. The Wehnelt interrupter, however, 
operates on a very different principle, which is 
briefly as follows: The primary current passes 
through an electrolytic cell having dilute 
sulphuric acid as the electrolyte, as shown in Fig. 126; a strip of lead 

t H. D. Ruhmkorff, 1803-1877, a mechanician of German origin who lived in 
Paris. 



Fig. 126. 
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is the cathode, and a platinum wire, projecting a short distance below 
the glass or porcelain tube that surrounds it, is the anode. When the 
circuit is closed, the current density at the small projecting tip of 
platinum is so high that it vaporizes the liquid, forming a nonconduct- 
ing bubble of vapor which envelops the tip and breaks the circuit with 
great abruptness. Then the high e.m.f . of self-induction throws off 
the bubble, the current is re-established, and the process is continued. 

720. The transformer. As we have seen, the magnetic circuit of an 
induction coil is not a closed iron path. This fact facilitates a rapid 
decay of the flux from its maximum value to near zero, and conse- 
quently results in a high induced e.m.f. But the flux in the core of a 
transformer depends upon an impressed alternating e.m.f. which, as 
we shall sec, varies harmonically and not abru.ptly. The problem 
then is not to obtain the highest possible induced voltage, but rather 
to obtain an efficient transformation of electrical energy. This calls 
for a maximum flux produced with a minimum 
current and minimum magnetic leakage. It 
is accomplished by having a continuous iron 
core wound with both primary and secondary 
coils, as shown in Fig. 127. 

The theory of the transformer depends upon 
assuming an harmonically varying flux inter- 
linking the coils. This induces a counter- 
e.m.f., £', in the primary, and a secondary 
e.m.f., E 2 , in the secondary. As practically all 
the flux interlinks both coils, these voltages obviously are to each 
other as the ratio of the number of turns Ni and ^2 in the coils, or 
E'/E 2 = N1/N2. 

The primary voltage Ei must obviously be larger than E' in order 
to produce the current. But in an unloaded transformer, the excess 
is very small, and we may use the approximate relation 

E^/E2 = N 1 /N 2 . ( 1 ) 

This is less exact when the transformer is loaded, but even then it may 
be used as a first approximation. 

Large transformers are remarkably efficient. They have attained 
efficiencies as high as 99 per cent, so that we may assume 100 per cent 
in rough calculations. Then power input equals power output, and 

Eili = E2l2> ( 2 ) 

When this is combined with (1), there results 

h/h - N2/Ni. 



( 3 ) 
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Thus the ratio of the primary to the secondary current of a loaded 
transformer equals the inverse ratio of the number of turns in the 
coils. This means that small currents are associated with high volt- 
ages, and vice versa, a fact which indicates the chief purpose of trans- 
formers. By “stepping iip^’ the voltage of a generator, we may trans- 
mit a given amount of power, using a small current flowing over wires 
of correspondingly small section, thus saving enormously in the cost of 
a transmission line. At the receiving end of the line the voltage is 
“stepped down^' again by another trans- 
former to a value suitable for commercial 
use. In this way the current delivered to the 
consumer is much greater than that which 
was carried by the transmission line. 

721. Eddy currents. Whenever a mag- 
netic flux passing through a conductor is 
made to vary either in position or magnitude, 
it induces an e.m.f . which causes a current to 
flow, if there is any semblance of a closed 
circuit. To illustrate this, suppose the north 
pole of a bar magnet is drawn across the face of a metal sheet with a 
velocity v, as indicated in Fig. 128. The vertical flux cuts the in- 
ductor from left to right, which means 
that the inductor's relative motion is from 
right to left. Then applying the right- 
hand rule, we find that an e.m.f. is set up 
at right angles to v and 0. This will cause 
currents to flow in the sheet in the closed 
circuits or eddies shown in Fig. 129, and lying 
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Fig. 128. 



Fig. 129. 


both in front of and behind the pole as it moves. The eddy in front 
of the pole tends to produce a north pole above the inductor sheet, as 

indicated in Fig. 130, while the eddy be- 
hind the pole tends to produce a south 
pole above the sheet. Thus the leading 
eddy is continuously repelled by the 
moving magnet, and the lagging eddy 
continuously attracted. This results in a 
force tending to drag the sheet after the 
moving pole, or what is the same thing, it 
opposes the pole’s motion. This fact could 
have been predicted from the general principle that the electro- 
magnetic reaction always opposes the action wWch causes it. 


m 


Fig. 130. 
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Eddy currents may involve a serious waste of energy, for thougl< 
the e.m.f. induced is usually small, the resistance of the conducting 
circuit is generally minute, and large currents may flow, with corre- 
spondingly large PR losses and consequent heating of the inductor. 
This loss may be greatly reduced by using laminated cores, as indi- 
cated in Fig. 131, which shows the section of the armature of a gen- 
erator. The eddy currents indicated by the 
curved arrows have to cut across the laminations 
as well as a thin film of iron oxide which acts 
as an insulating layer between them. Thus 
they encounter a great number of relatively 
high resistances in scries. As the e.m.f. induced 
in the armature core is never large, the resulting 
eddy currents are reduced to an almost negli- 
gible value. 

722. Relations between units. In this chapter 
we have completed the list of the essential electro- 
magnetic units. A recapitulation at this point 
is therefore desirable, as well as a comparison with the same units in 
the electrostatic system. This comparison will be made easier by 
reference to the accompanying table of dimensions, most of which 
have already been derived in the text. 



Name 

Symbol 

e.s.u. 

Article 

e.m.u. 

Article 

Ratio 

Quantity 

Q or q 


5cS] 

MiLi 

622 

LT-^ 

Potential, Electro- 
motive Force. . , , 

V or ^V 1 
E or e.m.f. J 

MiLiT-' 

587 


626 


Capacitance i 

C 

L 

599 

l-iT^ 

692 

L^T-^ 

Current 

1 or i 


617 


617 


Resistance 

R or r 

L-^T 

I 


624 


Magnetic Pole 

t. 

m 



MiLiT-' 

557 


Field Strength 

E and H 


585 

MiL-iT-' 

559 

1 

Self-induction 

Mutual Induction. . 

L\ 

Ml 



J- 

716 



The last column gives the ratio of the dimensions of a unit as 
defined in the electrostatic system to the same unit in the electro- 
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magnetic system, and five of the ratios are seen to b(^ some power 
of L/ T. That is, either a velocity or th(* square of a velocity appears 
in each. As was pointed out in Articles 617 and 692, the numerical 
value of this ratio is found by experiment to bo equal to the velocity 
of light, or approximately 3 X 10^® cni/s('c. 
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PROBLEMS 

1. How many volts are generated in a wire 1 2 cm long which cuts directly 
across a flux whose intensity is 14,000 gauss, if it moves at a s}^ed of 
two m per sec.? Ans. 0.330 volt. 

2. A coil of 150 turns and having a radius of 15 cm is interlinked by a 
field of 12, OCX) gauss. This decreases steadily to zero in 0 sec. What is 
the e.rri.f. induced? Ans. 2.12 volts. 

3. If the resistance of the coil in Problem 2 is 3 ohms, what quantity of 
electricity has flowed through it at the end of 4 sec., and how many joules of 
heat energy were evolved? Ans, 2.83 couloml>s; 6.00 joules. 

4. A coil of 80 turns, and having a radius of 15 cm and a resistance of 4 
ohms, lies flat on a table where the vertical component of the earth\s magnetic 
field is 0.57 oersted. The coil is connected to a ballistic galvanometer of 12 
ohms resistance. It is quickly turned over so as to fall inverted on the table. 
How many coulombs flow through the circuit? Ans. 40.27 microcoulombs. 

6. A solenoid produces a flux of 30,0(X3 maxwells in an iron core when a 
current of 2 amperes flows through it. A secondary coil of 360 turns is 
wound over it. Assuming that all the flux interlinks both coils, calculate the 
coefficient of mutual induction. Ans. 54 millihenries, 

6. A coil of 200 turns is wound on a wooden ring whose section is 12 cm^ 
and whose mean length is 30 cm. Upcm this coil is wound another of 100 
turns. Calculate the coefficient of mutual induction. Ans. 0.1 millihenry. 

7. Calculate the coefficient of self-induction of the primary winding in 

Problem 5 if it has 400 turns, and if the same current is flowing. A 718 . 60 
millihenries. * 

8. What are the coefficients of self-induction of the primary and secondary 
coils in Problem 6? Ans. 0.2 millihenry; 0.05 millihenry. 

9. What is the value of L in Problem 6 if the two coils are connected in 
series so that their fields are added? Wliat if the connections are reversed? 
Ans. 0.45 millihenry; 0.05 millihenry. (Note that the difference of these 
values divided by 4 gives the value of M found above.) 
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10. Calculate the energy in a coil whose self-induction is 180 henries when 
a current of 6 amperes flows through it. ins. 3240 joules. 

11. Show that because the self-induction of a coil having an air or other non- 
magnetic core varies as N\ it follows that the energy at constant impressed 
e.ra.f. is independent of the number of circular turns of a given wire if all 
have the same circumference. 

12. An ideal step-down transformer operates on a 2200-volt line supplying 
a load of 60 amperes. The winding ratio is 20 : 1. What are the primary 
current, secondary terminal volts, and power output? Ans. 3 amperes; 110 
volts; 6.6 kilowatts. 



CHAPTER 53 


Electrical Machinery 

723. The telephone. The receiver of the Bell telephone con- 
sists essentially of a permanent magnet NS, shown in Fig. 132, one 
end of which is wound with a coil C of many turns of fine wire, and a 
circular diaphragm D. This is supported around its periphery so as 
to lie very close to the pole without actually touching it. As a result, 
it is pulled toward the pole and thus is under a constant slight strain 

I inward. Suppose the flux density B 
which passes through the diaphragm 
corresponds to the point p on the 
magnetization curve shown in Fig. 
j 133, where the curve is steepest. Then 
a very slight change in //, represented 
by AH in the diagram, results in a relatively large change in B, shown 
as AB. Therefore if a very small current is sent through the coil C, 
a much greater effect is produced upon the diaphragm because of 
the flux B already passing through it than would be the case if the 
core were unmagnetized and the change in 
H caused by th(^ current started at the 
origin. If the current through the coil 
increases and decreases periodically, the 
diaphragm is alternately attracted and 
released according to whether AH tends to 
increase or decrease the flux. These varia- 
tions in the force attracting the diaphragm, 
if not too rapid, cause it to vibrate; and if 
the vibrations are of audible frequency, 
sound is emitted. The current required is of the order of 
10"’® ampere, so the telephone receiver is a very sensitive detec- 
tor of alternating currents. 

In the earliest types of telephones, an exactly similar device was 
used as the transmitter. The air vibrations set up by the voice 
impinge upon the diaphragm, cause it to vibrate, and thus vary the 
flux. These variations in the flux density induce a varying current 
in the coil that interlinks the flux. This current flows through the 
circuit connecting transmitter to receiver, and reproduces the original 

694 




Fig. 132. 
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vibrations in the receiving diaphragm, which acts upon the sur- 
rounding air to produce audible sound. 

Such an arrangement needs no battery, but the e.m.f. induced in 
the transmitter is too small to set up currents of sufficient magnitude 
over the resistance of a long line. The Blake transmitter, and others 
using the same principle, make telephoning over long distances possi- 
ble. Here the transmitter is really a microphone. This device is 
based on the remarkable fact that two carbon blocks touching each 
other offer widely varying resistance to currents passing between 
them, according to how closely they are pressed together. When such 
a contact forms part of an electric circuit containing a telephone 
receiver and battery, a slight jar of the con- 
tact is enough to make quite a loud sound. 

This is usually demonstrated as shown in 
Fig. 134, where a carbon pencil is loosely 
supported between two grooved carbon blocks, 
so that the current must pass through two 
variable contacts in series. 

In the Blake transmitter this arrangement 
is made even more sensitive by using carbon 
granules packed together in a chamber upon 
which the diaphragm acts, compressing them more or less as it vi- 
brates. The battery in the circuit sends varying currents through 
the varying resistance offered by the granules, and these currents 
flow through the primary of a small open-core transformer. The 
secondary has more turns than the primary, and a relatively large 
e.m.f. is induced in it. This e.m.f. is alternating because, when the 
primary current is increasing, it induces a secondary e.m.f. in one 
direction, and when it is decreasing, the induced e.m.f. is in the 
opposite direction. The alternating currents sc^t up by the secondary 
e.m.f. operate the receiver at the other end of the line as has already 



Fig. 134. 




been explained. 

724. The generator. A 
dynamo-electric machine 
that develops electrical 
power at the expense of 


(a) 


Fig. 136. 


• mechanical energy sup- 
plied to it is called a gen- 


erator The fundamental principle by which this is effected has 


already been explained in Article 713. But certain modifications 


of the elementary equations may be made to adapt it to the par- 
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ticular case we are considering. Suppose a conductor C of length I 
moves with a velocity v across a flux as shown in section and plan 
in Fig. 136, (a) and (5). Then the e.m.f. developed between the two 
ends of the conductor is given by jE? = = — S(dA/dO> where 

dA is the area swept out by the moving inductor in the time dt. Let 
ds be the distance the inductor moves normal to the flux in the time dt 
Then dA = Ids, and „ _ 


because ds/dt is its instantaneous velocity v. If instead of moving 
perpendicularly to the field, the inductor cuts it at some other angle 
a, as in Fig. 136, the rate of cutting the lines of force is reduced, and 



we must now consider the vertical component Vi 
of the velocity, which alone is effective. There- 
fore a more general expression is 
E = —Blvmia e.m.u. 


Fig. 136. 


Blv . 

Sin a volts 


If the velocity is uniform, this expression is valid at any instant. 
If not, it refers to the instantaneous e.rn.f., or if v is the average speed, 
it gives us the average value of E, 

726. Calculation of generator voltage. Suppose an iron drum 
is rotated clockwise around its axis 0 between the poles of a magnet 
N and S, as shown in Fig. 137, and let there be N inductors on its 
periphery, whose sections are shown 
as small circles. These inductors are 
connected in series so as to form a 
closed circuit by connections not 
shown, and which do not cut the 
flux. They may therefore be neg- 
lected as far as the calculation of 
the induced voltage is concerned. 

Each inductor is the source of 
some e.m.f., but as they cut the flux 
at different angles, varying from 90° at a and c, to 0° at 6 and d, their 
instantaneous voltages, as given by the preceding equation, are differ- 
ent. However, the average e.m.f. of each in passing from d to 6, or 
from h to d, is the same for all. When an inductor goes from d to 
h, it cuts all the flux once in half the time T of one revolution. Then 
the average e.m.f. developed is 

_ 26 
Eav = e.m.u. 



( 1 ) 
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The negative sign previously used in calculating an induced e.m.f. is 
here omitted as it has no real significance in generator and motor 
problems. 

In Fig. 137, it is clear that half of the total number N of inductors 
are developing an e.m.f. directed away from the observer, as indicated 
by the plus signs. The other half are developing an e.m.f. directed 
toward the observer, as indicated by the dots. Thus the total 
e.m.f. developed in each half of the armature is given by 


A - X 2 


<I>N 

T 


e.m.u. 


( 2 ) 


This relation may be stated in a more useful form by introducing th(‘ 
speed n in revolutions per second or per minute. If it stands, as is 
quite usual, for r.p.m., then di- 
viding (2) by 10®, and substituting 
60/n for T, we obtain 


E = 


<\>nN 

60 ^ 10 ® 


volts. 



We may think of the armature 
as having two equal and opposite 

voltages developed in its two halves, like two similar batteries con- 
nected in opposition, as in Fig. 138 (6). In such an arrangement no 
current flows around the closed internal circuit. But if we connect 
the points b and d through an external circuit closed by the key Ji , a 

current will flow, each battery de- 
livering half. The same could be 
done for the generator by placing 
“brushes'" at h and d, thus forming 
rubbing contacts with the inductors 
as they pass under the brush. But 
this method would involve too 
much friction and a gradual wear- 
ing away of the winding, so instead, 
the inductors are tapped out at 
regular intervals to bars on a “com- 
mutator," shown at C in Fig. 139. The commutator is rigidly fixed 
to the armature shaft and rotates at the same angular velocity. Hav- 
ing a much smaller diameter, the “bars" move at a lower speed than 
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the inductors, and are designed to withstand wear, and present a 
smooth surface to the brushes BB (usually made of carbon) which 
bear upon them. Whe‘ther the upper brush is positive or negative de- 
pends upon the nature of the winding, the direction of the flux, and 
the sense of rotation. If it is positive, the current flows through the 
external circuit when the switch K is closed, as indicated by the 
arrow, and each inductor carries half of the total external current. 

726. Armature reactions. The resistance of the armature wind- 
ing, as measured between brushes, is the resistance of its two halves in 
parallel. When the armature is delivering current, this resistance 
causes an internal drop of potential which lowers the terminal e.m.f. 
This drop is easily calculated when 7 and Ra are known, for the re- 
sistance of each half is 272^, and the curremt is I /2 ; hence the internal 
fall of potential is IRa, and the terminal e.m.f. between brushes is 
given by Et= E — IR^, where E is the entire e.m.f. generated. 

The total electrical power developed by the armature is Ely and 
it would take an exactly ecpial amount of mechanical power to drive 
it if there were no friction or similar losses. Therefore, on open cir- 
cuit, with no current in the armature inductors, it would take no power 
except that needed to excite the field and to overcome friction and 
certain other small fixed losses. 

It requires power to run a loaded genera tor, because as soon as a 
current flows through its inductors, they exert a drag which opposes 
the motion, like the drag due to eddy currents. This might be called 
a motor reaction to the generator action, and it is demanded by the 
law of the cons(?rvation of energy. This reaction increases with the 
amount of current drawn from the generator, and the engine that 
drives it has to supply increasing power to over come the increasing 
drag on the inductors. 

In addition to friction, generator lo.sses are due to wind resistance 
(windage), hysteresis and eddy-current losses in the armature core, 
and resistance losses. The total input is equal to the useful output 
EtI plus the losses L, and the efficiency is EJLjifltl + L). The most 
important items in L are the armature and field losses, which 
appear as heat. In order to compute them we must know their 
respective currents, the calculation of which is explained below. 

727. The shunt generator. The field of a generator is usually 
produced by an electromagnet excited by current from the armature. 
This may be done in two ways: In shunt generators, the coil which 
produces the magnetism consists of many turns of rather fine wire 
connected across the brushes, and at all times when the generator is 
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running, a field current If, which is much less than the normal full- 
load current, is drawn from the armature. Therefore 7^ = / + If, 
where la is the total armature current and I is the external current. 

We may illustrate the current values in a shunt generator by the 
circuits shown in Fig. 140. Let the full load terminal e.m.f. be 110 
volts. Let the field resistance be 
220 ohms and let the external re- 
sistance be 10 ohms. Then the 
field current is 0.5 ampere, the 
main current is 11 amperes, and 
the armature current is 11.5 
amperes. If the armature resist^ 
ance is half an ohm, the armature 
drop is 11.5 X 0.5 = 5.75 volts; 
hence a total of 110 + 5.75 = 115.75 volts is actually being generated 
by the armature. On open circuit, the armature drop is IfRa be- 
cause only the field current flows through it. This potential drop is 
0.5 X 0.5 = 0.25 volt, if wo assume the field current to be the same 
as before. Then the tc^rminal e.m.f. with no external load on the gen- 
erator would be 115.75 — 0.25 = 115.5 volts. This is not quite the 
case however, because the field current is greater than before, owing to 
the increased voltage. This means an increased flux and consequently 
a still greater e.m.f., coupled with a slightly increased internal drop. 
The calculation is too complicated to discuss further here, but at least 
it is evident that the terminal voltage of a shunt motor varies with 
the load current, and that it must decrease with increasing load. 

728. The series and compound generators. Another way of con- 
necting the field of a generator is in series with the armature and ex- 

1 temal circuit. Then the load current 
s flows through a few turns of heavy 
< wire wound about the field core, as 
> indicated in Fig. 141, and the gen- 
erator is said to be series wound. At 
I no load (open circuit) there is no field 
I current, and the terminal e.m.f. is 
nearly zero, but not quite, because a 
feeble residual magnetism persists 
and enables the armature to develop 
a slight e,m.f., as is also true of the shunt generator, before its field 
has '‘built up.'' If now the short-circuiting switch K is closed, this 
feeble voltage sends a current through the field coils, which thus 




Fig. 140. 
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develop an added flux, and this in turn builds up E. So the machine 
rapidly develops the full-load current for which it is designed. Then 
the load switch L may be closed and K opened, when the generator 
delivers current to the load R. This building-up process occurs 
also when a shunt generator is started, but in this case its voltage 
must be built up on open circuit. 

The two methods of winding just described are often combined in 
compound-wound generators, which have both shunt and series field 
coils. The latter is designed to keep the terminal e.m.f. nearly con- 
stant at all loads by supplying an added flux when the shunt field 

would otherwise tend to fall off with increasing armature potential 
drop, as has been explained. The series turns carry an increasing 
current with increasing load, which offsets the tendency of the shunt 
field toward decreasing flux. 

729. Alternating current generators. If a coil of N turns of wire, 
shown in section as CC in Fig. 142, is rotated around an axis X which 

is perpendicular to a uniform 

flux, an alternating e.m.f. will 

be developed in its turns. This 
may be made available by con- 
necting the two ends to collect- 
ing rings ee, which rotate with 
it like the commutator already 
described, and on which bear 
two brushes leading to the ex- 
ternal circuit. As the coil rotates, 
it cuts the flux at a rate which 
varies as the sine of the angle it 
makes with the vertical. Thus 
when the coil is at oa, it makes 
an angle B with the vertical CC, When ^ = 0, the coil is vertical and 
embraces the maximum amount of flux, but its rate of cutting the flux 
is zero. At right angles to CC, the coil embraces no flux, but as sin B 
is unity, the rate of cutting the flux is a maximum. As the induced 
e.m.f. varies as the rate at which the flux is cut, it too varies as the 
sine of the angle B, 

During one complete revolution, the coil cuts the entire flux four 
times. As B increases from zero to ninety degrees, the interlinking 
flux falls from maximum to zero. From 90® to 180® it increases to a 
maximum again. In the third quadrant, the interlinking flux falls 
once more to zero, but recovers the maximum value at the end of a 



Fig. 142. 
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complete revolution. Therefore, in the time T of a revolution, </> lines 
of force have been cut four times by N turns, and the average e.m.f . 
induced is ^ 

Eav = e.m.u. ( 1 ) 

As explained above, the (\m.f. varies as the sine of 6, Then its 
instantaneous value is given by 

e = sin 6, (2) 

where is the maximum value or amplitude of e. In each cycle, e 
reaches E^ twice: when B = 7r/2, and when B == 37r/2 radians. Now 
by a well-known theorem of trigonometry, the average value of the 
sine of an angle is 2/7r. Therefore Eav = 2J5^„,/7r, or 

(3) 


Hence, taking Eav from (1), we obtain 


Em = 


2Tr<t>N 

~T~ 


e.m.u., 


(4) 


and substituting this value in (2), we have 


or 


27r</>iV 

~~T~ 


sin B e.m.u., 


e = 


2T<t>Nn sin B 
X 108 ' 


volts. 


(5) 


where n represents revolutions per minute. In the preceding equa- 
tions we may always calculate the total flux <l> which interlinks the 
coil, provided we assume its 
thickness to be negligible in 
comparison with its radius r. 

Then 0 = irr^By where B is the 
flux density due to the field 
magnets. 

The alternating e.m.f. de- 
veloped by the rotating coil 
may be plotted as a function either of B or of the time, because 6 = 
o)t, where w, as usual, is the angular velocity 27rn. This graph is 
shown in Fig. 143, with the X axis laid off in fractions of the period 
and also in radians. 

The rotating ring just described is essentially an alternating- 
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current generator. In practice the field is produced by an electro- 
magnet which is excited from a source of direct currents such as a 
storage battery or small direct-current generator, called an ^^exciter.'' 
As the current needed by the field coils is much smaller than the line 
current supplied by the armature, it is customary to have the field 
rotate within a stationary armature, the two parts being called rotor 
and stator, respectively. The field current is fed to the field coils 
through brushes bearing on collecting rings which are mounted on the 
same shaft as the rotor and revolve with it. The main current is 
then drawn from the stator without rubbing contacts. 

730. Alternating currents. The current developed by an alternat- 
ing e.m.f. alternates also, though it is not necessarily of the same wave 
form. In what follows, however, wo shall assume that both E and I 
vary sinusoidally. In measuring these quantities we have seen that 
we may concern ourselves with either their instantaneous, maximum, 
or average values. But there is a fourth aspect, known as the 
effective value, which is even mon^ important. In the case of the 
current, it is the same value as that of a direct current which would 
produce the same PR heat in a resistance as is actually produced. 
In the case of the e.m.f., it is the same value as that of a direct e.m.f. 
which, when multiplied by the effective value of the current, gives the 
true power El consumed in the circuit tViat has no counterelectro- 
motive force. This can be shown to be the square root of the mean 
square of the variable I or E, and when these quantities vary sinusoid- 
ally, it is found to be their maximum values divided by V2. Thus 
It = and Ec = EJy/2, The subscript c, denoting effective^ 

is usually omitted, as the effective values arc always understood, 
unless otherwise stated. Taking the maximum value of the induced 
e.m.f. from equation (4) in Article 729, we find that the effective value 
in the case of this particular machine is given by 




f 


e.s.u. 


V2Tr<t>Nn ,, 

60 XW™“* 

7A<t>Nn , 
-jp-- volts. 


( 1 ) 


Unless an A.C. circuit is composed wholly of noninductive re- 
sistance, the current does not in general pass through its maximum 
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and zero values at the same time as its e.m.f. This involves a lag or a 
lead in phase. A current lagging one eighth of a period, or ir/4 
radians, is shown in Fig. 144 (6). This may be conveniently repre- 
sented by the two vectors E and /, as in (a). These are supposed to 
develop the two sine curves by a counterclockwise rotation, their 
lengths being equal to the maxima of the two curves. In measuring 



power, we must take account of the fact that I is sometimes on the 
same side of the time axis as E, and sometimes opposite. When both 
E and I arc positive, or both negative, the instantaneous value ei of 
the power is obviously positive, and is being supplied to the circuit, 
but when they an^ of opposite signs, the product ei is negative, and 
power is being returned by the circuit to the generator or other source. 
An analysis of this state of things shows that the actual power de- 
livered is given by EI cos </>, where </> is the phase angle between 
E and I. The cosine of <l> is called the power factor, and it varies 
between unity (no lag) and zero (/ lagging or leading E by 90°). In 
general, self-induction in a circuit causes the current to lag, as in 
Fig. 144, while capacitance causes it to lead. When both are present 
they may neutralize each other and produce a power factor of unity, 
as is also the case with a noninductive circuit containing only re- 
sistance. To calculate the value of the alternating current in a given 
circuit, and its angle of lag, calls for a more advanced treatment of this 
somewhat complicated problem. But it may be noted that when the 
only work done appears in the form of heat, as in lighting circuits, the 
power is always equal to PR] therefore 

EI cos <t> = PR, (2) 

If, in addition, there is no inductance or capacitance in the circuit, 
0 = 0, cos <^ = 1, and EI = PR, In this special case (but not other- 
wise) Ohm^s law applies, as is evident when we divide the equation 
by 7. Thus with a noninductive load of resistance units, such as 
lamps, alternating currents may be calculated as if they were direct. 
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Motors 

731. General equation. It was demonstrated in Article 724 that 
when a conductor moves across a uniform magnetic flux of density B 
with a velocity v, an e.m.f. equal to —Blv is set up between its ends. 
But in this discussion, as in Article 725, we shall ignore the negative 

sign. Then if the circuit is com- 
pleted by a wire which lies entirely 
outside the field, a current Blv/R 
flows through a conductor whose 
length is I and whose velocity is t;, as 
shown in Fig. 145. This current calls 
for a certain amount of work which 
must be done on the conductor in 
moving it against the force F that 
opposes the motion. Therefore W = Fs, where s is the distance 
moved at right angles to both wire and flux. Then, equating the 
electrical energy expressed in absolute units (ergs) to the mechanical 
work done, we have = Elt, and substituting Blv for F, we obtain 



Fs = Bhlt. 


But 

V = s/t. 



F = BIl, 


or 

F — BIl/10 dynes, 

( 1 ) 


when / is measured in amperes. Since B ^ H \i\ air, (1) may also be 
written F = ///Z/10, as was proved by another method in Article 621. 
This relation gives the sidewise push 
on the conductor, and is the funda- 
mental equation of the electric motor. 

732. The motor and torque. The 
wiring of the direct-current motor is 
essentially the same as that of the 
generator. Reduced to its basic prin- 
ciples, the motor armature is an iron 
ring carrying inductors on its periphery. 

These are joined in series by ^^end con- 
nections,'' which do not cut the flux 
as the armature rotates. The current enters the armature by means 
of brushes bearing on a commutator, though in Fig. 146, for the sake 
of simplicity, they are shown bearing on the inductors. If the upper 
brush is connected to the positive terminal of the source of current, 



r 






















lu 




Fig. 145. 
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and if the armature is wound in the same “sense” as that of the gen- 
erator shown in Fig. 137, then the current which divides at the brush 
goes through each half of the winding in the opposite direction from 
that of the generator currents, as is indicated by the plus signs and 
dots. This is because the current is now supplied from an external 
source and flows from the positive to the negative brush through the 



Courtesy Qeneral Electric Co, 

Plate 18 . 

Armature and commutator of a D.C. motor, showing “end 
connections” for drum winding. 

armature, while in the geiKirator it flows internally from ncjgativc to 
positive, as in all sources of electromotive force. 

As in a generator, the armature rotates between the poles of an 
electromagnet. If the flux is horizontal, these act with a vertical 
force equal to BIl on each inductor. The direction of this force may 
be determined by the fingers of the left hand used with the same sig- 
nificance as those of the right hand 
a result of these forces, a torque is 
developed which we find is in the 
same sense as that which was ap- 
plied to the generator, causing it to 
rotate against the opposing drag of 
its inductors. This may be illus- 
trated as follows : Suppose the shunt 
generator shown in Fig. 147 delivers 
current to a line whose voltage is 
maintained by other generators in 
parallel with it. Then if its e.m.f . falls below that of the line, 
the current through its armature reverses. But since the field is 
shunted across the line, it does not reverse, and the dynamo begins to 
operate as a motor without changing the sense of rotation. 


the case of the generator. As 



Fig. 147. 
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If it is desired to reverse tlie sense of rotation of a motor, the con- 
nections of the field are interchanged at the brushes. Then the flux 
reverses, but the armature current does not, and the motor runs back- 
ward. This argument also applies to a series-wound motor, because 
the field and armature currents reverse simultaneously when the main 
terminals are interchanged, and the direction of rotation remains 



(Ufurteny deneral hUeclnr Ho. 

Plat^ 19. 


Wound field frame for four-pole D.C. motor, using arma- 
ture shown above. The narrow “inter-i^olcs’' between the 
four large ones are to prevent sparking at th^ brushes under 
varying load. 


unchanged. But reversing the field terminals alone results in a 
reversal of the sense of rotation. 

733. Operation of the shunt motor. As soon as a motor begins to 
rotate under the action of the current supplied to it, the inductors 
begin cutting the field flux, and an e.m.f. is set up in them, which, 
according to Lenz's law, must tend to oppose the motion that caused 
it. This generator action of the motor is a corollary of the motor 
action of the generator, already mentioned in Article 726, and it 
appears as a back e.m.f. tending to oppose the current. Therefore 
Ohm's law, applied to the armature current, must be modified to read 
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where E\ the back e.m.f., is zero when the motor is at rest. It in- 
creases steadily as the motor speeds up, approaching but never equal- 
ing E when the motor approaches full speed. This fact shows that 
the current tends to decrease with increasing armature speed, from a 
very large initial value when E' = 0, up to a very small one when the 
motor runs at full speed with zero load. In order to protect the arma- 
ture from excessively large and dangerous initial currents, a starting 
rheostat in series with the armature is used, as shown in Fig. 148. 
Suppose an armature A has a 
resistance of 0.5 ohm, and that it 
develops a back e.m.f. of 105 volts 
when running at normal speed on 
a 110-volt circuit. Then, without 
a starting rheostat, a current of 
110/0.5 = 220 amperes would flow 
with the armature at a standstill, 
but only (110 — 105) /0.5 = 10 am- 
peres flow at full speed. Therefore a 
rheostat of say 5 ohms should be used, which cuts down the initial 
current to twice its running value, as seen from I = 110/(5 + 0.5) = 
20 amperes. 

734. Efficiency and torque. The equation I (E — W)IRa may 
be transposed to read = (E — E'), and if both sides are multi- 



plied by 7^, we obtain 


PRji = (E ~ W)1U 


( 1 ) 


which is the armature heat loss expressed in joules. This may be 
written Eli == i7 + E'7<, where Eli is the energy supplied to the 
armature during the time /, and H is the I'^Rai heat loss. The quan- 
tity E'li is equal to the difference between these two quantities, and 
must be the energy output of the motor, provided all otlier losses but 
H are neglected. As H is much the largest loss, this is permissible 
in a rough estimate. Therefore the energy output of a motor is 
W = E'li joules approximately, and the power P developed is 
W1 watts. 

Since the input is at the rate of El watts, the efficiency, which is 
the ratio of output to input, becomes E'l /El = E'/E. The motor 
described above would have an efficiency of (106/110) X 100 = 
95.6 per cent. This simple calculation has been based on the assump- 
tion that losses other than the armature heat loss could be ignored. 
However, some of them are really not negligible, such as the PR loss 
in the field coils, the losses due to bearing and wind friction, and the 
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core losses due to hysteresis and eddy currents. These total a value 
which may lower the ideal efficiency by several per cent. 

The torque developed by the ideal motor is calculated as follows: 
The mechanical power of any rotor is given by the product of the 
torque L and the angular velocity w, or 27m/60, where n is the number 
of revolutions per minute. Therefore, equating this product to 
the useful electrical power J?'/, we have E'l = 2wnLI60, or 
L = 60J?'//27rn, showing that the torque at a given speed depends 
upon the armature current and the back e.m.f. As the latter is 
identical with the g(»nerator e.m.f. (Article 725), we may substitute 
<#>niV'/(60 X 10®) for and reducing to absolute units obtain 

^ == dyne-cm (2) 


which is thus seen to be independent of n, as would be expected, and 
to vary only with the product <t>I for an armature of a given winding. 

735. Motor regulation. Since E' = 0nA/(6() X 10®), we may sub- 
stitute this value in equation (1), Article 733. Then the current taken 
by a motor may be expressed by 


E — kn 


( 1 ) 


where k = 0iV/(6O X 10®). Now if the motor is running at full 
speed and no load, the back e.m.f., kn, has its maximum value, and I 
is a minimum, being just large enough to supply the required no-load 
torque. But as the motor is increasingly loaded, n decreases enough 
to admit the necessary additional current, very much as a valve is 
opened by the governor to admit more steam to a loaded engine. 

As a concrete illustration of motor regulation, suppose the torque 
under full load to be five times as great as the no-load torque. Then 
the current must also increase five times. If the new speed is n' r.p.m., 
equation (1) becomes ^ , 

5/ . (2) 


Dividing (2) by (1), we obtain E — kn' = 5 {E — kn), whence 


4E = k (5n — n'). (3) 

If the values of E and E' (at no load), as assumed in the last para- 
graph, are 110 and 105 volts respectively, and if the speed n is 1260 
r.p.m., then k — E'/n = 105/1260 = 1/12, and equation (5) becomes 


4 X 110 = 


5 X 1260 - n' 


, and n' — 1020 r.p.m.. 


12 
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which is a 19 per cent fall in the speed corresponding to a 500 per cent 
increase in the power developed. 

736. Changing the speed of a shunt motor. The constant h by 
which we calculate the back e.m.f. of a motor is equal to 
<t}N/{60 X 10®). Therefore if the flux is increased by strengthening 
the field current, k increases in the same proportion. But since the 
back e.m.f. is not much smaller than the impressed, we may write the 
approximate relation £ — E' ~ fcn, orn = Elk. Therefore, strength- 
ening the field flux by increasing k decreases the speed n. Conversely, 
weakening the field flux speeds up the motor. This is true, however, 
only within the limits where E and E' do not diff(?r too much. If the 
load is abnormally great, and n is reduced in a very large proportion, 
then the above assumption is no longer valid. In such a case, weaken- 
ing the field may reduce the flux so much that the motor will “stalfl^ 
instead of speeding up, whereas strengthening the field under these 
conditions would accelerate it. The critical load which gives rise to 
this state of things may be calcu- 
lated for a given motor by a some- 
what complicated analysis. 

737. Field of the induction motor. 

The most common form of alternat- 
ing-current motor is the induction 
motor, so called because the arma- 
ture current is induced by the field 
that develops a rotating magnetic 
flux. In the two-phase induction 
motor the coils aa (Fig. 149) are in 
series with phase A, and are so con- 
nected that when the current in that phase is a maximum, the two 
halves of the ring are magnetized in opposition. Thus resultant poles 

are formed at the top and bottom, as if two U- 
magnets were placed with like poles opposite 
to each other, as shown in Fig. 150. Phase B 
is also an alternating-current circuit, but in 
quadrature with phase A, which means that it 
leads A or lags behind it by 90°, or a quarter 
period. Thus when A is a maximum, B is zero, 
and vice versa. At the time ti, indicated in Fig. 
151, there is no flux but and the resultant 
poles are as shown above. But when fe is reached, both coils have 
equal currents flowing in them. Then the resultant poles are due 




710 


ELECTRICITY AND MAGNETISM [Chap. 63 



both to <I>B at oa, Fig. 149, and to <I>a at bb; thus an effective flux is 
produced between the points cc. At h, is zero, the resultant poles 

are due to <ttB alone, and are at 
♦ 1 Since the total flux is the 

vector sum of two fluxes at 
right angles to each other, and 
since one lags a quarter period 
behind the other in time, the 
resultant flux at any instant 
may be calculated from <I>a = sin and <I>b = <l>m sin (6 — 90®), 
where <t>in is the maximum value of the flux. Then the instan- 
taneous resultant flux is given by 

</>« = + <t>B^ = id + CO^ 0)t = (t>n- 

Therefore the resultant flux is constant in magnitude and equal to 


Fig. 151. 





Courtesy (jeneral Eleclrw Co, 

Plate 20. 

Stator (field) of a 3-phase, fiO-cjyole, 220- or 440-volt induo- 
tion motor. The field rotates at 1200 r.p.m. 

the maximum value of the flux due to either phase. This flux makes 
one complete revolution around the field ring for a cycle of the alter- 
nating current. 
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738. Armattire of the induction motor. Actually any metallic disc 
would be set spinning by the rotating field described in the last 
article, because the eddy currents induced in it would produce a drag 
tending to make it keep up with the moving flux, as explained in Arti- 
cle 721. But this would be very inefiScient. Therefore armatures 
are designed in which the induced cur- 
rents follow well-defined paths, as in 
direct-current motors. The most usual 
type is the “squirrel cage’^ armature. 

The core is of laminat(id iron, which 
makes a good path for the rotating flux, 
but does not permit eddy currents of any 
magnitude. Copper bars are imbedded 
in slots around the periphery, and these are short-circuited at their 
ends by two copper rings. This arrangement, without the iron core, 
is illustrated in Fig. 152. 




Courtesy General Electric Co. 


Plate 21. 

Sectional view of “ windinR” of squirrel-cage rotor formed by 
casting around laminated core. In the photograph, the core 
has been removed by acid. 

As the flux sweeps across the inductors, it induces currents which 
flow by way of an end ring to other inductors in which an e.m.f. is 
being developed that favors the current at the moment. Then the 
circuit is completed by the ring at the other end. This distribution of 
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currents is indicated by the arrows in the diagram. The curved outer 
arrows show the direction in which the resultant field poles must be 
moving if the directions of the induced currents are to be as indicated. 

If there were no load on the armature, and if it revolved without 
friction or other losses, it would rotate at the same speed as the flux. 
In this case no e.m.f. would be induced and no currents would flow 
along the conducting bars. But if a load is put on, the armature slows 
down just enough to allow sufficient relative motion between bar and 
flux to induce just the necessary amount of torque required by the 
load. On account of friction, hysteresis, and other losses, the no-load 
speed is not quite synchronous with the field, and when loaded, the 
armature rotates at a still lower rate. But as in the case of the shunt 
motor, the relative retardation or “slip’’ is small compared to the 
proportional increase in the load, and for small variations of the load, 
the speed is nearly constant. 

739. Forces between currents. Two parallel wires carrying cur- 
rent in the same direction are pulled together by the mutual action 

of their magnetic fields. This fact 
was discovered by Ampere in his 
classic experiments in 1820, only 
a few months after Oersted had 
announced his great discovery. The 
reason for this force becomes evi- 
dent from an examination of Fig. 
153. The two sets of concentric 
circles representing the fields inter- 
link the two wires shown in section 
at A and B. These wires carry 
parallel currents flowing directly 
away from the observer. The two fields are evidently in opposition 
between the wires, but reinforce each other outside. This results in a 
field between the wires which is weaker than that which surrounds 
them both. But as lines of force behave like stretched elastic cords, 
the result is to force the wires together. ^ 

If the currents were directed oppositely to 

each other, there would be an intensifi- 

cation of the field between them and a 
weakening outside, resulting in repulsion. 

If the conductors are inclined at any angle a to each other, the 
attracting force varies with cos a, as is evident from Fig. 154, where a 
is greater than 90®, its cosine is negative, and repulsion takes place. 
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If a is 90®, the cosine is zero, and there is no attraction or repulsion. 
If the angle is less than 90®, the cosine is positive and the conductors 
attract each other. 

In addition to attraction and repulsion, there exists in general a 
torque between two crossed wires, which tends to make them parallel 
with the currents flowing in the same direction. It; is zero when a is 
zero, reaches a maximum at 90®, and falls to zero again when a is 180®. 
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PROBLEMS 

1. An inductor bar of a generator is 80 cm long, and is 120 cm from the 
axis of the armature which drives it. The flux density which it cuts is 12,000 
gauss, and the armature makes 1200 r.p.rn. What is the induced e.m.f. 
when the angle a (Fig. 136) is 60®? Ans. 125.3 volts. 

2 . Calculate the e.m.f. of a two-pole generator whose armature has 400 
inductors cutting a flux of 8 X 10® maxwells per pole at 2400 r.p.rn. A ns. 
128 volts. 

3 . The armature resistance of a shunt-wound two-pole generator is 0.3 
ohm. It develops 120 volts on open circuit. What is its terminal e.m.f. 
when a current of 25 amperes flows through the armature? What is its 
efficiency, considering only the armature loss? Ans. 112.5 volts; 93.8 per 
cent. 

4 . In the generator of Problem 3, the field has a resistance of 240 ohms. 
What is the PR loss when it is running on open circuit? Ans, 60.08 watts. 

*5. Assuming that the e.m.f. actually generated by the dynamo of Problems 
3 and 4 remains constant with light loads, calculate the field and armature 
currents, the terminal volts, the total heat loss, and the efficiency, if the ex- 
ternal current is 10 amperes, and the fixed losses are 50 watts. Ans, 0.487 
ampere; 10.487 amperes; 116.85 volts; 89.91 watts; 89.3 per cent. 

6 . Calculate the maximum and the effective values of the e.m.f. developed 
by an A. C. generator, constructed as shown in Fig. 142, when the flux is 
6 X 10® maxwells, the angular velocity is 1800 r.p.rn., and when there are 
300 turns of wire. Ans. 282.6 volts; 200 volts. 

7 . The generator in Problem 6 delivers 18 amperes to a load in which it 
lags 30® behind the impressed e.m.f. What is the actual power? What is 
the load resistance if the circuit contains only coils of wire? Ans. 3118 watts; 
9.62 ohms. 

8. What is the force in kg which acts upon a metal bar 60 cm long in a 
transverse field whose intensity is 12, (XX) gauss, when a current of 20 am- 
peres is flowing in it? Ans. 1.47 kg. 
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9 , A rectangular coil of 40 turns, whose section may be represented by 
Fig. 142, has an average length (2r) of 18 cm, and an average width of 15 cm. 
The flux density is 80 gauss. Calculate the force on each horizontal side of 
the rectangle when the current flowing in it is 4 amperes. Calculate the 
torque when 6 = 90®, 30°, and 0°. Ans. 19,200 dynes; 345,600 dyne-cm; 
172,800 dyne-cm; zero. 

10 . A biix)lar shunt dynamo has an armature with 400 inductors which cut 
a total flux of 1 million maxwells per pole. When run as a motor at 1800 
r.p.m., what is the back electromotive force that it develops? Am, 120 volts. 

11 . The resistance of the armature in Problem 10 is 0.4 ohm, and the field 
resistance is 180 ohms. The impressed e.m.f. is 130 volts, and the speed is 
1800 r.p.m. at full load. Calculate the full loarl armature and field currents, 
the total power input, the PR loss, and the efficiency both when the field loss 
is considered and when it is not. A^is, 25 amperes; 0.72 ampere; 3344 watts; 
343.9 watts; 89.4 per cent; 92.3 |)er cent. 

12 . What should be the resistance of a starting rheostat if the motor of 
Problem 11 is to start without drawing more than full-load current? Am, 
4.8 ohms. 

13 . Calculate the torque of the motor of Problems 10 and 11 when it is 
running under the specified conditions. Arts. 15.92 X 10^ dyne-cra. 

* 14 . If the load on the motor of Problem 11 is decreased so that it speeds 
up to 1900 r.p.m., what are the back e.m.f., the armature current, torque, 
and approximate efficiency? Am, 126,67 volts; 8.4 amperes; 5.35 X 10^ 
dyne-cm; 97.4 per cent. 

16 . A shunt motor takes 10 amperes at no load on a 120-volt circuit. Its 
armature resistance is 2 ohms. What current does it take when loaded to 
run at 75 per cent of no-load sjieed? Am, 22.5 amperes. 

16 . Calculate the speed at which the motor of Problem 11 must run at no 
load, if there are no fixed losses. Am. 1950 r.p.m. 

* 17 . If the no-load torque which overcomes the fixed losses of the motor 
of Problem 11 is 3 X 10^ dyne-cm, what are the noload current, speed, and 
back e.m.f.? Am. 4.71 amperes; 128.1 volts; 1921.5 r.p.m. 

* 18 . If the motor of Problem 17 is loaded by a torque of 18 X 10^ dyne-cm, 
what are its speed and the per cent change from no-load speed? Am, 1780 
r.p.m.; 7.4 per cent. 

19 . Calculate the field strength 3 cm frotn a very long straight wire that 
carries a current of 15 amperes. What is the force with which it attracts a 
parallel wire 40 cm long, 3 cm distant, and in which a current of 20 amperes 
is flowing? Am, One oersted; 80 dynes. 
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740. Damped vibrations. Let the condemser C in Fig. 155 be con- 
nected in series with an inductance L of low resistance and a key iv. 
Let it then be charged to a potential difference of V volts with K opc^n. 
When K is closed, the condenser discharges through the circuit, as 
shown by the portion of the curve, 

A to B, in Fig. 156. The resulting 
current rises (a to b) to a maximum 
value and then begins to decrease 
(b to c). During the time it is in- 
creasing, the inductance tends to 

oppose its growth by a counter-e.m.f. given by E' = —Ldildt, as 
explained in Article 717. Similarly it retards the current's decay 
by an e.m.f. E" = +Ldildt. Thus, because of its electromagnetic 
inertia, the current tends to keep flowing even after the condenser is 
discharged. This results in charging the condenser again, but in the 
opposite sense (B to C), and the charging process continues until the 
potential of the new charge becomes equal and opposite to 

Then the current is zero and 
about to begin flowing in the 
opposite direction (c to d) 
as the condenser^s reversed 
charge begins to flow back 
through the circuit. 

On account of losses due to 
unavoidable resistance in the 
circuit, some energy is dis- 
and the potential obtained after reversal is less than at 
first. Therefore the oscillation is “damped,^' and dies down rapidly 
to zero after a series of steadily diminishing pulsations of the 
charge. This may be plotted with either F, Q, or I as a function 
of the time, giving the damped sine curves of Fig. 156. The solid 
line represents either F or Q, both of which are evidently in the same 
phase. The dotted line represents the current, which is zero when the 
charge on the condenser is a maximum, and therefore lags nearly 90° 
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behind the other curve. It would lag exactly 90® if there were no 
losses, but then the oscillation would be undamped, cos would be 
zero, and the power consumed, VI cos would be zero also. 

This process has an almost (ixact mechanical analogue when a 
spring acts upon a rolling mass, as shown in Fig. 157. The elasticity 

M of the spring corresponds to the 
capacitance of the condenser, and 
the inertia of the mass corresponds 
to the inductance of the coil. 

Suppose the cylindrical mass M 
rolls with very little friction upon 
the horizontal plane', and that the two ends of its axis are fastened to 
a spring whose other end is fixed to the block. If p is its position 
of rest with the spring neither extended nor compressed, and if it is 
stretched to h, the elastic tension on the spring represents the charge 
of the condenser. There is now no motion. This corresponds to 
the absence of current associated with an insulated charged condenser. 
Then if the roller is released, the spring contracts, and the velocity 
(current) increases until, when p is reached, the inertia of the mass 
keeps it moving, but with diminisliing speed, to a point a. This 
motion, from p to a, compresses the spring until its elastic reaction 
overcomes the inertia of the moving mass. The velocity (current) 
is again zero. The compression of the spring corresponds to the 
reversed charge on the condenser, but because of friction losses, it is 
a little less than the original extension. Thus the roller oscillates 
back and forth with decreasing amplitude until it finally comes to rest. 

The theory of damped oscillations gives the following value for 
the frequency: 

n = 

where L, and C are the resistance, self-induction, and capacitance 
of the oscillating circuit. If R is very small compared to L, the second 
term becomes practically zero, and the frequency may be approxi- 
mately calculated from 

n = 

or the period from T = 27r\/ LC. 

But if R is large and the resulting damping is great, the frequency 
is less than this simplified form of the eq uatio n indicates. If R is so 
large that 1/LC = R^I^U, or R — 2\/L/C, then n = 0, and the 
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system does not oscillate. In this case the condenser simply dis- 
charges once, while the current sinks to zero. The resistance that is 
just large enough to produce this effect is called the critical or damping 
resistance of the circuit. 

741. Electromagnetic waves. In Fig. 158, an oscillatory circuit is 
shown open at a spark gap G, composed of two brass knobs. The dis- 
charge is now accompanied by a spark across the 
gap, and it will oscillate in the same manner as 
the circuit as a whole. In fact, this is the simplest 
way of producing oscillations, for the condenser 
can be raised to the rather high potential required 
to break down the resistance of the gap before 
any discharge occurs. Experiment has shown 
that after G has once yielded to the electrostatic strain, there may be 
half a dozen or more oscillations before the potential of the condenser 
becomes too low to send a further discharge across the gap. 

While the knobs of the gap are being charged, the lines of electro- 
static force assume successive positions, as shown in Fig. 169 (a), and 
as the ends of the lines of force move along the rods, they are linked 


c 



Fig. 168 . 





with a concentric magnetic flux, suggested by the horizontal dotted 
rings. Then the discharge begins, and the two ends of the lines meet 
to form a closed loop, as shown in (6), while (c) and (d) show other 
lines meeting to form other rings, and (e) shows the fully developed 
set of waves that has resulted from this oscillatory discharge. 

The wave front at any moment is composed of electrostatic (Arti- 
cle 685) and magnetic fields (Article 559) at right angles to each other, 
and these determine a plane (normal to the paper) which is at right 
angles to the direction of propagation. Thus the three vectors, ve- 
locity, E, and H, are mutually perpendicular, as in the case of the 
corresponding quantities represented by the right-hand rule for the 
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induction of an e.mi. As the spark oscillates, a continuous reversal 
of E occurs, and waves traveling with the speed of light in all direc- 
tions, except along the axis of the gap, are thus sent out into space. 

The diagram, Fig. 160, shows an electromagnetic vibration with H 
and E mutually perpendicular and in phase with each other. This 

condition of phase is 
established a short 
distance away from 
the gap, although 
they are in phase 
quadrature at the 
start. The wave mo- 
tion just described 
was deduced on 
theoretical grounds 
by Maxwell in 1864. 
iPig 160 . ^ remarkably 

brilliant analysis, 

he showed that light waves could ho of this character, and predicted 
the exact nature of the much longer electromagnetic waves now used 
in radio communication. 

During the years 1886 and 1887, Hertz, a German physicist, pro- 
duced electromagnetic waves by discharging a condenser in the 
manner described above, and observed their presence at a distance. 
The detector consisted of a metal ring (Fig. 161) whose plane was 
normal to the direction of propagation 
of the waves, and which was equipped ^ 

with a micrometer spark gap parallel (/ \\ 

to the original spark. When the dis- jj 

charge occurred, the induced currents 
were set up in the ring, resulting in 
another spark across its gap g pro- 

vided its neural period of vibration, 

T = 27r\/LC, was the same as that of ^ | 

the original discharge. The resonance pj ^ 

thus established depended mainly 

upon the ring^s radius. This determined the value of L, which 
had to be relatively large on account of the ring’s very small 
capacitance. 

Hertz found that the waves predicted by Maxwell behaved in every 
respect like light, though tho^ he investigated were very much longer, 
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being of the order of half a meter or more in length. They could be 
reflected, refracted, diffracted, and polarized with suitable apparatus, 
so that Maxweirs theory received complete vindication and has sine^ 
been regarded as the best explanation of all so-called ether waves. 

742. Wireless telegraphy. Hertz’s experiments, though of vital 
theoretical interest, involved such small amounts of energy and such 
insensitive detectors that thc^y did not immediately suggest the possi- 
bility of signaling to a great distance without wires. But Marconi, 
about ten years after Hertz, developed a much more powerful sending 
mechanism, and used an aerial, or antenna, to radiate the energy of 
the oscillations more effectively 
into space. These improvements, 
coupled a few years later with 
the use of the Branly coherer as 
a detector, made wireless teleg- 
raphy commercially possible. 

A transmitting station used by 
Marconi in 1896 is shown dia- 
grammatically in Fig. 162. Here 
a coil of inductance L was in- 
serted between one terminal of 
the spark gap and the antenna. 

The other terminal was grounded, 
while the antenna and the ground formed two “plates” of an air con- 
denser of capacitance C. 

743. Detectors. Among a variety of detectors which have been 
used during the evolution of radio communication, those that act as 
valves have been the most successful. Valve detectors are devices 
which allow a current to pass in one direction, but either stop it alto- 
gether, or greatly diminish its mag- 
nitude in the other. The simplest 
of these is the crystal detector, which 
consists of a fine needle point press- 
ing upon a crystal such as galena, 
iron pyrite, bornite, or carborundum. 
If the point on the crystal at which 
the contact is made is properly 
chosen, this device exhibits remark- 
able resistance asjmimetry, yielding 

a very high resistance to currents which flow one way, and a very low 
one to currents in the other direction. This fact is represented 
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by the characteristic curve in Fig. 163, which shows a large current 
when a positive e.m.f. is applied to the detector, and a relatively 
small one when E is negative. The crystal, like all valves, almost 
/ stops half of each vibration which 

+ reaches it, thus allowing unidirec- 

tional impulses to go over the 
receiving circuit to the telephone. 

^ ^ A no rxAf\Ac L^ ( 6 ) This action may be represented as 

in the curves of Fig. 164. Each 
— 7*- — ^ group in (a) is an oscillation train 

(c) oiit by a single spark. In ( 6 ) 
Pig 104 we see th(^ lower halves of each 

vibration cut off by the valve, 
l)ut with the upper halves allowed to pass as a current through the 
receiving circuit. They each start with small amplitude, reach a 
maximum, and then decrease to zero. This is typical of a wave train 
as set up in receiving circuits by a primary oscillation whose first 
vibration is usually the largt^st, as in Fig. 156. As neither the dia- 
phragm of a telephone receiver nor the ear can respond to such high 
frequencies as th#se of a spark, the result on the diaphragm is a 
single impulse for each train, a-s shown in (c). But if these sparks 
follow each other at a constant time interval T', th(i succession of 
impulses may be at an audible frequency, giving rise to a note of 
definite pitch. This note is of longer or shorter duration, according to 
the number of wave trains emitted by the source. The sending 
operator controls the duration of the tone and produces a short one for 
the ‘‘dot'' and a longer one for the “dasli" of the telegraphic code. 

A much more sensitive valve is the thermionic tube having either 
two or three “elements." This valve depends upon the fact that if 

one of two electrodes in an exhausted tube is / v 

heated to incandescence, electrons can flow from y<t\ 
the heated electrode to the cooler one, but not ( O ) -s-zi 
in the reverse direction. In Fig. 165, the cathode \ ^ 

is shown as a metallic filament heated by a current \ / 
from battery “A", while the “thermionic current" Lj 

is supplied by the battery. 

In using this valve as a detector, a trans- 
former T (Fig. 166) is connected in the aerial- ^ pjg 
to-ground circuit, and its secondary terminals 
are applied to the plate and filaments shown. A variable condenser 
C is connected across the secondary to permit “tuning" the system to 


Fig. 165. 
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the frequency of the incoming oscillation. This means giving the 
receiving circuit the same natural period of vibration as the incoming 
waves, thus establishing resonance. The currents due to each half 


wave are then eliminated by the 
valve, and the telephone receiver 
R is made to respond to the suc- 
cession of rectified wave trains, as 
in the case of the crystal detector. 

The explanation of this valve 
action, and the operation of the 
much more usual three-element 
tube, will be discussed in Chapter 
56. 



G 

Fig. 166 . 


744. The Tesla coil. This device, designed by the American in- 
ventor Nikola Tesla, is extremely useful for developing »high-voltage 
oscillatory currents. It consists of a step-up transformer, Ti (Fig. 
167), having a ratio of 100 ;1 or more, and connected to an oscillatory 
circuit indicated by the curved arrow. This circuit contains a con- 
denser of capacitancici C, a spark gap G, and the self-induction L of a 
dozen turns or so of coil P, which is the primary of a second trans- 
former, T 2 , constructed without iron. Spark discharges across G 

oscillate with a frequency 
determined by the values of 

. 0 ^ S C and L. As both are rela- 

8 ^ mi S :5 I tiv(dy small owing chiefly 
T S ^ ^ T h ^ absence of iron in 7^2, 

i ^7;^ — ^ ^ is resulting frequency is 

^ * very high — 500 kilocycles or 

pjg more. The result of these 

high-frequency currents in 
P induces a very high voltage in the coil S, which has many turns of 
rather fine wire, like the secondary of an induction coil. Thus sparks 
a foot or more in length and of very high frequency are obtained at P, 
and make possible a number of striking experiments which depend 
upon the high frequency of the discharge. 
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PROBLEMS 

1. In an oscillatory circuit in which R is small compared to L, the capaci- 
tance is 0.4 microfarad, and the inductance is 16 millihenries. What is the 
frequency? Ans. 1.99 kilocycles. 

2. An oscillatory circuit has a negligible resistance, 8 millimicrofarads 
capacitance, and 1.8 microhenries inductance. What is its wave length? 
Arts. 226 meters. 

3. Calculate the critical resistance of the circuit in Problem 1. Arts. 400 
ohms. 
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CHAPTER 55 


Electrical Discharges 

746. Corpuscles. The word corpuscle means literally a small 
body, but it has come to be used by physicists to refer to such ele- 
mentary particles as electrons, protons, and nc‘utrons. It may also 
bo used to refer to the much larger atoms and molecules and to the 
less tangible energy quantum called the photon. 

The great advances in modern physics really date from the study 
of electrical discharges in exhausted tubes by Hittorf in 1868 and 
Crookes in 1870, a study that was made possible by an improved 
technique in the production of high vacua. These discharges were 
not satisfactorily explained until 1899, wh(*n J. J. Thomson concluded 
that minute particles which he called corpuscles existed within the 
atom and accounted for the observed phenomena. Thus electrons 
were discovered, and the corpuscular nature of electricity. 

In this book we have so far been concerned mainly with matter 
and energy in quantity. We have made use of such particles as 
ions, atoms, and electrons only when they helped explain certain large- 
scale processes such as electrolysis. But in the ‘‘new physics'^ which 
follows, corpuscles are studied directly, as well as phenomena which 
could not be investigated at all without some knowledge of the inner 
nature of matter and the particles of which it is composed. In these 
investigations the quantum theory and the concept of the photon have 
been the basis for a vast array of discoveries concerning the inner 
structure of the atom. 

746. Appearance of the spark discharge. Let a glass tube, 
equipped with disc electrodes as shown in Fig. 1, be progressively 



exhausted by an air pump. A discharge sent through it from a 
unidirectional source of high potential assumes an appearance of 
luminosity which varies as the pressure is reduced. The character- 
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istic stages of the discharge are the same in all tubes, but occur at 
different pressures depending upon the tube's dimensions — especially 
its length. The following data are based on observations of a tube 
with a gap of 40 cm between the terminals, and a diameter of 4 cm. 
To produce a discharge between the discs at atmospheric pressure, 
four or five hundred thousand volts are necessary, and the discharge 
is an ordinary spark like miniature lightning. 

When the pressure of the air in the tube is reduced to 40 mm of 
nqiercury, 10,000 volts are sufiicient to produce a discharge. This 
occurs along a sinuous path of much larger section than an ordinary 
spark, and has a decidedly pinkish color. The general form of this 
discharge is shown in Fig. 2 (a). At 10 mm pressure (6), the column 
is thicker, still pinker in color, and has separated from the cathode, 



Fig. 2. 


at which a violet-colored glow is now visible. This is called the 

negative glow. 

At 6 mm, sometimes called a Geissler vacuum because it is about 
the value used in “Geissler tubes," the positive column spreads out 
to the walls of the tube, becomes paler, and the negative glow ad- 
vances considerably, as shown in (c). At 3 mm the positive column 
breaks up into striae, as shown in (d). These luminous bands 
vary in length and number with the pressure and nature of the 
gas and current density. They are most marked in impure gases, 
or mixtures like air, and are most easily obtained in long tubes of 
small diameter. 

The dark space between the positive and negative columns is known 
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as the Faraday dark space. This becomes larger and longer with still 
higher vacua, and the positive column gradually disappears as a pale 
white cloud while the negative glow begins to separate from the 
cathode, leaving a new dark space. The latter, named the Crookes 
dark space after Sir William Crookes, who discovered it,t is clearly 
visible at a pressure of 2 or 3 mm, while a new glow appears on 
the cathode, spreading gradually over its entire surface. This 



Plate 22. 


Photograph of discharge through partially exhausted tube, showing Crookes 
dark space close to the cathode, negative glow, Faraday dark space, and striated 
positive column. The pressure is about half a millimeter. 


^^cathode glow’^ is associated with the ejection of metallic particles 
from the cathode, whereas the positive and negative columns have to 
do only with the gas in the tube. 

The Crookes dark space gradually enlarges, and at half a millimeter 
of pressure it is about 2 mm long. At 0.1 mm it extends to 1 cm 
(Fig. 2 (e)), and at 0.01 mm it fills the tube, the negative column hav- 
ing disappeared. The glass of the tube fluoresces with a greenish 
light around the Crookes dark space, and this band of fluorescence 
advances until at pressures around 0.01 mm the whole tube is lumi- 
nous, though there is no longer any luminosity from the gas it con- 
tains. 

747. Paschen’s law. The potential at which a discharge will just 
take place between electrodes in a gas was shown by Paschen in 1889 
to depend both upon the length I of the gap and on the pressure p of 
the gas, and he found that E is a function of the prodtict pZ. This 
relation between E and pi is shown by the curve of Fig. 3, where xo 
marks a distinct minimum voltage. In air between parallel-plate 
electrodes, the minimum voltage, Eoy equals about 330 volts with pi 
between 5 and 7, where p is expressed in millimeters of mercury 
and I in millimeters. Thus if we take 6 as an average value, a dis- 

t Tt is also called the cathode dark space, and in Germany, the Hittorf dark 
apace. 
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tance of 10 cm between electrodes calls for a pressure of about 
0.06 mm, while at 20 cm it would have to be 0.03 mm if 330 volts are 

to produce a discharge. 
The amount of a gas, and 
consequently the number 
of its molecules which lie 
between the electrodes in 
a given tube of uniform 
cross section, vary as pi; 
therefore it seems safe to 
conclude that a certain 
definite number of mole- 
cules are needed between 
the terminals to allow 
the discharge to pass 
most easily. If there are 
either less or more than this optimum number, a higher voltage 
is necessary. 

We may also interpret Paschen^s law in terms of the mean free 
path X of the particles. Sir J. J. Thomson points out that as X varies 
inversely as the pressure, the product pi varies a;S l/\. But l/\ is 
the number of mean free paths between electrodes, and this number 
must determine the sparking potential. Thomson also calls atten- 
tion to the fact that 'S/pi has nearly the same value of about 0.13 for 
most gases. 

748, Hittorf’s experiment. A well-known experiment by Hittorf 
strikingly illustrates Paschen's law. A discharge is passed between 
the terminals a and b (Fig. 4) only a few millimeters apart, indicated 
by Zi. A longer path, kj is also 
made available by means of a 
side tube, as indicated. Since 
the distances li and I 2 are con- 
stant, we may now plot the 
voltage against pressure instead 
of plf and so obtain the two 
curves for the two paths shown 
in Fig. 5. 

If the pressure in the tube is progressively reduced from high 
values, the discharge, as shown by the right-hand curve, passes more 
and more easily, until at p^ the curve reaches the minimum a with 
the voltage Eq. A still further reduction of pressure demands a 
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relatively large increase in potential, shown by the steeper slope 
between a and 5. If the source of j>otential were limited to a maxi- 
mum value Elf the discharge would cease at 5. But at c the longer 
path k becomes available and the 
discharge now passes more easily by 
this route, with a new minimum 
at d. At still lower pressures the 
discharge passes with increasing 
difficulty and ceases at / when tlie 
supposed limit of available potential 
El is reached. 

It is interesting to note that the 
pressure Pc determines a critical 
and probably unstable condition when either path is available, and 
that if the voltage is then even slightly below Ec, no discharge can pass 
by either route. It would pass, however, if the pressure were either 
raised or lowered. 

749. Spark-discharge potentials. The voltage necessary to pro- 
duce a discharge across a given gap decreases steadily from atmos- 
pheric pressure to a certain minimum, different for each gas, and as 
we have just seen, increases rapidly for still lower pressures, tending 
to become infinite with a perfect vacuum. That portion of the 
curve corresponding to high values of pi between parallel plates is 
approximately a straight line whose equation isE = A + B{pl), where 
A and B are constants. If I is measured in centimeters, and p in milli- 
meters of mercury, then for air, A = 1700 and B = 39, so that at 
any assumed pressure we can readily calculate the necessary voltage 
for a discharge I centimeters in length. If the pressure is one atmos- 
phere, the slope of the curve is about 31,000 volts per centimeter 
betvreen parallel plates whose edges are shielded. This value, be- 
cause of the increasing field concentration with increasing curvature, 
becomes much smaller if the terminals are curved. Between points, 
the discharge occurs at still lower potentials. The critical potential 
gradient is not constant with increasing distance between curved 
electrodes. Instead it tends to decrease with increasing distance. 
This means that spherical electrodes, as they are more and more 
separated, behave increasingly like sharp points. 

Between polished brass balls 2 cm in diameter, the critical potential 
is 31,000 volts with a spark gap of 1 cm. With a gap of 2 cm it is 
23,000 volts per cm. With a gap of 4 cm it is only 16,000 volts per cm. 
Values for much longer discharges have been obtained in the high- 
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tension laboratory of the General Electric Company at Pittsfield. 
Between points the potential gradient w^as found to be nearly constant, 
with increasing spark length up to a distance of nearly 5 m in air at 
atmospheric pressure. This value is about 4000 volts per centimeter, 
or 10,000 volts per inch. The same figure also holds approximately 
for discharges between small parallel wires. 



Courtesy General Electric Co. 

Plate 23. 


Thirty-foot spark of ten-million-volt artificial lightning discharge in high-voltage 
engineering laboratory, Pittsfield, Mass. Energy output, 126,000 watt seconds. 

760. Cathode rays. In 1868, Hittorf, a German physicist, while 
studying the discharge in exhausted tubes, observed the dark space 
between the cathode and the negative column, and was led to a study 
of what he considered to be some form of wave motion which spanned 
the gap, and caused the gas to glow beyond it. In 1869, by producing 
still higher vacua, he nearly eliminated the glow, and found instead 
that the whole tube fluoresced, while obstacles in the path of the rays 
cast a shadow on the part of the glass that was screened from their 
action. A year later, Crookes showed that these rays could set a 
small mill wheel, having light mica vanes, in rapid rotation, and con- 
cluded that the rays were particles of a new kind of matter lying in the 
borderland between matter and energy. In this view he was sus- 
tained by other British physicists, including Maxwell. In 189& 
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Jean Perrin, in Paris, showed that this cathode-ray material was 
negatively charged. But it was not until 1899 that J. J. Thomson, 
of the University of Cambridge, announced the conclusion, based on 
his owm experiments, that the cathode rays were ‘^corpuscles^’ con- 
tained within the atom, and that these corpuscles were ejected from 
the atoms of the cathode during the discharge. 

The charge e on these particles, how called electrons, had been 
measured in 1897 by Townsend at Oxford, who assigned to it the 
value of —3 X 10^^® esu, and in 1898 and 1899 by Thomson himself, 
who obtained results more than twice as large. Thomson's value, 
coupled with measurements both he and others had made of the ratio 
of the charge to the mass, e/m, of an electron, made possible a calcula- 
tion of m, which Thomson estimated at 3 X lO"'^® g. Probably the 
best present value is 9.11 X 10 " g. it is obtained from e/m = 
5.272 X 10^^ esu/g and e = 4.803 X 10“^® esu. These values are 
based on X-ray spectroscopic measurements, as well as on Millikan^s 
oil-drop experiment, described in the next article. 

The ratio of the mass of the hydrogen ion (proton) to the mass of 
the electron may be found, if we make the reasonable assumption that 
they both have the same elementary charge, one positive, the other 
negative. In Article 650 we saw that the ratio e/mn equals F numeri- 
cally, where F is 96,494 coulombs. This is 9649.4 emu/g, and multi- 
plying by 2.998 X 10^® (the velocity of light), we have e/mn = 
2.8929 X 10^^ esu/g. Now if we divide e/m = 5.272 X 10^^ esu/g 
(the value for the electron given above) by c/m^, we obtain mn/m = 
1822. Thus, using these data, we find that the hydrogen ion is 1822 
times heavier than the electron. This figure, however, is too small, 
and 1835, obtained by spectroscopic measurement, is considered a 
better value. The mass of the hydrogen ion may now be calculated 
by taking the product 1835 X m, which equals 1.672 X 10"^^ g. 

761. Millikan’s measurement of the electron charge. Our feeling 
of certainty regarding the electron theory has been greatly strength- 
ened by the researches of Professor Millikan, who, during the period 
from 1909 to 1917, at the University of Chicago, made numerous 
measurements of the charge e by a very different method from those 
employed by previous observers, and found e = —4.774 X 10"^® esu, 
a figure which is slightly smaller than the more recent value quoted 
above. These experiments also verified the assumption that this is 
the ultimate charge of which all ionic charges are composed, for no 
ions having a smaller charge, nor ions having charges not an integral 
multiple of e, have ever been observed. 
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Fig. f). 


Millikan^s method consisted essentially in observing the behavior 
of minute droplets of oil in an electrostatic field after they had cap- 
tured one or more electrons. The oil was blown through the nozzle N 
from the atomizer A (Fig. 6), and a drop such as D was illuminated 

by light from an arc S concentrated 
by the lens L. This made the drop 
visible to an observer looking 
through a microscope directed 
normally to the diagram, as in- 
dicated by the circle il/, which re- 
presents its objective. The droplet 
then appears like a tiny star against 
a dark background, as when the Brownian particles are observed 
through an iiltramicroscope. 

In the diagram, CC represents the sections of condenser plates 1.5 cm 
apart and maintained at a measured potential difference of several 
thousand volts. Some of the drops, as a result of friction in the at- 
omizer, become charged with one or more electrons. In a field of 
suitable intensity, a charged drop may be supported against gravity 
and seen at rest in the field of the microscope. But under the influ- 
ence of X-rays from the tube T, the charge on the drop may either 
increase or decrease, causing it to move up or down. It may then be 
again balanced by changing the field intensity. When in equilibrium, 
the drop^s weight mg equals the field intensity E (or F/d), times the 
charge. The equation is 

Yl, 

d 


mg = 


( 1 ) 


The mass m was found by an application of a law due to Stokes, which 
makes it possible to calculate the radius of a small drop as it falls 
through a gas in terms of its speed, which is slow in the case of the 
oil drops observed. Then with the radius and density of the drop 
known, its mass m is easily calculated. In Millikan’s experiments, q 
was always an integral multiple of an elementary charge e, or g = ne 
where n is a whole number. The smallest value of q is of course 
equal to e, when n = 1. Then if V and d are accurately measured, e 
may be calculated from equation (1). 

762. Velocity of cathode rays. The stream of negative charges 
that constitutes the cathode rays is equivalent to a current flowing in 
a flexible wire. Therefore, cathode rays are deviated by a transverse 
magnetic field. The force acting upon them may be obtained from 
the equation F = BIl (Article 731). But any current I may be 
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measured in terms of the time rate of flow of a charge q. If I is uni- 
form, / = q/t, and if we consider a current element of length Z, then 
ll = ql/L But if q is the electronic charge c, l/t represents its veloc- 



Plate 24. 

Penc-il of cathode rays, made visible by fluorescent screen, and curved upward by a 
magnetic field directed toward the observer. 

ity. Therefore, II = eVj and the force on this equivalent current, 
acting at right angles to the direction of the electron stream, is given by 

F = R/Z = Bev. (1) 

This force is evidently constant for a given velocity, provided B is 
uniform over the range of motion considered. Such a constant force 
acting perpendicularly to the velocity is the necessary and sufficient 

conditionfor circular motion; there- a 

fore the path is an arc of a circle i 

lying in a plane at right angles to n : ^ 

the field. ; / \ ' )) 

In Fig. 7 the electron path . is I /’’ ^ \;| i J/ 

shown entering a uniform magnetic ■ / ^ t 

field at a. This field is normal to ^ 

j Fig 7 

the paper, directed away from the 

observer, and supposed uniform between AA' and BB* , From a to 

Z), where the electron meets the wall of the tube, the path is an arc 

of a circle of radius r. But the force requirtKl to hold a body of 

mass m in such an orbit is given by F = mv^lr\ hence, equating this 

value of F with that of equation (1), we obtain 

« vfm^ 

Bev 


763. Measurements with crossed fields. The preceding experi- 
ment alone is not sufficient to determine v, because it depends upon 
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the value of the ratio of the charge to the mass of the electron. 
Among various ways of measuring e/m, the method of crossed elec- 
trostatic and electromagnetic fields has proved especially useful, as 
with the same apparatus wc may find both v and e/m. 

In Fig. 8 is shown a tube in which an electrostatic field of intensity 
E is crossed with the magnetic field just discussed. The cathode 
rays from C pass through a hole in the anode A and then through 
another hole in the diaphragm Z) so as to form a narrow pencil of rays. 

This pencil strikes a fluorescent 
screen F, where it produces a 
luminous spot which moves under 
the influence of the fields. When 
the pencil of rays passes between 
the charged plates EE, it is acted 
on by an electrostatic field which 
exerts a constant upward force in 
the case illustrated. This would 
produce a parabolic path like that of projectiles acted on by gravity 
alone. But if the magnetic field produced by the coils G is properly 
adjusted, the two effects may be made to neutralize each other, 
and the beam is undeviated. Then the electrostatic force cE is 
('(jual and opposite to the magnetic force Bev, or eE = Bev, and 
V = E/B. Thus, we may find the velocity without knowing the 
value of e/m. 

The measurement of e/m is made by first sending the electron 
stream through an accelerating field of known value. This is set up 
between the cathode C and anode A, by a battery B. The kinetic 
energy acquired by the electron during the time of its acceleration is 
equal to the work done upon it, which is the product of the charge e 
and the potential difference between C and A. If this potential is 
represented by V, we may write Ve = ^mv^. But when the fields are 
balanced, v = E/B; hence ^mE^/B^ = Ve, and 



e _ 

m ^ 2BW' 


( 1 ) 


from which the ratio is determined. 

764. Variation of mass with velocity. Equation (1) above shows 
the possibility of measuring the mass of an electron from a determina- 
tion of the ratio of the charge to the mass, and a knowledge of the 
charge 6. In 1901 and 1902, Kaufmann made a series of observations 
on the mass of electrons moving at different speeds, and found that it 
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varies with the speed. Up to about half the velocity of light it re- 
mains practically constant at the accepted value, but beyond that 
velocity, the mass increases more and more rapidly, tending to- 
ward infinity as it approaches 
the velocity of light, following a 
curve like that in Fig. 9. The | 
theoretical equation of this curve, ^ _ 
based on the principles of rela- 
tivity, is m = mo(l — where 
mo is the mass of the electron ^ 
at rest, and /3 is the ratio of its 
velocity to the velocity of light 
c. When p = 0.5, the calculated value of m is 1.155 mo; when 
& = 0.9, it is 2.29 mo; for /3 = 0.99, m == 7.089 mo, and when 
0 = 0.999, m = 22.36 mo. 

766. Other characteristics of cathode rays. In addition to being 
deviable in electrostatic and electromagnetic fields, cathode rays have 
certain other remarkable properties. When not deviated by a field, 
they move in straight lines, and unless influenced by the shape of the 
tube, these lines are normal to the surface of the cathode. The posi- 
tion of the anode has no effect upon their direction, so that it may be 
located on one side of the tube without influencing the trajectory of 
the electrons. If carried outside the tube through a ‘ Vindow’^ made 
of thin aluminum foil, they are found to possess powerful ionizing 
properties, rendering air and other gases conductive. They make 
profound chemical changes in substances upon which they strike, 
as has been shown by Coolidge in the General Electric Research 
Laboratories. They cause certain crystals to become fluorescent, as 
well as the glass of the tube in which they are produced, and they heat 
any obstacle that comes in their path. In fact, the “target” in X-ray 
tubes may become incandescent under their bombardment. This is 
not surprising, considering their high velocity. A speck of dust, 
just visible to the naked eye, weighing 0.1 mg and moving with one 
tenth of the velocity of light, would have kinetic energy equal to that 
of a mass of three tons after falling a mile! The electron is vastly 
smaller than this speck of dust, but when present in such numbers 
as in a cathode beam, the aggregate is very impressive. 

The energy of moving electrons is measured in electron voUs, which 
means the energy imparted to a charge e when it moves without 
collision through a rising potential of V volts. One electron 
volt equals 1.59 X 10*“^^ erg, but as fields of over a million volts 



C Velocity 

Fig. 9. 
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are now possible, an electron may be given kinetic energy above 
2 X 10'^® erg. 

766. The cathode ray oscillograph. Because of its almost negli- 
gible inertia, a pencil of cathode rays is an ideal indicator of a rapidly 
changing magnetic or electrostatic field. In commercial studies of 
alternating-current wave forms and of electromagnetic oscillations in 
general, highly exhausted tubes are used in which a willemite screen, 
Wj fluoresces at the spot where the pencil p of moving electrons strikes 
it, as indicated in Fig. 10. The cathode is heated by a device not 
shown, causing it to emit electrons at a relatively low voltage. The 
cathode beam is reduced to a narrow pencil by the ring R (an auxiliary 

anode in some recent types) and 
by the perforated anode A. It 
then passes between two pairs of 
parallel plates, only one of which, 
Z)D, is shown. This pair, when 
charged to a potential difference as 
indicated, deflects the pencil up- 
ward, as is seen by the displacement of the luminous spot on the 
screen. If the charge is reversed, it is bent downward, while right 
and left deflections are produced by the other pair of plates. By 
combining these motions, the spot may be made to trace out Lissajou's 
figures from two oscillatory sources of different frequencies, or it 
may be made to give a hysteresis loop. 

If the horizontal deflecting plates are connected to a voltage source 
that builds up gradually to a maximum and then drops suddenly 
back to zero, the beam may be made to move periodically across the 
screen at a uniform speed and then snap back to the starting point. 
A circuit which will provide such a voltage is called a sweep circuit. 
It depends in part upon the remarkable ability of the thyratron 
(Article 769) to start and stop a current abruptly at definite potentials. 
With this device the vertical deflection due to an alternating field 
impressed upon DD will cause the spot to trace out a curve against 
time. This curve is really a snapshot of successive cycles held sta- 
tionary by the sweep circuit, and thus exhibits the “wave form'^ of 
the alternating e.m.f. 

767. Discharges and ions. In order that a gas may conduct a cur- 
rent, ions must be present in it, as when liquids conduct. Negative 
ions are either electrons, or larger particles as atoms, molecules, or 
groups of molecules having one or more excess electrons attached to 
them. Positive ions are atoms or molecules or molecular groups each 
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deprived of one or more electrons. A few free ions exist normally in 
the atmosphere, but not enough to make it conduct appreciably. 
The number present may be greatly incrc^ascnl by X-rays, rays from 
radium, and so forth. Then the air conducts readily, as is shown by 
the rapid collapse of the leaves of a charged electroscope. If the gas 
in an ordinary discharge tube is ionized by X-rays, a measurable 
current may be sent through it by voltages much lower than is re- 
quired for the spark discharge. The current increases, as shown in 
Fig. 11, up to a value called the saturation current, which depends 
upon the number of ions being formed per second. At this value all 
the ions created are used before they have a chance to recombine. 
Above the potential needed 
for saturation by a given 
source of ions, the current 
stays constant until at say 
150 volts, the negative ions 
move so fast that they 
create more ions by colli- 
sion with neutral atoms or 
molecules. These again 
create still more, and the 
current increases again at 
an accelerated rate with 
rising potential. After it has reached a value high enough to give 
the slower-moving positive ions sufficient energy to ionize in their 
turn, the current develops into a spark discharge. 

768. Ionization in a self-sustained discharge. The process of ion- 
ization by collision is not limited to gases ionized by an external 
agency. It takes place in the discharges described in Article 746. 
The electrons emitted by the cathode first traverse the Crookes dark 
space, whose length is comparable to their mean free path. With 
minimum discharge currents, the rise of potential across it varies from 
400 down to 60 volts, according to the nature of the cathode. This is 
the major part of the total rise of potential from cathode to anode, 
and the field intensity there is so very great that the electrons emitted 
acquire a high velocity. They are then able both to ionize the gas 
and to make it luminous in the negative glow just beyond the dark 
space. Different gases become luminous with different energies of 
the bombarding electrons, as is indicated by the different ‘‘resonance 
potentials” required. It takes 19.75 electron volts to excite helium 
to luminosity, but only 4.9 electron volts to excite mercury vapor. 
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At a still higher voltage the impact of the electron is sufficient to 
knock out an electron from the gas atom. This requires 24.5 volts 
with helium, and 10.4 with mercury vapor. The result is a new elec- 
tron that travels on toward the anode along with the first electron, 
and also a positively ionized atom which moves toward the cathode. 
If there are many electrons in the stream, ionization occurs simulta- 
neously with luminosity at resonance potential, for then successive 
collisions with the same atom in its excited or light-emitting state may 
result in knocking out an electron and so ionizing it. When this 
occurs the current rises very abruptly after the resonance potential 
has been reached. 

The positive ions created by collision move much more slowly 
than the electrons, and are more feeble ionizers, even if we assume 

equal kinetic energies. 
However, if the volt- 
age is raised above the 
ionizing potential, they 
begin to ionize in their 
turn, and the current is 
still further increased, 
tending toward an arc 
discharge, wliich will be 
discussed later. 

In the negative glow, 
the potential does not 
change much, but be- 
gins to rise again across 
the Faraday dark space. This is a second region of acceleration for 
the electrons that have been slowed down by collisions in the negative 
glow. In the positive column the potential rises at a gradual and 
nearly uniform rate, except when the striae appear, but there is a 
sharp increase close to the anode. Its luminosity is due to both 
kinds of ion which recombine along its entire length. These variations 
in potential are shown approximately in Fig. 12. 

769. Origin of cathode rays. In tubes such as we have described, 
having a gas pressure of say 0.01 mm of mercury, it is found that if 
the tube is bent down in front of the cathode, the rays develop only 
from that portion of its disc not so shielded. Thus the depression B 
in the wall of the tube shown in Fig. 13 prevents the rays from form- 
ing over the upper portion of the cathode. The explanation is that 
positive ions derived from the gas in the tube move toward the cathode 
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under the influence of the field, and liberate electrons by their impact 
with the cathode. Thus ions are needed to liberate the very electrons 
which are to form them. 

The velocity required to enable positive ions to knock electrons 
out of the cathode is developed in the strong field of the Crookes dark 
space. The total change of po- 
tential there, as we have seen, has 
a minimum value of from 60 to 
400 volts, whereas only 25 or 30 
volts are needed to give the elec- 
tron enough energy to ionize the 
gas in the negative glow. It would seem then that the large potential 
drop across the dark space is determined by the needs of the relatively 
heavy and slow-moving positive ions. 

760. Canal rays. The positive ions just referred to have their 
origin in the gas of the tube between anode and cathode. If the 
cathode is pierced with small holes (or canals), streams of these ions 
pass through, forming what Goldstein, who first observed them in 

1886, called canal rays. These 
rays, shown in Fig. 14, appear 
as a yellowish glow in air at 
low pressure behind the cath- 
ode, and travel from 10 to 
100 times slower than cathode 
rays. They are deviable in 
both electrostatic and electromagnetic fields, but not nearly as 
much so as cathode rays because, although their slower speed should 
make them easier to deviate, positive ions are at least 1825 times 
more massive, and so their greater inertia resists deflection. Equa- 
tion (2) of Article 752 applies to canal rays as well as to cathode rays, 
and the radius of curvature in a magnetic field is given by r == 
{v/B) X {m/e), where m is the mass of the individual particle. The 
mass is obtained by measuring the radius in a known field. The 
results show that these rays are made up of protons, as well as ions of 
the gases in the tube, and even of the metal of the cathode. 

In addition to true canal rays, the anode itself, when heated, gives 
off positive ions of its own substance or of metallic salts with which it 
may be coated. This fact has been used in some brilliant investiga- 
tions by J. J. Thomson, Aston, and others in order to determine atomic 
masses. The methods used by Aston and several other physicists 
are discussed in Articles 789 and 790. 



Fig. 14. 



Fig. 13. 
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PROBLEMS 

1. Using the formula in Article 749, calculate the critical discharge voltage 
between parallel plates 12 cm apart, when the air pressure is one eighth of an 
atmosphere. Ans, 46,160 volts. 

2. In a transverse field of 150 oersteds, a cathode beam traces a curve of 6 
cm radius. Taking the value of e/m in Article 750 (converted to e.m.u.), 
calculate the velocity of the electrons. (Note: an emu = 3 X 10^® esu.) 
Ans, 1.58 X 10^*^ cm/sec. 

*3. Calculate the electrostatic field needed to balance a magnetic field of 
200 oersteds in the ‘^crossed fields'^ experiment, when the accelerating e.m.f. 
is 90 volts. Alls. 1125 volts/cm. 
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Thermo- and Photoelectric Emission 

761. Thermionic emission. The valve used in wireless telegraphy 
and described in Article 743 depends upon a phenomenon first really 
studied by Klster and Geitel about 1880, but not thoroughly under- 
stood until the exhaustive investigations of Richardson in 1900 and 
after. When a metal is heated to incandescence, it tends to lose nega- 
tive electricity, and so, if charged negatively, it rapidly loses the 
charge. Positive electricity may also be discharged in this way, but 
bodies showing this anomalous behavior, which is probably due to 
impurities, do not retain it upon prolonged heating. Thus true 
thermionic emission is a property of certain metals which does not 
alter with time, and occurs whenever they are sufficiently heated. 

Edison observed this phenomenon in connection with incandescent 
lamps before 1885, and found that if an electrode were sealed into the 
lamp independent of the filament, a current could pass from the elec- 
trode to the filament, but not in the opposite direction. We now 
know that what occurs is an emission of electrons from the heated 
body. In a vacuum under a sufficient potential gradient they move 
with high velocities, and constitute cathode rays like those already 
described. Tlieir emission may be facilitated by a deposit of lime or 
thorium oxide on the cathode, which causes the emission to take 
place at a lower temperature, and a lower voltage may then be used 
in producing the cathode rays. 

This method of production, with a heated cathode, differs from the 
usual way in a very important respect. It is wholly independent of 
the gas that always remains in an exhausted tube, and so works with 
any degree of vacuum. In fact, the discharge is readily created when 
it would be quite impossible with a cold cathode, because then we 
should be dependent upon the positive ions in the gas, and such ions 
would not be present in sufficient quantity to liberate electrons by 
their impact. 

Richardson compared the emission of electrons from a heated body 
to ordinary evaporation, and actually calculated the *‘heat of evapora- 
tion of electricity,^^ which is the energy required to liberate a unit 
quantity from that body. As the liberation of a negative charge must 

741 
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leave a corresponding positive charge on a conductor, a ‘^double 
layer^' is formed at the surface, as occurs when an electrode is im- 
mersed in an electrolyte. To overcome this adverse field, a minimum 
potential, which differs for different metals, is necessary to eject the 
electrons from its influence. It is found to be 4.1 volts for platinum, 
3.04 for heated lime, and 6.48 for carbon, which shows why a spot of 
lime on a heated strip of platinum is such a prolific source of electrons, 
and why both lime and platinum are better than carbon. 

762, Thermionic currents. If the temperature of the heated body 
is kept constant, increasing voltage results in increasing current, but 
the increase, unlike metallic conduction, is not steady. Instead, the 
current-potential curve is as. shown in Fig. 15. The current increases 

rapidly at first, then more and more slowly 
as it begins to make complete use of all 
electrons emitted by the cathode. This 
decline in its growth begins at the “knee^^ 
of the curve, or at about 0.6 microamperes 
in the particular case illustrated. After 
the ^‘knee,’' the current approaches a 
saturation value when all the electrons 
liberated in a given time reach the 
anode. 

The principal factor which controls the 
thermionic current is the so-called space charge. This is really the 
combined charge of all the electrons between the electrodes. The 
total effect of these many minute charges is as if they formed a 
charged cloud which repels the advance of other electrons from the 
cathode. Of course, the electrons that form this “cloud'^ are in rapid 
motion, but as there are always new ones in the same space, the space 
charge does not move. The thermionic current would reach satura- 
tion more readily than it does if there were no space charge. That 
is, a lower voltage would produce saturation. Below the knee, the 
space charge is the chief factor controlling the current. Beyond the 
knee, the space charge is less effective, owing to a thinning out of 
the electrons by their rapid motion, and the current is mainly limited 
by the total number of electrons emitted by the cathode. 

Since the value of the saturation current is limited by the rate at 
which the cathode emits electrons, this limit rises if the cathode is 
heated to a higher temperature. These relations are shown by the 
curves of Fig. 16, where the curve OA is the first part of the volt- 
ampere characteristic, if we assume an unlimited supply of electrons 
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from the cathode. The curve Oti shows a definite limit /i, reached 
when the cathode is kept at a temperature while the curves Oh 
and Oh show higher limiting values of the / 
current at temperatures rising in equal steps. 

The equation of the curve OA, due to Lang- 
muir, is / = kV^, where fc is a constant de- 
pending upon the construction of the tube. 

There are three ways of varying the current 
ill a thermionic tube having constant filament 
temperature. One, as we have seen, is by 
varying the plate potential. A second is by 
altering the space charge by means of a *^grid^^ 

(Article 763). The third is by suppressing the 
space charge by the use of an inert gas. This method is used in the 
“tungar’^ rectifier, which is used to ^^rectify^^ alternating currents 
for charging storage batteries and for other purposes where half of 
every cycle must be suppressed. In this tube the cathode is a heated 
tungsten filament, and the anode is a tungsten cone a few millimeters 
from the cathode. Instead of being highly exhausted, it contains 
argon gas at a pressure of from 8 to 10 cm of mercury. This gas 
supplies positive ions under the bombardment of the cathode dis- 
charge, and thus neutralizes the space charge and permits the current 
to increase almost indefinitely under increasing voltage, without 
reaching a saturation value. 

763. The three-element tube. In this form of thermionic tube a 
third electrode is introduced into the thermionic tube between anode 
and cathode, known as the grid. The cathode filament is raised to 

incandescence by the “A’^ battery, 
and thus emits electrons in great 
quantities. The tube is so highly 
exhausted that the effect of the space 
charge in limiting the current is very 
marked, even with the rather low 
potentials used. A conventional dia- 
gram of such a tube used in a radio 
receiving circuit is given in Fig. 17. 
The ^‘A^^ battery, controlled by a rheostat 72, heats the filament F, 
The battery of 40 volts or more furnishes the so-called plate 
current, which operates the head phones, T, This current flows 
from the anode, or plate P, through the tube of the filament P, 
because negative electrons are moving from F to P. The grid g is 



Fig. 17. 
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connected to the receiving circuit. This is ^'coupled^' by means of 
the coils M to the aerial, or antenna, L, which is grounded at G, A 
condenser c of variable capacitance is connected across the secondary 
of M so as to tunc the receiving circuit to resonance with the currents 
set up in the aerial by the incoming radio waves. Finally, a 
battery of a few volts may be inserted in the receiving circuit so as to 
give the grid a fixed difference of potential, usually negative, with 
respect to the filament. 

To understand the operation of the grid, let us suppose that there 
is no ‘‘C’’ battery, and that it is given a small positive charge from the 
receiving circuit. This tends to neutralize the space charge, and per- 
mits an increase in the plate current. When the receiving circuit 
charges it negatively, it acts like an increased space charge, and the 
plate current is reduced. 

The characteristic curve in Fig. 18 shows that small changes in 
grid potential may produce relatively large changes in the plate cur- 
rent, especially where the curve is 
steepest. Thus if the grid poten- 
tial is raised from zero to + F', 
the current increases from Jo 
to Ji, while an equal fall of po- 
tential to — F'produces a similar 
decrease in the plate current to/ 2 . 

The portion of the curve lying 
to the left of the current axis 
shows that if a potential of — Fo 
volts is given to the grid, the 
effective space charge is sufficient 
to reduce the current to zero. 

The point b on the curve is a point of inflection where it is steepest 
and most sensitive. If the grid is ‘‘biased’' by giving it a small steady 
negative potential — Fc by a “C” battery, the operative range of the 
tube may be brought to this portion of the curve. Here also it is 
straight, so that the current varies directly as the grid potential. 
There is therefore no distortion of the plate current as there would 
be with the grid at zero potential. With no grid bias, the curve 
shown in Fig. 18 is convex upward where it is operative. This results 
in reducing the increase of the plate current with rising grid po- 
tential, and in augmenting its decrease with falling grid potential. 

704. Use of the three-element tube in radio reception. The three- 
dement tube, or triode, as it is often called, may be used both as a de- 
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tector and as an amplifier of high-frequency electric oscillations. 
When used as a detector, the operative range is brought to one of the 
two most curved portions of the characteristic, and thus deliberately 
distorts the plate current. 

The transformation of small alternating grid potentials into pul- 
sating unidirectional plate currents is shown by the curves of Fig. 19. 
The sine curve marked A represents the variations of the grid poten- 
tial, and the curve B repre- 
sents the resulting variations 
of the platci current. These are 
larger above the undisturbed 
value 1 0 than below it. Thus 
th(i average change in current 
due to the variations A is /i 
— /o, where h is the average 
value of the entire plate cur- 
rent measured from the X axis. 

As the receiver’s diaphragm, 
because of its inertia, is unable 
to respond to the extremely 
rapid alternations indicated, 
the average change of current, 

/i — / 0 , can cause only a steady pull upon it, and no sound is produced. 
Even if there were, it would be far beyond the range of audibility. 

In order to make the wave train produce audible sound of a definite 
pitch, the amplitude of the oscillations must themselves have a pul- 
sating change whose frequency is within the range of audibility. 




Fig. 20. 


They are then said to be modulated. 
Thus ill Fig. 20, the sine curves A of 
varying amplitudes represent the mod- 
ulated grid potential, and the dotted 
curves of B represent the resulting plate 
current. This flows in one direction, 
but fluctuates asymmetrically so that 
the average is a “rider” of period T 
having audio frequency y as distinguished 
from the rapid alternations of radio 
frequency, which act as “carrier waves.” 


The carrier wave must be of much higher frequency than that of 


audible sound, because the energy radiated from an antenna varies as 


the square of the frequency, and consequently the low frequency 
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oscillations corresponding to audible sound would radiate very little. 
Another reason for the carrier wave is that it has a constant frequency, 
and both the sending and receiving circuits can be tuned to resonate 
with it. With the variable audio frequencies which must be broad- 
cast, tuning would be impossible. On account of the high frequency 
of the carrier wave, the telephone receiver T, shown in Fig. 17, would 
practically stop the current because of its large inductance, which 
resists rapid currcmt changes. To counteract this effect, a condenser 
c' is shunted across the receiver. Condensers are increasingly ^ ^trans- 
parent^’ as the frequency rises, and the system c'T is thus made capa- 
ble of responding to the modulated oscillations. 

When used as an amplifier, the tube is highly exhausted, and the 
purpose is to produce audio-frequency plate currents of exactly the 
same form as the varying grid potential which causes them. These 
are said to be amplified because the plate potentials needed to produce 
them (unaided by the grid) would have to be many times greater than 
the grid potentials actually used. To secure undistorted as well as 
maximum amplification, the tubes are made to operate at the straight 
portion of the characteristic curve, as was explained in the preceding 
article. If this lies to the left of the current axis, as in Fig. 18, a 
negative “bias” is necessary. The negative charge on the grid is desir- 
able in any case, as it prevents the grid from attracting electrons and 
so setting up a grid-to-filament current which is harmful. Indeed, 
“power tubes” used in radio sets after several stages of amplification 
require quite large biases. In such tubes the grid potential varies 
through several volts, and if there were not a correspondingly large 

bias, the grid would become periodically 
positive, and a periodic current would 
flow between it and the filament. 

766. The triode as a source of oscil- 
: lations. In order to generate a continuous 

^ train of high-frequency oscillations, a 
condenser and inductance are connected 
so as to form a resonating circuit, as 
shown in Fig. 21. This represents a 
fundamental arrangement from which 
there are numerous derivatives. An 
oscillation is started in the circuit LC by 
some slight change in the plate current* flowing through the coil Lp. 
This acts inductively on the coil L to induce an e.m.f. suflJcient to 
give C a slight charge. The condenser then discharges, and so oscil- 
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lations begin, whose frequency is given approximately by n = 
\l{2Try/LC)i as explained in Article 740. These, in turn, act in- 
ductively on coil Loy and set up corresponding variations in the grid 
potential, which cause larger variations in the plate current than those 
which started the process. If the coils are properly wound, the oscil- 
lations in the resonating circuit are in synchronism with those of the 
plate circuit, and build up to a steady maximum value at which they 
are maintained at the expense of energy derived from the battery. 

Such a process, which depends upon making effects help causes, is 
contrary to the fundamental principle of reaction opposing action. 
It is possible, therefore, only when energy is constantly supplied (as 
from the battery) so as to further the action which periodically 
releases that energy. Thus the original current change in the plate 
circuit must result in a grid potential which tends to increase that 
change. The change may be either an increase or decrease of the 
current, just as the escapement of a clock, at the expense of the po- 
tential energy of the weights, causes the pendulum to be driven in 
that direction in which it is momentarily swinging. The circuit LC 
acts like the pendulum in maintaining a constant frequency, and also 
serves to pass the energy of the battery on to the grid. 

766. The arc discharge. In the discharges hitherto described, the 
current is carried by gaseous ions, or by electrons ejected from the 
cathode, or by both. If the cathode is cold, the electrons are due to 
the impact of positive ions, but if it is heated, no positive ions are 
necessary, and the discharge can take place in a high vacuum. 

The electric arc differs from these modes of discharge in that the 
atoms of the terminals play a part as ions in carrying the current. 
This is strikingly evident in the light of the arc between iron elec- 
trodes, which is very rich in the spectral lines of iron. Carbon termi- 
nals having a core of graphite mixed with sodium silicate and the 
salts of boron, calcium, magnesium, and so on, produce a ‘ 'flaming 
arc^^ whose spectrum is that of the elements used in the core. 

Another characteristic which distinguishes the arc from the spark 
discharge is that one or both electrodes are heated to incandescence. 
The anode may be kept cool, but the cathode must be hot enough to 
emit electrons, as in ordinary thermionic emission. It is heated by 
the bombardment of positive ions and not by an auxiliary "A’^ 
battery. Thus the arc, even in air at atmospheric pressure, is self- 
maintained at a voltage far below that required to maintain a spark 
discharge in an exhausted tube. The carbon arc, for instance, re- 
quires only 40 volts after it has once been started, but the start must 
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be made by touching the carbons together and then “drawing the 
arc” as they are separated. 

The electron stream of an arc, produced from the heated cathode, 
in turn bombards the anode, and as shown in Article 639, this may 
produce very intense heat and light from the crater, provided the 
anode is not cooled. If it is cooled, as by circulating water, the 
discharge itself may still be produced, but if the cathode is cooled, 
or is so massive that heat is rapidly conducted away from the region 
bombarded by positive ions, electrons are not emitted and the arc 
cannot be formed. In fact, a carbon arc made of one slondc^r and one 
thick carbon rod acts as a valve in which only the slender rod can 
act as cathode. 

767. Photoelectric phenomena. We may liberate electrons from 
a metallic surface by the agency of a beam of light, as well as by 
heating the metal. If light, especially ultraviolet, falls upon a 
metallic surface, it tends to liberate electrons from the metal, leaving 
it positively charged. The various metals differ strongly among 
each other in this respect, and may be arranged in a photoelectric 
series similar to the voltaic series already given (Article 658) in our 
study of contact differences of potential. In this series the metals 
occur in essentially the same order as in the voltaic series. Thus, 
when illuminated with light of the same wave length, zinc loses elec- 
trons much more rapidly than copper, while the alkali metals like 
potassium are still more photoactive and emit electrons under the 
relatively long waves emitted by an oil lamp. Rubidium is so ex- 
tremely active that it loses a negative charge when illuminated by 
a glass rod barely red hot. 

Gases are photoelectric as well as metals, but most of them require 
light of shorter wave length to ionize them. Air, for instance, cannot 

be ionized by light that passes 
through quartz, although quartz is 
transparent to the near ultraviolet. 
But the still shorter waves trans- 
mitted by fluorite are able to 
ionize air. 

A cell made with two electrodes, 
one of which is photoactive, and 
with both sealed in a vacuum 
tube, acts like a weak battery. The 
more photosensitive electrode (for example, potassium), when illumi- 
nated as shown in Fig. 22, emits electrons and acquires a positive 
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Fig. 22. 
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charge. If it is connected to the other electrode through an external 
circuit, a feeble current flows through the connecting wire from the 
more active to the less active electrode. This means that there is a 
photoelectromotive force within the cell directed from the less toward 
the more active metal. A battery placed in the circuit, as shown 
above, may stop the current completely if its c.m.f. is directed so as 
to oppose the flow of electrons indicated by the arrows, or it may 
greatly increase the current if connected as shown in che diagram. 

The time required to develop photoelectric emission is extremely 
short, being under 3 X 10“® sec. both in beginning, and in stopping 
when the light is turned off. This renders the phenomenon available 
for many practical applications, such as in television and sound films, 
through the use of photoelectric cells. 

Photoelectrons are ejected with speeds averaging around 5 X 10^ 
cm/sec., and behave exactly like cathode rays. The amount of 
negative electricity thus liberated varies dirc^ctly with the intensity 
of the incident light, but the velocity of the ejected electrons depends 
only upon the wave length of the light, and increases as the wave 
length decreases. 

This latter fact cannot be explained on the basis of ordinary 
mechanics, and shows that the kinetic energy of the “rays^^ is derived, 
not from the interior of the atom, as was formerly supposed, but from 
the light which liberated them. This is in accord with the quantum 
theory of radiation. When a luminous quantum hv (Article 537) 
strikes the surfaces if an electron is ejectcjd, its kinetic energy is given 
by Einstein's equation 

\mv^ = hv — w, (1) 

where w is the energy required to get the electron out of the metallic 
surface and is called the work function. Thus w acts as a tax on 
the incident quantum, and the kinetic energy of the ejected electron 
is less than that of the quantum which expelled it. 

It is found by experiment ihat a positive charge on the photosensi- 
tive plate tends to diminish the effect, and if large enough, stops it 
altogether. This occurs automatically if the plate is insulated, for 
the loss of electrons gives it a povsitiife charge that soon becomes large 
enough to hold them back by electrostatic attraction. The stoppage 
is not abrupt, however, showing that the escaping electrons have 
different velocities. The maximum velocity is attained by electrons 
whose w is very small, and then = hvj very nearly. If it takes 
V volts to stop these fastest electrons, their kinetic energy may be 
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measured by eY electron volts (Article 755), and if we set la = 0, 
equation (1) becomes 

- eF X 1(P, (2) 

when e is expressed in e.m.u. 

768. The photoelectric cell. This device is much used today both 
for detecting and measuring either visible or ultraviolet light, and in 
such practical applications as television and the production of sounds 
from the film used in “talking'^ motion pictures. The discovery 
of a variety of compounds such as potassium hydride, far more sensi- 
tive to light (especially in the visible range) than pure metals, has 
made possible this remarkable development of the photoelectric cell. 
It is wonderfully adapted to its purpose, being extremely sensitive to 
minute changes of illumination. The current developed by a battery 
in series with such a cell varies directly as the intensity of the beam. 
Thus it reproduces electrically the variations of the light which falls 
upon it. Moreover, as it is almost instantaneous in its responr^ (see 
Article 767), very rapid changes of illumination are accurately f<)l- 
lowed, including those due to the higher harmonics of sound waves 
when photographed on a film. In the more familiar types of cell, the 
light-sensitive material is coated over the inside of the tube, leaving a 
window of uncoated glass through wliich the light can pass. This 
layer forms the cathode, while a ring of some insensitive metal like 
copper forms the anode and is maintained at a positive potential with 
respect to the cathode. 

A modern highly sensitive photoelectric cell made by the Bell 
Telephone Companyf is fifty times as sensitive as the older potassium 
hydride cells. The anode A is a nickel wire in the axis 
of the cathode, as illustrated in Fig. 23. The cathode, 
which emits electrons when illuminated, is a sheet of 
pure silver curved into a half cylinder. Upon this 
base is formed a matrix of cesium oxide, silver oxide, 
and finely divided silver. Finally, after the tube has 
been exhausted, the matrix is covered with an adsorbed 
layer of cesium about one atom thick, using a technique 
too complicated for discussion here. Finally, if the tube 
is destined to cany relatively large currents, it is filled 
with an inert gas, like argon, at low pressure, so that positive ions 
may be produced by collision, as in the tungar rectifier. 

Still another type of photoelectric cell depends upon a principle 
first observed by Grondahl and Geiger, American physicists. This 

t M, J. Kelly, Bell Telephone Laboratoriee Record^ October, 1933. 
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was later developed, by Schottky and Lange, in Germany, into the 


modern photronic cell, much used in 
photography for measuring the illumina- 
tion of the ‘^subject.^^ It operates with- 
out an exhausted tube or a battery. The 
active material is a thin layer B of 
cuprous oxide (CU 2 O), formed on a base A 
of copper, as shown in Fig. 24. Over the 



oxide is deposited an excessively thin and fairly transparent layer C of 


some metal. When illuminated, as iii- 



Courtesy General Electrir Co. 


dicated by the vertical arrows, an e.m.f., 
caused by the diffusion of electrons 
liberated in the photo-sensitive cuprous 
oxide, is set up across the boundary 
between B and C. Wires connected to 
the metal film and the copper plate com- 
plete the circuit, and a current flows 
externally from the surface film to the 
base plate. 

A curious f(‘ature of the photronic cell 
is that in th(» dark it acts as a valve to 
currents produccul externally. It stops 
a current flowing as indicated in Fig. 24, 
but allows it to flow in the opposite 
direction. In fact it was this valve 
action which Grondahl first developed 
to a high degree of perfection before the 
photoelectric e.m.f. was noticed. When 
this cell is used as a valve or rectifier, 
there is no upper layer C, and the valve 
action occurs at the layer separating the 
cuprous oxide and the metallic copper. 
In tliis layer a so-called *^back wall'^ 
photoelectric e.m.f. is developed, but it 
is not nearly so strong as that developed 
between B and C in the “front wair^ cell 
of Schottky and Lange, described above. 


Plate 25. 

Cathode and grid structure of 
G. E. thyratron. 


769, The thyratron. Even gas-filled 
photoelectric cells can handle currents of 
but a few milliamperes at most, and 


usually operate at much lower values. In order to have light control 
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of lamps, switches, and so on, which need large currents, a relay called 
thjrratron has been developed by the General Electric Company. It 
is a three-element tube filled with mercury vapor, through which 
flows a current of many amperes wdieii the cathode is sufficiently 
heated and the grid is at a suitable potential. 

If the grid potential is strongly negative, no current flows, but at a 
certain critical potential, usually a little below zero, the current starts 
and almost instantly reaches the full value corresponding to the 
temperature of the cathode, the anode potential, and resistance of the 
circuit. After the current is once established, the grid ceases to func- 
tion as a control, because it becomes surrounded by a layer of positive 
mercury ions. However, if the applied potential is alternating, and 
if the grid potential is gradually lowered beyond the critical value, 
the current abruptly ceases when the applied e.rn.f. passes through 
zero. In this way the thyratron acts as a faucet and turns on or 
stops a stream of electricity, instead of water. 

The diagram in Fig. 25 shows how a thyratron T is used in connec- 
tion with a photoelectric cell P. The function of the usual 

battery is supplied by the A coils of the 
transformer M. The B coils act as the 
usual battery to send a pulsating 
unidirectional current I through the 
thyratron and load L in the usual direc- 
tion, as indicated by the arrow. When 
no light shines upon the cathode e of 
the cell, the battery maintains 

the grid at a sufficiently negative 
value to prevent any discharge through 
T. But when e is illuminated, the 
battery sets up a flow i around the circuit ejgh^ in the sense in- 
dicated by the curved arrow. As the battery has a higher 
voltage than the battery, the drop across the resistance be- 
tween / and C is reversed, giving f a higher potential than g, in- 
stead of a lower potential as is the case when C alone is acting. If 
the potential of / and the grid are raised above the critical value, 
the pulsating current I begins to flow and continues as long as e 
is illuminated enough to maintain the grid above that potential. Thus, 
by illuminating or interrupting the illumination of e, we control 
the photoelectric current i. This turns on or off the main cur- 
rent If which may operate a thousand-watt lamp or a switch or 
other load. 
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PROBLEM 

*1. Calculate the wave length of a beam of light which liberates^ electrons 
from a zinc plate, if it takes 3 volts to stop the fastest. Ans. 4137 A. 
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X-rays and Related Phenomena 

770. Rontgen rays. Professor Rontgen of Munich, in 1895, dis- 
covered that a photographic plate in its holder was fogged when in 
the neighborhood of a Crookes tube, as a result of the discharge. This 
was later shown to be associated with the impact of the cathode rays 
upon the walls of the tube. If, however, some refractory metal of 
high atomic weight were used as a target, upon w^hich the cathode rays 
might impinge instead of on the glass, the result was found to be much 
more powerful, and all such tubes are now constructed in this way. 

The rays thus produced, unlike cathode and canal rays, are not 
corpUiscular, and are not deviable in electrostatic or electromagnetic 
fields. They differ from light in being able to penetrate opaque ob- 
jects, and are not readily stopped, or rather absorbed, except by mat- 
ter of considerable density and thickness, such as sheets of metal, 
especially lead. The name X-rays was soon given to them because 
of their then unknown nature, and this term is still used, though their 
mystery has been largely explained. 

In addition to their penetration. X-rays possess the power of ioniz- 
i^ gtstees to a high degree. They also produce chemical changes in 
c^rt^ subj^ances like the emulsion of the photographic plate, and 
hive profound physiological effects on animal and vegetable tissues, 
which may be either harmful, or, in treating certain diseases, highly 
beneficial. 

771. X-ray tubes. It is an experimental fact, partly accounted for 
by theory, that X-rays are weakest in a direction opposite to the 



cathode stream. There is another minimum when rays are formed 
in the same direction as the cathode stream by passing through a 
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thin target. The maximum of intensity occurs at varying angles, de- 
pending on the voltage used and the material of the target, a fair aver- 
age being about 70® from the cathode stream. Consequently, all the 
earlier X-ray tubes were designed with a 
target, inclined as in Fig. 26 (a). This 
results in a broader X-ray beam than if the 
target were normal to the cathode rays, 
but does not affect the direction of maxi- 
mum intensity, indicated by the arrow 
Ac. The hemisphere of the bulb acb 
fluoresces under the bombardment of 
secondary electrons liberated from the 
anode by the impact of the primary 
cathode rays, indicated by the converging 
dotted lines. 

In Fig. 26 (6) is shown a more modern 
type of tube known as the Coolidge tube, 
after its inventor, W. D. Coolidge, of the 
General Electric Company. Here the 
cathode consists of a coiled filament F of 
fine tungsten wire at the center of a con- 
cave cup. This filament may be heated to 
any desired temperature by the battery R, 
controlled by the rheostat R, The anode 
is faced with tungsten or molybdenum 
mounted on a massive rod which may be 
cooled by an internal stream of water, or 
air-cooled by vanes on the portion pro- 
jecting outside of the tube. It comes quite 
close to the cathode, and the electron 
stream strikes it at right angles so that 
the X-rays emerge in a zone around the 
tube, as indicated by the arrows. 

Coolidge tubes are so highly exhausted 
that no current flows until the filament is 
heated to redness, and then the intensity 
of the electronic current and resulting X- 
ray beam is adjusted as desired. The penetration or hardness of the 
rays is controlled by the impressed e.m.f ., which determines the speed 
of the electrons. It may be either alternating or direct, as the tube has 
a valve action in common with other heated-cathode device. When 



Courtesy Department of Radiol^, 
Hartford Hospital. 

Plate 26. 

X-ray photograph of part of 
child’s hand and arm, showing 
tissues and bone structure with 
unusual clearness. 
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used to examine tissues, bones, and so on, a minimum of about 35,000 
volts is needed to penetrate the flesh. Bones are best seen when 45,000 
volts are applied. Above 50,000 volts, the rays pass through the bones 
increasingly, and afford less and less contrast to the transparent tissues. 
The electronic current varies from a few milliamperes up to one ampere 
in exceptional cases with specially designed tubes. 

The examination of hopes and tissues just discussed is effected either 
by the use of a fluorescent screen, as described in Article 543, or by 
letting the rays fall upon a photographic plate, which is thus ‘^ex- 
posed,” and then developed in the usual manner. 

772. The nature of X-rays. When these rays were first investi- 
gated, they were supposed to l)e a sharp ‘‘pulse^^ in the “ether'^ with- 
out any vibratory characteristics, somewhat like the sound produced 
by cracking a whip. This would be the logical consequence of the 
sudden stopping of the cathode-ray electrons when they strike the 
target. It w^as found that mirrors, prisms, gratings, and so forth, 
with which ordinary light is reflc'cted, refracted, and diffracted, failed 
to produce the sam(^ effect on X-rays. This was supposed to confirm 
the ^^pulsc” theory, for a disturbance without periodic vibrations 
would not behave like light, and would moreover have much higher 
penetration. But we now know that X-rays have a definite wave 
length and that their frequency of vibration depends upon the velocity 
of the moving electrons whose impact with the target produces 
them, with certain limitations imposed by the atoms of which the tar- 
get is made. They are electromagnetic vibrations like light, though 
their wave lengths average from five to ten thousand times shorter. 

773. X-ray spectra. The rays emitted from the target of an X-ray 
tube form a continuous spectrum like that of light from an incan- 
descent solid. They also exhibit ^flines^' characteristic of the metal of 
which the target is made. 

The continuous spectrum has a very sharp upper limit which de- 
pends upon the voltage applied to the tube. The potential difference 
gives the electron an energy of eV electron volts, which is just capable 
of liberating a quantum from the target, where is the maximum 
frequency due to the fastest electrons in the cathode beam. This is 
the inverse of the photoelectric effect, as expressed by equation (2) 
of Article 767, for in both cases the work function w vanishes for the 
highest frequency. The inverse relation, eV X 10^ = was dis- 
covered by Duane and Hunt in 1915, and is often referred to as the 
Duane-Hunt relation. As both the potential and the limiting frequency 

may accurately measured, this relation enabled its authors to 
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determine Planck^s constant h with great precision. Their result 
agrees closely with the accepted value obtained by Millikan in another 
way. 

Below the maximum frequency of the upper limit, the target emits 
X-rays of all frequencies, extending the spectrum indefinitely into the 
region of longer wave lengths. With the usual thick targets, the 
intensity of the beam is greatest at frequencies somewhat lower than 
the maximum, and then falls off gradually toward the long-wave end 
of the spectrum. 

Characteristic X-rays depend upon the metal of the target, and arc 
imposed, as it were, upon a background of the continuous spectrum. 
To excite these ^^iiies,^^ the electron must have sufficient kinetic 
energy to supply the quantum equivalent to that line of a series which 
has the highest frequency. When this is reached by raising the volt- 
age, then all the lines of the scries appear at once. With reference to 
a particular series of lines observed in the characteristic spectra of 
different elements, it is found that increasing voltages must be used 
to excite this series in elements of increasing atomic number. This 
means that the bombarding electrons have to travel faster to be able 
to (excite the characteristic lines of heavi(^r atoms. The quanta 
emitt(id are thus larger, and the resulting frequencies are higher for 
corresponding lines as wc ascend the scale of the atoms. 

A simple calculation shows that it takes 12,360 volts acting upon an 
electron to produce a wave length of one angstrom (10’“* cm), but as 
many characteristic waves emitted by the heavier atoms are even 
shorter than this, much higher voltages are needed to give the electron 
enough energy to excite the atom sufficiently to enable it to radiate 
these short wave lengths. 

774, Secondary X-rays and corpuscular radiations. When X-rays 
fall upon a ^‘radiator, they give rise to two types of secondary rays. 
One of these types consists of fluorescent X-rays, so called because, 
as with ordinary fluorescence, the frequency of the excited rays de- 
pends upon the nature of the radiator, and is always lower than that 
of the incident beam, in accordance with Stokes' law. In fact, they 
are nothing but an example of fluorescence in a realm of very short 
wave lengths, and the incident quantum must have more energy 
(that is, higher frequency) than that of the fluorescent rays to be 
generated. The other type of secondary rays is said to be scaUered, 
These have the same frequency as the original rays, and are produced 
somewhat as visible light is scattered by a rough surface. 

Both fluorescent and scattered X-rays are associated with the emis- 
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sion of electrons from the radiator. In the case of fluorescent X-rays, 
the electrons are emitted as in the photoelectric effect, and Einstcin^s 
equation is applicable. The fastest electrons have the same kinetic 
energy as those in the primary beam, given by 

\mv^ = hv = eV X 10®, # . , 

wlygre V is the voltage impressed upon the X-r^ ^ 

realfly &m^e equation as that which governs the maximuiiiiM^(|i^ 
of electrons emitted in the photoelectric effect with, yi^ble 
Herc> hpwjsver,^the size of the quantum 5» so great that smalf 
of enk»gy w needed to get the electron out is negligible 
to hv. 4 ^ \ 

776. The Compton In 1922, Professor A. H-^^CoD^iptoii, (d 

the University of Chicago, discovered that Soatte!ped^X-rays, iuad<||i4 
tion to exhibiting the frequency of the original beam, were aeeo^ 
panied by a lay of slightly lower frequency. This phenomenon, 
known as the Compton effect, has a certain similarity to fluoiesc('nce, 
but it is really very diffennit, because the frequency of the scattered 
rays observed by Compton, and also by Raman (Article 546), has 
nothing to do with the substance of the secondary radiator. 

The lowering of the frequency observed by Compton means that 
the quanta of the scattered X-rays are always smalk'r than the pri- 
mary quanta i\hich produced them. That is, Av — == €, where 

v' is the frequency of the secondary rays, and € is a small amount of 
energy taken up by an electron which recoils as a result of the en- 
counter with the quantum. This equation expresses the law of the 
conservation of energy applied to quanta, and the principle iut'olved 
has done much to broaden the applications of the quantum theory. 

776. Crystalline structure. The discovery that X-rays have dch- 
nite wave lengths, and so behave like light, is due to a suggestion made 
in 1912 by von Laue, of Munich, that crystals, 
b^'cause of their very fine and regular structure 
might act toward X-rays as gratings do toward 
visible light. This experiment was carried out 
by Friedrich and Knipping, who caused a fine 
pencil of X-rays to pass through a crystal and 
then fall on a photographic plate. The result 
entirely justified von Laue^s prediction, for 
instead of a single spot on the plate, there 
was a series of spots arranged in a geometrical pattern, as in Fig. 27. 
This discovery was immediately followed up by W. H. Bragg and 



Fig 27. 
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his son, W. L. Bragg, who made use of reflection from crystal surfaces, 
as suggested by the younger Bragg, instead of transmission through 
the crystal. The Braggs* method proved a much more effective way 
of diffracting X-rays, and led to their brilliant researches on the struc- 



(a) (h) 

Courtesy Professor Arthur Wadlund, Trinity ColleQe. 

Plate 27. 


“Laue photographs/* (a) X-ray diffraction pattern taken through a crystal of rock 
salt (NaCl), normal to cleavage plane, (fe) X-ray pattern through a crystal of cal- 
cite (Iceland spar, CaCOa), normal to cleavage plane. In both (o) and the central 
spot is due to the undiffractod pencil of X-rays. 


ture of crystals and other substances. In this way they demonstrated 
the regular grouping of the atoms in crystalline bodies, and that they 
are built up on what is known as a space lattice, 

A simple cubical lattice is one made of elementary cubes having an 
atom at every corner, as in Fig. 28 (o). A face-centered cubical 
lattice (6) has, in addition, an atom at 
the center of each face, while a body- 
centered lattice (c) has an atom at the 
center of each elementary cube. It 
will be seen that the latter system 
has just twice as many atoms as (a), 
because if we consider a lattice com- 
posed of many cubes, each atom in (a) 
takes part in eight cubes of which it is 
a corner; therefore there are as many 
cubes as atoms. In (c), however, we 
have added one atom to each cube, 
thus doubling the total number and 
forming a new lattice that interpenetrates the original one. The 
system (6) has added six atoms to the cube shown, but each belongs to 
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Fig. 28. 
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another cube as well; therefore, really only three have been added to 
the original single atom per cube, and the total number per cube has 
been quadrupled. 

One of the simplest of such lattices is the crystal of rock salt, NaCl, 
whose elementary cube is made up of alternate atoms of the two 



elements, as shown in Fig. 29(a), 
But if eight such cubes are taken, 
we find a face-centered cubical 
lattice marked by the chlorine 
atoms, and a similar interpene- 
trating lattice of sodium. These 
lattices have elementary cubes 
eight times as large as in (a), but 
being face centered, they contain 
four times as many atoms of 
either element. This is the same 
as saying that the elementary 
cube in (a) contains half an 
atom of either kind. 


The lattice structure shows that a crystal is made up of a great 


variety of parallel planes, horizontal, vertical, and diagonal, as defined 
by the atoms, and they are therefore suitable for causing diffraction 
in three dimensions, rather than in a single plane as with the ordinary 


ruled grating. 


777. Crystal gratings. The explanation of the process of producing 
the spectrum of a source of X-rays differs from the theory of the reflec- 


tion grating with ordinary light. Unlike light, the X-rays penetrate 
the crystalline grating to a depth of thousands of planes, and what is 
equivalent to reflection occurs only at the points occupied by the 
atoms which first absorb and then 
re-emit the energy that falls on 
them. In order to derive the 
equation of such a grating, it Is 
necessary to consider only the two 
planes shown in Fig. 30. The 
difference in path between the two 
rays AA' and BJ5' is clearly equal to 
p?iq, where p and q are obtained by dropping i)erpendiculars from m on 
Bn and B^n respectively, so that down to mp and after mg, the two 
paths are the same in length. But the angles nmp and nmg, are equal 


A A 



Fig. 30. 


to 6 having their sides mutually perpendicular. Therefore np » 
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nq ^ d sin where d is the distance between planes. Then the 
difference of path b is 

pn + wg = 2d sin 6. (1) 

The two rays indicated in the diagram will be able to interfere 
after this ‘‘reflection*' if b involves an odd number of half wave lengths, 
and will reinforce each other if it contains an even number. As in 
the ordinary grating, a few thousand such planes will prevent all but 
a very small band of wave lengths from being reflected at a given 
angle, and the relation which determines this selective reinforcement 

^ X 

2d sin 6 = 2n^ = nX. (2) 


In order to use this equation for measuring wave lengths, it is 
necessary to know d. This quantity may be calculated for rock salt 
as follows : Since each elementary cube contains half an atom of each 
element, or half a molecule of NaCl, the mass of an elementary cube 
is M /2Nf where M is the molecular weight of sodium chloride and N is 
Avogadro's number, or the number of molecules in the mass of a 
substance numerically equal to its molecular weight (gram molecule). 
But the atomic weights of sodium and chlorine are 23 and 35.5 
respectively; therefore Jkf, their sum, is 58.5, and N = 6.06 X 10®*, 
so the cube's mass is known. The volume of the cube is obtained by 
dividing its mass by the density D of rock salt, which is 2.17. There- 


fore 



( 3 ) 


where d is the edge of a cube and the distance between the planes 
we are considering. The calculation thus indicated gives d = 
2.814 X 10~® cm, a constant that is very important in X-ray spec- 
troscopy. 

778. Meaning of the spectra. The spectra obtained by the method 
just outlined are important from two points of view. They serve 
to analyze X-rays, with a crystal of known constant d, or they may be 
used as a basis for the study of crystal structure, when X-rays are 
employed whose wave length has previously been measured. The 
analysis of X-rays has been of the greatest value in getting at the 
structure of the atom, for the rays characteristic of the metal of the 
target are produced deep down within the atom, instead of at its sur- 
face, as is usually the case with the emission of visible spectra. The 
use of X-rays in the study of crystal structure has resulted in a re- 
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markable analysis of the grouping of the atoms not only in crystals, 
but also in such substances as oils and other hydrocarbons, and has 
accounted for some of their physical properties, as well as vindicating 
the more or less hypothetical molecular structures assumed for them 
by the chemists. 

779. The Wilson cloud chamber. The method used by J. J. Thom- 
son in 1899 to measure the charge of the electron was based on a dis- 
covery, made by C. T. R. Wilson two years earlier, that both positive 
and negative gas ions may act as nuclei of condensation for water 
vapor. The ions were produced by X-rays in a chamber containing 
water vapor, and the volume of the gas was suddenly expanded by 
25 per cent. This expansion cooled the gas, but was too small to 
produce condensation in dust-free air unless ions were present. If 
they were, water vapor formed around them, and a cloud appeared 
that slowly settled to the bottom of the vessel. From its rate of 
descent and other considerations, the charge on each droplet could 
be calculated. Although the cloud chamber was superseded as a 
means for obtaining the value of c, it is still of great practical value in 
the obs(irvation of ionization by X-rays, fast electrons, and fast 
helium ions (alpha rays). A simplified form of the apparatus is 
shown in Fig. 31 (a). The space S is saturated with vapor from the 
water supply TF, whose level is raised to the dotted line by squeezing 

the bulb B. The bulb is then released, 
and the necessary sudden expansion oc- 
curs. The glass rod R has a minute 
amount of radium at its tip, and the 
particles it emits serve in this case as the 
chief ionizing agents. The space S is 
illuminated horizontally by a light not 
shown, and the tracks seen from above 
through the plane-glass surface GG ap- 
pear as luminous streamers against the 
dark background of the water, which is 
colored black. The alpha rays are ionized helium atoms that plow 
short but destructive trails through the air and form ions from its 
molecules at very short intervals. These ions in turn serve as con- 
densation nuclei upon which water vapor condenses at the moment of 
expansion, and the tracks appear as fine, luminous, nearly straight 
lines composed of tiny beads closely strung together, as indicated 
in (5), which is the ionization chamber as seen from above. 

An important accessory to this apparatus is the battery of about 
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90 volts whose terminals are connected to the moist lower surface of 
the glass GG by the wire A, and to the water by another wire C. 
Thus, the charges on the lower surface of the glass and the upper 
surface of the water produce a field of force which sweeps out all ions 
from the space S except those that happen to be formed at the momexit 
of expansion. 

The positive a rays almost always ionize an atom by passing 
through its outer structure without being appreciably deviated. But 
occasionally they make a head-on collision with the nucleus, and the 
sharp deflection which then occurs is indicated by the bend in the 
track shown at p in Fig. 32 (a). In general, the atom collided with 
acquires sufficient momentum to ionize on its own account. It then 
forms a track of its 
own which is occa- 
sionally sufficiently 
distinct to be seen 
as a spur, such as 
the one indicated at 
q. Fast-moving electrons produce tracks similar to a tracks, but with 
the visible droplets more widely spaced because they are less effective 
as ionizing agents. These tracks are also more irregular and longer, as 
seen in (6), because the electron is more easily deviated in passing 
through the atom it ionizcis, though it htis greater penetration. The 
path of X-rays is shown in (c). These rays, indicated by the arrow, 
ionize the gas for the most part indirectly. That is, they produce a 
relatively small number of positive and negative ions* directly, and 
then these rather slowly moving particles produce many more ions 
by collision along very irregular paths, as indicated. 

780, The positron. In September, 1932, (’. D. Anderson, of the 
California Institute of Technology, reported the discovery of positive 
electrons. These particles were first discovered in connection with 
observations on cosmic rays by means of the Wilson vapor tracks. 
The first, now historic, photograph of the path of a positron, as posi- 
tive electrons are commonly called, was obtained on August 2, 1932, 
and is sketched in Fig. 33 (a). The cosmic rays descending vertically 
appear to have produced a positron from an atom of the gas in the 
chamber at P, and endowed it with enormous energy. Its initial 
velocity was nearly normal to the lead screen LL, but a transverse 
magnetic field of 15,000 oersteds caused it to curve toward the left. 
It then encountered the screen, which was 6 mm thick. This slowed 
it down, as is shown by the increased curvature of the track beyond 
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the screen, proving that it must have been moving from P toward 
LL. The direction of its curvature in the field directed away from 
the observer proves it to have had a positive charge. Further- 
more, the length and general ap- 
pearance of the track rule out the 
possibility of a moving proton, be- 
cause the track of a proton would 
be much shorter and the droplets 
composing it would be much closer 
together. 

Since Anderson^s first photograph 
was taken, a very great number 
have been obtained, notably at 
Pasadena and the Cavendish Labora- 
In some cases, both electrons and 
positrons are produced simultaneously by the cosmic rays, as indi- 
cated in Fig. 33 (6). In this case the source is within the lead sheet L 
subjected to the cosmic rays C. The track p is that of a positron 
curved by a field directed away from the observer, and the tracks e are 
those of electrons. The electron tracks are more curved than the 
positron track, showing that the positron has a higher speed. This 
is to be expected, because an electron leaving the positively charged 
nucleus would be attracted back, while a positron would be repelled. 

The curvature of the positron tracks in a field of known strength 
enables us to calculate the velocity of the particle and, therefore, its 
energy in electron volts. The energy of the positron of Fig. 33 (a), 
assuming its charge to be the same as that of an electron, was calcu- 
lated in this way, and found to be 63 million electron volts before 
passing through the lead plate, and 23 million afterward. 4 
Positrons are also produced simultaneovfely with electrons by 
bombarding screens of various materials? such as cellophane, alumi- 
num, and lead, with gamma rays from radioactive substances (espe- 
cially thorium B and C), and with neutrons produced in a manner 
described in Article 802. Gamma rays (Article 812) are intermediate 
between cosmic and X-rays as regards penetration. The electron- 
positron pairs are produced by gamma rays having an equivalent 
energy of a million electron volts or more, and the rate of their pro- 
duction from a given source varies as the square of the atomic number 
of the bombarded substance. Occasional “bursts’’ or “showers” of 
electrons are also produced by gamma rays and by neutrons. These 
indicate a collision of explosive violence. 
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781. Cosmic rays. It has long been known that a charged electro- 
scope discharges even when the greatest care is taken to insulate the 
leaves. The discharge is therefore due to ions in the atmosphere. 
In 1903, Rutherford and McLennan found that when an electroscope 
is surrounded by a heavy metallic shield, the leak still persisted, 
though it was not so rapid as before. This seemed to indicate that 
some of the ions must be due to a form of radiation even more pene- 
trating than X-rays or the gamma rays of radium. These new 
rays were further investigated by Gockel, and later by Hess and 
Kohlhorster (German physicists), who carried an electroscope up in 
a balloon and found that at great altitudes the intensity of the rays 
steadily increased. This proved that the rays came from outer space, 
having been partially absorbed in the upper air. Thus they came to 
be called cosmic rays. 

Then Millikan attacked the problem. He demonstrated the amaz- 
ing penetration of these rays, and found that they could penetrate 
several feet of lead and discharge an electroscope sunk deep in the 
water of a lake. He also showed that they do not appear to come 
from the sun or milky way, but apparently fall upon the earth from 
every portion of the heavens. 

At first Millikan believed that cosmic rays were electromagnetic 
vibrations like light, but of much higher frequency. He called them 
the ^^birth cries^’ of new-born atoms formed in interstellar space. 
According to the quantum theory, quanta of very great energy and 
high frequency would be released with loss of mass when protons, 
neutrons, and electrons unite to form an atom. This high frequency 
of the resulting photon would give it liigh penetration, as we have 
seen. But calculation did not yield a value high enough to account 
for the observed penetration. Moreover, A. H. Compton, who had 
begun serious investigations about 1928, found that the intensity of 
cosmic rays varied with the latitude, being stronger nearer the poles. 
This would not be true of electromagnetic waves, but would be true 
of charged particles such as high-speed electrons, whose penetration 
could be explained if they had a velocity nearly equal to thoi of light. 

At present there is a general agreement that whatever the cosmic 
rays may be in outer space, here where we can observe them they are 
charged particles, probably accompanied by electromagnetic waves. 
The electromagnetic waves may have produced the corpuscular rays 
by ionization in the upper strata of the atmosphere, or they may be 
the result of collisions of purely corpuscular cosmic rays with atmos- 
pheric molecules. The latter seems the more probable hypothesis. 
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but it comes no nearer to accounting for the origin of these tremen- 
dously energetic radiations. 

Cosmic rays are important both because they may help us explain 
the evolution of the cosmos, and because it seems quite likely that 
they have played an important role in the evolution of organic life 
upon the earth. 
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PROBLEMS 

1. Calculate tlie angle 0 (Fig. 30) of the first-order X-ray spectrum from 
rock salt, of the K series «2 hue of calcium. (X = 3.359 A) Ans, 36® 38' 38". 

2. What is the wave length of an X-ray first-order spectral line reflected 
from rock salt at an angle of 2® 10' 23"? Ans. 0.21341 A (ofz line of K series 
of tungsten). 



CHAPTER 58 


Atomic Structure 

782. Periodic series of the elements. It has long been known 
that the elements of which all matter is compos(‘d follow each other in 
a natural series of ascending atomic weights^ and, as was shown by 
Mendel^ef in 1870, certain chemical properties rei)eat themselves 
after advancing eight steps in the series. Thus the chemically similar 
(dements, lithium, sodium, and potassium, are numbers 3, 11, and 19 
in the series, differing by eight in their serial order. The same is 
true of the gases, helium, neon, and argon, whose sc^rial numbers are 
2, 10, and 18. These groups not only have similar chemical proper- 
ties, but their members resemble each other in their physical b(?havior, 
such as their boiling and freezing points, atomic volume, and various 
mechanical and optical properties. 

It was also noticed that many atomic weights became exact 
integers, if oxygen were taken arbitrarily as 16, and others were more 
nearly so than the laws of probability would have predicted. More- 
over, the atomic weights of all the lighter elements were seen to be 
approximately twice the value of their serial numbers. 

Following out these indications, Mendel6ef was able to predict 
the existence of the elements gallium, scandium, and germanium, not 
then known, because they were needed to fill certain gaps in his series, 
and he correctly predicted even their chemical properties. 

Such evidences of regularity and system long ago suggested the 
possibility that the elements themselvcjs were made up of some still 
more elementary substance, in an arrangement of increasing com- 
plexity for the heavier atoms. Thus the name atom^ meaning 
indivisible^ would no longer be strictly applicable. 

The discovery of radium and other radioactive substances, which 
exhibit a process of transmutation from element to element, gave 
this idea a great impetus, and atoms are now known to be made up of 
at least three, or even more, fundamental entities (protons, electrons, 
and neutrons) in varying quantities and arrangements. In spite of 
this fact, the name atom may still be used, because, though not indi- 
visible, it is the smallest particle into which an element can be divided 
and still retain its identity. 
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783. Atomic number. Although there are various ways of pictur- 
ing the atom, it is now generally agreed that it consists of a very small 
positive nucleus surrounded by negative electrons, and that their 
number determines its position in the atomic series. Thus hydrogen, 
number 1, has one electron outside the nucleus; oxygen, number 8, 
has eight exterior electrons, and uranium, the heaviest atom, number 
92, has ninety-two exterior electrons. There is further evidence, as 
we shall see, which leads us to regard the serial, or atomic number 
(denoted by Z), as of greater significance than the atomic weight in the 
determination of an element\s properties. In four cases, two adjacent 
elements in Mendel^ef’s series have been reversed by evidence derived 
from their spectra, such as potassium and argon, whose atomic weights 
are 39.1 and 39.88, respectively, but whose X-ray spectra show that 
the former has nineteen outer electrons and the latter only eighteen. 
Thus their atomic numbers, 19 and 18, reverse their earlier sequence, 
which placed argon higher in the scale. 

784. Mass of the atom. Even in the case of the heaviest atom, 
uranium, with ninety-two outer electrons, their total mass is only 
92/1835 of the mass of the lightest atom, hydrogen. As the atomic 
weight of uranium is 238.2, it is clear that the electrons form a very 
minute portion of its mass. It follows that the mass of the atom is 
concentrated mainly in its nucleus, w^hich is extremely small, and has 
a density thousands of times greater than that of any known material. 
This mass advances from atom to atom by increments suflSciently 
regular to suggest as a first approximation that it might be made up of 
hydrogen nuclei, each of an atomic weight not far from unity. 

786. The proton. The nucleus of hydrogen is called a proton, and 
has a positive charge equal to that of the electron which is associated 
with it in the atom. It is, therefore, the same as the hydrogen ion, 
because any atom becomes ionized by losing an electron, and as hy- 
drogen has but one to lose, the result is the electropositive proton. 
This is regarded as the ultimate stable particle of positive electricity, 
just as the electron is of negative electricity, but its mass is 1835 
times as great, constituting practically all of the atom^s mass. De- 
ducting the electron’s ‘‘atomic” weight, 0.00055, from the atomic 
weight of hydrogen, 1.0081, we obtain 1.0076 as the “atomic” weight 
of the proton. 

786. The neutron. In 1932, Chadwick, of Cambridge University, 
concluded that certain very penetrating rays first observed by Bothe 
and Becker in 1930 were not electromagnetic vibrations like X-rays, 
as had been supposed, but were composed of uncharged particles of 
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about the same mass as a proton. The methods by which neutron 
rays are obtained and the experimental evidence for their supposed 
nature will be discussed farther on. For the present it is suflScient 
to state that their atomic weight is about 1.0091, which is slightly 
larger than that of the proton calculated above. 

787. The nucleus. The next heavier atom after hydrogen is that 
of the gas deuterium. It is a newly discovered form (isotope) of 
hydrogen, and is described by the symbol iH^. This notation indi- 
cates an atomic weight of 2 (approximately), and an atomic number 
of 1. Thus it has one outer electron and therefore has the same chemi- 
cal properties as hydrogen. Deuterium combines with oxygen to 
form water of density 1.1. Its nucleus, called a deuteron, is a union 
of a proton with a neutron. An atom iH® also exists, but little is 
known about it as yet. 

After the isotopes of hydrogen, we come to helium, with 2 as its 
atomic number. Its nucleus consists of two neutrons and two protons 
which hold two orbital electrons in equilibrium. The atomic weight 
of the helium nucleus is 4.0041 when oxygen is taken as 16, instead of 
2 X 1.0091 + 2 X 1.0076 = 4.0334. This discrepancy of 0.0293 is 
accounted for by a loss of mass in the process of formation, which 
must have been accompanied by a tremendous evolution of energy. 
Such a violent union of its constituent particles would account for 
the extraordinary stability of the helium nucleus. 

The stability of any nucleus heavier than that of hydrogen is not 
easily accounted for, because the two or more protons it contains 
would be expected to fly apart under the mutual repulsion of like 
charges. Bieler and Chadwick, in Cambridge University, first showed 
that the inverse square law of electrostatic repulsion between protons, 
when they came very close together, was no longer valid. These 
protons seemed to behave somewhat like magnetic doublets whose 
attraction varies inversely as the fifth power of the distance. Then in 
May, 1936, three investigators of the Carnegie Institution in Wash- 
ington — TuvCy Heydenburg, and Hafstad — announced the results of 
experiments indicating a force of attraction between protons, when 
close together, which is very much greater than the electrostatic re- 
pulsion between them at the same distance. But this new force falls 
to zero with the distance much more rapidly than it would in accord- 
ance with an inverse square law. Such a force is negligible except at 
very close range. But at distances of the order of 10^^® cm, it is 
forty times the electrostatic repulsion between two protons the same 
distance apart. These results were obtained by bombarding hydro- 
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gen atoms with very high speed protons and measuring the angles 
through which they were deflected when in collision with the hydrogen 
nuclei. From these angles, measured at varying speeds, the forces 
involved were calculated. 

The helium nucleus is also known as a helion and as an alpha par- 
ticle. Because of its stability it is regarded, after electrons, protons, 
and neutrons, as a fourth “building block^^ of matter. This view is 
justified by the spontaneous emission of alpha particles from the 
radioactive elements. It is also significant that the nuclei of ele- 
ments like carbon and oxygen, whose atomic weight is evenly divisible 
by four, are peculiarly stable. This suggests that they are made up 
exclusively of alpha particles. 

The next heaviest atom is lithium, of atomic number 3, and atomic 
weight 6.940. If we assume the same hypothesis as was used above 
with helium, the nucleus of lithium would contain one alpha particle, 
one proton, and two neutrons, which may be written a + p + 2n, 
The helion gives it two positive charges, the proton one, and the two 
neutrons none. These three unit charges hold three orbital electrons 
in equilibrium, thus forming an atom whose atomic number is 3 and 
atomic weight about 7. In this way we can build up heavier and 
heavier nuclei by choosing the requisite number of helions, protons, 
and neutrons so as to give the proper atomic weight and a resultant 
positive charge totaling that of a number of electrons equal to the 
atomic number of the element. 

788. The isotopes. From what has been said, it is evident that by 
a proper combination of protons, neutrons, and helium nuclei, atoms 
may be obtained having either different atomic numbers with the 
same atomic w^eight, or the same atomic numbers with different atomic 
w^eights. Both of these exist. The former will be explained in the 
next chapter. As an illustration of the latter, known as isotopes, con- 
sider the gas neon. Its atomic number is 10, which means that its 
nucleus must have ten elementary positive charges. Its atomic 
weight is 20.2, which would seem to indicate five helions, leaving ten 
unbalanced charges to neutralize those of its ten orbital electrons. 
But it is also possible to imagine the nucleus made up of five helium 
nuclei and two neutrons, which would mean an atomic weight of 22, 
and the same positive charge as before. These two forms of neon 
are known to exist, and they must both be present in the ordinary 
gas, of atomic weight 20.2, in proportions of about ten of the first 
kind to one of the second, so that the mixture may have the de- 
sired weight. 
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As we ascend the scale of atomic weights, the isotopes become more 
frequent. Chlorine has two isotopes, of atomic weights 35 and 37, 
giving when mixed the atomic weight of the gas as 35.4. Krypton has 
six isotopes lying between 78 and 86, wliich result in an atomic weight 
of 82.92. Lead (atomic weight 207.2) has six, lying between 206 and 
218, and there are many more similar cases, all of which tend to ac- 
count for the deviation of atomic weights from whole numbers. 

789. Mass spectra. The chemical behavior of an element de- 
pends almost entirely on its outer electrons; therefore isotopes cannot 
be separated or identified by chemical processes, except with great 
difficulty. In a few cases they have been separated by taking ad- 
vantage of slight differenceis in their physical properties, such as the 
rates of diffusion of gases, which depend upon their atomic weights. 
But by far the best method is to form positive rays, similar to canal 
rays, of the element to be investigated. 

The positive ions which pass from a heated anode coated with a 
metallic oxide constitute rays of positively charged atoms of the 
metal in question, and like canal rays, they may be deviated in elec- 
trostatic and electromagnetic fields. The amount of deviation de- 
pends upon their speed and mass, and a knowledge of the former gives 
us a means of calculating the latter. 

These spectra were first studied by Sir J. J. Thomson, and later by 
F. W. Aston, both of Cambridge University. Aston^s method con- 
sists in a very ingenious combination of crossed fields acting one after 
the other on the moving ions. This results in very beautiful ‘^mass 
spectra” in which each ‘^line” is a spot on the photographic plate 
where ions of only one atomic weight have struck. In this way, if an 
element has four isotopes, four distinct spots are obtained; and by 
measuring their position, the atomic weight of each isotope is found. 



In Fig. 34, the electrostatic field is seen to be produced by the 
charged condenser CC, and the magnetic field H normal to the dia- 
gram is produced between magnetic poles indicated by the circle. 
A positive ion traveling between the charged plates is bent through 
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an angle 6y and after leaving the field, moves along the straight line a. 
A slower-moving particle of the same mass is bent through a larger 
angle 6' and follows the line 6. On entering the magnetic field both 
particles are curved upward through angles <l> and and with proper 
adjustment of the various distances and fields, they are made to 
strike the photographic plate P at the same point. Particles of a 
different mass are similarly concentrated, but at a different point. 

790. Recent mass spectrographs. In the last few years a number 
of mass spectrographs different in principle from Aston’s have been 
successfully used. Several of these have proved superior to the 
earlier type in certain particulars such as greater intensity, resolving 
power, or precision. One of these was devised by A. J. Dempster, of 
the University of Chicago. In his apparatus, now widely used, posi- 
tive ions are first accelerated in an electrostatic field of V volts, thus 
giving all the particles the same kinetic energy, which may be calcu- 
lated by 

= eVy ( 1 ) 

where e is the ionic charge. These ions are then passed through a 
transverse magnetic field, somewhat as is showm in Fig. 7 (Article 752), 
but deviated through 180®. Under these conditions a sharp focus of 
all particles having the same momentum is obtained. Then, using 
equation (1) of Article 752, in conjunction with (1) above, we obtain 

e/m = 2F/BV2, (2) 

from which e/m may be found in terms of measurable quantities. 

A mass spectrograph of remarkable resolving power and high pre- 
cision was invented in 1933 by K. T. Bainbridge, now of Harvard 
University. The method used is to pass the positive ions through 
crossed fields similar to those shown in Fig. 8 (Article 753), with a 
slit at F which passes only those within a small range of velocities. 
After that they enter a magnetic field which sends them around a 
circular path until they strike the photographic plate. This, as in 
Dempster’s method, focuses those of the same mass in a single line, 
and the dispersion is so great that differences of the order of the mass 
of an electron are clearly indicated. Thus comparison of the masses 
of isotopes is made with high precision. 

791. Atomic models. After the discovery that atoms are made 
up of a positive nucleus surrounded by electrons, there were many 
attempts to picture their arrangement by means of some model mak- 
ing ixse of the laws of mechanics and electromagnetism. These were 
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unsuccessful because in the microcosm of the atom, the classic princi- 
ples apparently are not valid, or must at least be modified under 
conditions which seem to be different from those which control large 
electric charges and masses involving great aggregates of electrons 
and protons. 

The first atomic model satisfactory to physicists was proposed by 
Rutherford and later developed by Bohr. This atom immediately 
became popular because it went a long way toward accounting for a 
wide variety of observed facts. But even so, it is only a partial 
solution, and at present, owing to the discovery of the wave character 
of both electrons and protons, it seems necessary to abandon the 
attempt to form a definite picture of atomic structure. Its problems 
are best attacked by a combination of the quantum theory and a 
new branch of mathematics known as wave mechanics. This reduces 
the atom to a complex of waves not easily represented by a mechanical 
model, as was possible with the Bohr atom. But in order to under- 
stand the newer concepts, it is necessary first to have a picture of the 
atom from which these concepts were built up, especially as the pic- 
ture is still valuable up to a certain point, and may be thought of as a 
^‘first approximation’’ toward solving a very elusive and subtle 
problem. 

792. The Bohr atom. In 1913, the Danish physicist Niels Bohr 
proposed a hypothetical atom which now bears his name. According 
to his theory, later extended by Sommerfeld, the outer electrons 
move in orbits about the nucleus, like the planets around the sun. 
In order that this may be possible, however, Bohr was forced to make 
the assumption that although such a rotating planetary electron is 
being constantly accelerated toward the center, it does not radiate 
energy. This radiation should occur in accordance with classical 
electrodynamics whenever a charged body changes its velocity either 
in direction or in scalar magnitude. If the rotating electrons did 
radiate energy, the loss entailed would cause them to slow down and 
ultimately fall into the nucleus, thus resulting in the annihilation of 
the atom. Such a process would, moreover, yield a continuous spec- 
trum instead of the observed bright line spectra characteristic of the 
various elements. 

To account for the systematic arrangement of the lines of the 
spectra as observed in the Balmer series of hydrogen, and other 
similar series, Bohr made two other assumptions depending upon the 
quantum theory. These three postulates may be summarized as 
follows: 
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1. The orbital rotation withoiU radiation follows the Newtonian 
laws, so that the force of attraction between the nucleus and the 
electron is equal to the centrifugal reaction of the latter, or 


{Ze)e 

y.2 


== mwV, 


(1) 


where Z is the atomic number, Ze the nuclear charge, r the radius of 
the orbit, and o; == 27r/, where / is the orbital frequency. 

2. The number of orbits about a given nucleus is limited. In 
each possible orbit, the angular momentum of the electron is an 
integral multiple of /i/27r, where h is Planck^s constant. In a circular 
orbit whose radius is r, the angular momentum of a mass m is mcor-; 
so Bohr’s second postulate may be stated by 

mcor^ = n/i/27r, (2) 

where n is any integer. This is called the quantum condition. 

3. Radiation takes place only when an electron shifts from one 
orbit to another of smaller radius. If Wi represents the total energy 
(kinetic and potential) of the electron in an inner orbit, and W 2 its 
energy in an outer orbit, then the energy released by the shift is 
W 2 Wi. This energy is radiated as a quantum hv\ therefore 


W 2 -Wi^ hv. 


(3J 


In order to radiate, an atom must first absorb energy sufficient 
to lift an electron from an inner to an outer orbit, or level. This 
may be supplied by the absorption of a photon of energy Ap, or by the 
impact of an electron whose energy eV exceeds the critical value, as 
pointed out in Article 773. 

The total energy W of an electron in its orbit is calculated as follows : 
If we multiply equation (1) by r, and substitute v = wr, we obtain 




mv^ 


(Ze)e 
2r ' 


(4) 


where Wk the kinetic energy. This shows us that the kinetic 
energy is greatest for orbits nearest the nucleus. 

The potential energy, Wp, of two charges separated by a distance r, 
is equal to qq^/r^ as was shown by equation (3), Article 587. In the 
case of a nucleus and electron, the charges are of opposite sign; 
therefore 

ir, - - 


(5) 
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w — _ (Ze)e _ _ (Ze)e 

2r r 2r 


( 6 ) 


This relation tells us that the total energy of an orbital electron is 
numerically equal to its kinetic energy, but has a negative sign, be- 
cause its negative potential energy is twice as great as its positive 
kinetic energy. 

The radius of an orbit is found by eliminating w between (1) and (2). 
The result is 

^ 47r‘^ {Zc)em 

It follows that the radii of the orbits of a given atom are to each 
other as the squares of the integers, or 1:4:9:16, and so on. 

793. Mechanical analogy. A model of the rotating electron of 
the Bohr atom would be a ball rolling around in a horizontal circular 
groove part way down the vertical shaft of a mine. Its kinetic energy 
would of course be positive, but its potential energy with reference 
to the surface of the earth would be negative. This negative energy 
would be progressively increased if the level of its orbit were brought 
closer and closer to the bottom of the pit, while its kinetic energy 
must be supposed to increase also, assuming a higher rotational 
velocity at levels nearer the bottom. 

In the same way the total energy of the electron, "-(Zc)c/2r, in- 
creases as r decreases, and work is required to raise it to an outer 
orbit having less negative potential energy, and where its kinetic 
energy is also proportionately less. 

Suppose we represent the kinetic energy at any level by w\ then 
since the potential energy is minus twice the kinetic, the total is 
given by TT == —2w + w^ —w. Let it? be 6 in a particular orbit; 
then the potential energy is —12, and TFi = — 12 + 6 = — 6. In 
an orbit more distant from the nucleus we may suppose w = 5; 
then W 2 = — 10 + 5 = —5. The difference in energy (1^2 — Wi) 
between the two levels is then — 5 + 6 = +1, which means that one 
positive unit of energy would be emitted when an electron shifts 
from an outer to the next inner orbit, or that the same amount is 
required to lift it back again, very much as would be the case with 
the ball rolling in a groove around a circular pit. 

794. The “orbits.” Although the idea of astronomical orbits in 
the atom is no longer accepted, the energy levels which they represent 
still remain as necessary concepts. Hence the word orbit, or ring, 
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should be regarded merely as a convenient term for something which 
determines the energy of the electron, but which cannot be expressed 
in language simpler than the mathematical symbols of wave me- 
chanics. 

Even if we accept the orbital hypothesis, it is necessary to use 
elliptical orbits of varying eccentricity whose planes might be inclined 
to each other at various angles. The word shell is therefore more 
suitable than ^‘orbit^^ to describe an energy level. But in the very 
much simplified discussion that follows, we shall imagine all orbits 
circular and lying in the same plane. Fortunately, such a simplifica- 
tion yields surprisingly accurate results in the case of the spectrum of 
hydrogen, and some of the broader features of the spectra of heavier 
elements. But it fails in an attempt to account for what is known as 
the “fine structure’’ of spectral lines. 

The innermost orbit of any atom is known as the K ring, shown in 
Fig. 35.t In the case of hydrogen, it contains one electron which, 

however, may be lifted to 
higher energy levels (orbits) 
when it absorbs energy. 
Helium has two electrons, 
normally in the same ring. 
But when we come to lithi- 
um, the third electron oc- 
cupies the next or L ring, 
while the K ring retains the 
other two electrons, and 
never has any more through- 
out the whole range of 
Fig. 35. known atoms. Beryllium, 

the next atom, has two 
electrons in the L ring, and so on through boron, carbon, nitrogen, 
oxygen, fluorine, and neon, each adding an electron in the L ring 
until, with neon, it has eight. After this the M ring makes its ap- 
pearance, with sodium having one electron normally at that level. 
This process continues through argon, after which potassium starts 
the N ring with one electron. Its structure is shown diagrammati- 
cally in Fig. 36. Then calcium adds one more in the N ring. 
After this the M ring builds up to eighteen. During this growth 

t This diagram is not drawn to scale. Actually the rings are more widely spaced 
as we recede from the nucleus, because their r^ii vary as n*, as pointed out in 
Article 7d2. 
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of the M ring, the ferromagnetic elements, iron, cobalt, and nickel, 
make their appearance. When we arrive at copper, we find eighteen 
electrons in the M ring and only one in the N ring. Zinc adds 
another, and so on, until, with the inert 
gas krypton, it acquires an eighth. The 
0 ring next appears and acquires two 
electrons with ytterbium. Then comes 
a new disturbance and the N orbit builds 
up to eighteen with palladium. The 
next element, silver, has eighteen elec- 
trons in the N ring and only one in the 
0 ring. This latter fills up to eight 
with xenon, and the P ring begins with 
cesium. After cesium there are further 
irregularities, like those referred to above, 
which finally, when gold is reached, result in thirty-two electrons in 
the N ring, eighteen in the 0 ring, and one in the P ring. The P ring 
reaches eight electrons when we come to radon. Then the Q ring 
begins and reaches two electrons with radium. After this the P ring 
fills up to twelve when uranium is reached. This heaviest element 
has electrons distributed as follows, beginning with the K ring: 

2 + 8 + 18 + 32 + 18 + 12 + 2 = 92. 

796. Meaning of the rings. It should be noticed that the two 
inner and two outer rings never exceed the numbers obtained during 
their first formation, while the M and 0 rings each compound once, 
and the N ring compounds twice. Also, at no time does the outer 
ring contain more than eight electrons. Each time it reaches that 
number, the element is one of the inert gases, neon, argon, krypton, 
xenon, or radon. This seems to indicate a kind of saturation when 
eight electrons fill the outer orbit, and it is associated with high chemi- 
cal stability and zero valence. This property of the number eight 
extends even to compounds when there is a union between elements 
whose outer-ring electrons add up to eight, or a multiple of eight. 
Such compounds are far less chemically active than others. 

If there is only one outer-ring electron, the atom has a positive 
valence of 1. That is, it may unite, in a diatomic compound like 
HCl, with another atom of single negative valence having seven elec- 
trons in the outer ring, or one less than the inert eight. The atom 
having a single electron in its outer ring must lose that electron 
to become a positive ion, while the other atom of seven outer-ring 
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electrons must pick up an electron to become a negative ion. Thus a 
union of these ions yields eight outer electrons. Similarly two outer- 
ring electrons indicate a positive valence of 2, while six indicate the 
same negative valence. An atom like nitrogen, having five outer-ring 
electrons, may have a valence of 5 or 3, as is well known. Thus we see 
that the chemical properties of an element depend upon the outer ring 
only. Many of its physical properties probably do also, such as color, 
but the entire array of orbital electrons is concerned with the produc- 
tion of the spectrum and other optical properties of an element. 

796. The production of the spectrum. In general, when an electron 
changes from one possible energy level to another lower one, it emits a 
quantum of energy of definite frequency, and so produces a line of its 
spectrum associated with the particular level to which it falls. Thus 
the so-called K spectrum is produced by electrons shifting to that ring 
from rings at higher lev(^ls, to which they must have been temporarily 
lifted when the atom absorbed energy in order to emit. This K series 
for hydrogen is the Lyman series already discussed, and is in the ultra- 
violet. But with increasingly heavy atoms, it shifts progressively to- 
ward still shorter wave lengths, and so passes over into the region of 
the very short waves belonging to X-rays. This speeding up of the 
frequency would be expected from the greatly increased energy due to 
the heavier nucleus, so that a change from the L to the K level would 
liberate more energy from platinum than from hydrogen, for instance. 
Since W 2 -- Wi = hv, the frequency is greater when a greater amount 
of energy is liberated. 

Beyond nickel (number 28) the K spectra all have the same char- 
acteristics. Two of the four principal lines are very close together 

(ai and ai), but one is twice as in- 
tense as the other. The two others 
(j8 and 7) are farther apart and at 
some distance from the a lines. 

If these spectra are arranged 
one below the other so that equal 
wave lengths correspond, they may 
be compared with respect to their 
atomic numbers, as in Fig. 37. 
This remarkable progression was 
discovered by Moseleyt in 1913. It shows a steady decre^e in the 


rjB a 



Fig. 37. 


wave length for the same line oL the series, as the atomic number 

t H. O. J. Moseley, an English phy^Pst of unusual ability, killed in the World 
War at the age of twenty-seven. 
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increases. Moseley investigated the elements from aluminum (num- 
ber 13) to gold (number 79), and formulated the remarkable law 

p = R(Z ~ a)\ 

where Z is the atomic number, and R and a are constants. Thus the 
frequency v increases with the square of the atomic number. Later 
observations have extended the range down to beryllium (number 4) 
and up to uranium (number 92), and the added elements continue to 
verify Moseley^s law nearly. 

A similar relation exists in the L spectrum, which is obtained when 
electrons fall into the L ring from which they have been lifted. But 
as we should expect, these spectra have lower frequencies because 
the greater distance from the nucleus involves smaller energy changes, 
and it is possible to obtain such X-ray spectra only from chromium 
(number 24) up through uranium (number 92) . The M and N spectra 
have of course still longer wave lengths, and the former, using X-ra5rs, 
has been observed only for elements above dysprosium (number 66). 
In general, the visibki spectra arc associated with the outer rings. 
In the case of the lighter elements, they belong to the L and M seriesu 
For hydrogen, as shown in Fig. 35, the K or Lyman series is in the 
ultraviolet, the L or Balrner series is visible, and the Af or Paschen 
series is in the infrared. An N group of lines, known as the Brackett 
series, of very long wave length, has also been found, as well as an 0 
group, known as the Pfund series, of even longer wave length. 

From what has been said it is evident that the atomic number as 
determined by Moseley’s law is more significant in locating an element 
in the series of elements than the atomic weight, and justifies the re- 
versal of th(» serial order iii the four cases where the two modes of 
classification w^re in conflict. 

797. Wave mechanics. As has been pointed out, the Bohr atom, 
although an important stepping stone to further knowledge, has been 
superseded by a new conception of matter based upon the so-called 
wave mechanics. This theory aims to harmonize the apparent con- 
tradiction between the classical wave theory of radiation and the 
quantum theory. The former represents radiation as a continuous 
flow of energy in waves, and is needed to explain diffraction, polariza- 
tion, and so forth, while the latter is corpuscular and is needed in the 
theory of the production and absorption of radiant energy. 

Wave mechanics was developed during the years 1922-27, first 
by deBroglie,t in Paris, and thei^y Schr6dinger,tt in Zurich. Its 

t Louis deBroglie, a French mathemaW&l physicist. 

tt Erwin Schrodingcr, bom in Austria, now profei^r in the University of Graz. 
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very complex theory lies beyond the scope of this book, but an idea 
of its chief concepts may be obtained from the following consid- 
erations. 

Let us consider a group of electromagnetic waves moving together 
through space, like the bow waves of a steamer moving over calm 
water. The energy of such a group, according to the quantum 
theory, is hv. Its equivalent mass is hv/c^, as was shown in Arti- 
cle 307, and its equivalent momentum is the product of this mass 
and the velocity of light, or hv/c* Suppose such a group of waves is 
associated with an electron, or perhaps we should say is the electron. 
If the mass of the electron is m, and its velocity is v, its momentum 
is mv. Then, assuming that it owes its momentum to the energy of 
the group of waves associated with it, we may write 

mv = hv/c, (1) 


But c = Xp; therefore, substituting for c in (1) and solving for X, we 

obtain x l / /o\ 

X = h/mv, (2) 


This fundamental postulate of wave mechanics gives us the ^‘deBroglie 
wave length^^ of a moving electron. It tells us that the wave length 
of such a moving group of waves varies inversely as the group velocity 
and inversely as their mass equivalent, or the mass of the electron 
with which they are associated. Thus high-speed electrons should 
consist of very short waves. 

798. Electron waves. In 1927, Davisson and Germer, working 
in the Bell Telephone Laboratories, made the important discovery that 
free electrons are endowed with the wave properties assumed in the 
preceding article. They showed that a stream of electrons striking 
a crystal is reflected or diffracted in the same manner as X-rays. 
If the velocity of the electrons is constant, they are diffracted at a 
certain angle of incidence that depends upon this velocity, and the 
maximum intensity of the diffracted beam occurs at an angle of diffrac- 
tion equal to the angle of incidence. Other velocities call for other 
angles of incidence, and again the maximum intensity is with those 
diffracted at an angle equal to the new angle of incidence. This 
would all be true of X-rays of different wave lengths instead of differ- 
ent velocities. 

It thus appears that the velocity of the incident beam of electrons 
plays the same role as the wave length of X-rays, and Davisson and 
Germer concluded that the electron is either a bundle of waves or is 
assotiated with vmes whose frequency varies with the velocity. In 
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this respect the phenomenon differs from X-rays because these have 
only one velocity, that of light, and the wave frequencies depend upon 
the radiating source. Moreover, X-rays, unlike electrons, are not 
deflected by electrostatic or electromagnetic fields. 

In order to test the validity of the assumptions contained in equa- 
tion (2) of the last article, we may calculate the length of electron 
waves in terms of the potential difference that determines the velocity 
of the electrons. Since their kinetic energy equals the work done 
by the electrostatic field that accelerated them, we may write 

= eV, ( 1 ) 

where 7, the accelerating ix)tential, and e, the electronic charge, are 
measured in absolute electrostatic units. But from the preceding 
equation (2), t; = h/\m. Substituting this in (1) above gives 


mh^ 


= eV. 


_ h 
^ ~ y/2meV^ 


( 2 ) 


from which X may be calculated in terms of the potential V. 

If V is measured in volts (10® e.in.u.), if e is expressed in e.m.u. also, 
and if X is mciasured in angstroms, while h and m are given their 
accepted values in c.g.s. units, equation (2) reduces approximately 
to the simple form 

X = 



Thus 150 electron volts cause a wave length of one angstrom, w^hile 
1000 electron volts cause a wave length of the order of 0.4 A. That 
means that ordinary-speed electrons have wave lengths comparable 
with those of fairly hard X-rays. 

If a beam of electrons is accelerated by a particular potential differ- 
ence Vij and is then diffracted by the surface of a crystal, we may 
determine its wave length Xi by measuring the angles where the 
diffracted rays are maximum, on the assumption that the beam be- 
haves like X-rays of the same wave length. Such ‘‘observed’’ values 
agree remarkably well with the values calculated from equation (3) 
above, and seem to establish the wave character of electrons. 

This hypothesis has been still further strengthened by the experi- 
ments of G. P, Thomson, in which beams of electrons were passed 
through powdered crystals. They produced photographic patterns 
like those made by X-rays passed through a similar powder. There 
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is similar evidence that the proton also consists of, or is associated 
with, waves, when in motion; hence we may be on the eve of finding 
that there is no ultimate particle of matter in the ordinary sense of the 
word, and that everything is reducible to wave motion. But waves of 
what? And how created? These are still unsolved mysteries. 

799. Disintegrating the atom. There are certain of the heavier 
elements, notably radium, w’hich disintegrate spontaneously. This 
phenomenon, known as radioactivity, will be discussed in the next 
chapter. Since the discovery of radioactivity in 1896, frequent 
attempts have been made to bring about both disintegration and 
synthesis of atoms artificially, and thus realize the alchomist^s dream, 
the transmutation of metals. 

There arc, broadly speaking, four ways of attacking the problem, 
all of which consist in bombarding the nucleus of the atom with high- 
speed corpuscles. We may use as projectiles the “alpha rays^' 
(ionized helium atoms) spontaneously emitted by radium and other 
active substances. We may use high-speed protons and high-speed 
deuterons. And finally, we may use neutrons ejected from a beryl- 
lium or some other metal target subjected to the impact of high-speed 
positive corpuscles. 

In all of the ways just enumerated, a great number of the elements 
have been transmuted with the simultaneous emission of corpuscular 
rays. The lighter elements as far as potassium were the first to yield 
to this treatment, though helium has so far resisted because of the 
stability of its nucleus, as stated in Article 787. Carbon and oxygen 
also show a similar stability, but have been disintegrated by neutron 
bombardment. 

800. Alpha-ray bombardment. The first really successful attempts 
to disintegrate the nucleus by means of positively charged corpuscles 
were made by Lord Rutherford of Cambridge University. As the 
nucleus and the alpha particle used to bombard it both have positive 
charges, a strong adverse field has to be overcome before a disruptive 
collision can occur. The kinetic energy needed by the projectile is 



Fig. 38. 


of the order of 10"'*^erg, but this is 
approximately the measured energy 
of some of the faster alpha parti- 
cles. Rutherford^s method was to 
observe the scintillations excited by 
alpha particles emitted by radium 


C on a screen S of zinc blende, as shown in Fig. 38. The radiating 


source R was placed in a tube filled with the stable gas oxygen. The 
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scintillations on Sj observed through the microscope Af, occurred 
whenever an alpha particle struck the screen, but they ceased alto- 
gether if R were more than 6 cm from S. Then mtrogen was intro- 
duced into the tube, and the scintillations reappeared and persisted 
with increasing separation between R and S up to 30 cm. These new 
scintillations were proved to be due to the impact of protons ejc^cted 
from a nitrogen nucleus by the impact of the alpha particle. As 
protons have only a quarter the mass of alpha particles, they are 
faster and more penetrating, and are able to pass through a much 
greater layer of gas before being absorbed. Rutherford also obtained 
similar results by bombarding aluminum and other elements of low 
atomic weight, as stated above. 

The process of releasing a proton by alpha-ray bombardment is 
probably as follows: The alpha particle consisting of two protons 
and two neutrons enters the nucleus of the bombarded element, and, 
releasing a proton, remains to transform the nucleus into one having 
an atomic weight three units higher than before. Also, as two positive 
charges have been added and only one lost, the result should be an 
element of the next higher atomic number. 

The detection of protons ejected by alpha-ray bombardment may 
be accomplished in several ways besides the use of a zinc-blende screen. 
One method is the production of the Wilson water-vapor tracks. An- 
other very valuable device is the Geiger counter. This consists 
essentially of a needle point or fine wire mounted along the axis of a 
cylindrical ionization chamber. The mn^dle or wire electrode is 
charged positively to fron^ 1200 to 1500 volts. When an ionizing 
particle enters the chamber through a small opening, it produces 
ions in the gas that the chamber contains. These ions cause the 
electrode to discharge, and an electrometer or other indicator con- 
nected to the electrode responds. The number of such responses 
per second is a measure of the rate at which the ionizing particles 
arc produced. 

In a fourth method due to Leprince-Ringuet, a proton or electron 
enters an ionizing chamber formed by the plates of a charged con- 
denser. The condenser is connected to the grid of a three-element 
tube so that the grid potential is altered. The resulting effect on 
the plate current is magnified by several stages of amplification and 
is then made audible, or it turns a minute mirror which reflects a 
beam of light. The deviations of this beam may then be photo- 
graphed on a moving film, so that each captured ion is shown as an 
abrupt jog in the line traced by the luminous pencil of light. 
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801. Rays from beryllium. Before describing the use of neutrons 
as projectiles, we shall first give a brief account of their discovery. 
In 1930 Bothe and Becker, German physicists, experimenting with 
alpha rays from polonium, found that some of the lighter elements, 
when exposed to these rays, gave off an extraordinarily penetrating 
radiation, which they supposed to be electromagnetic, like X-rays. 
They obtained the best results by bombarding beryllium, though 
boron and lithium gave out a similar but less intense radiation. 

These rays were studied by Mme. Irene Curie-Joliot and her hus- 
band, M. F. Joliot, and in 1931 they measured their absorption by 
lead and found that they had a greater penetrating power than the 
rays from any known radioactive material. 

Those emitted by beryllium actually penetrate through 40 cm of 
lead. They are thus seen to be very poor ionizers, a fact also known 
from direct observation of their ionizing power. In testing this 
latter property, Mme. and M. Joliot found that when these new rays 
passed through a substance such as paraffin, which contains hydrogen, 
protons were ejected having a speed of about 3 X 10® cm/sec. This 
corresponds to a range of 30.4 cm in air, and indicates enormous energy 
on the part of the ionizing rays when they do succeed in disrupting 
an atom. 

802. Discovery of the neutron. In 1933, Chadwick, of Cambridge 
University, proved that the penetrating rays from beryllium were 
material particles having no charge. They owe their remarkable 
penetrating power to this fact, because they are not deviated by the 
fields within the atoms, through which tjjfey pass without disrupting 
them, except in the rare instance of a nearly head-on collision with a 
nucleus. Thus they lose little energy and pass through a great thick- 
ness of matter before being stopped. These particles are called 
neutrons. Their atomic weight, at the time of this writing, is taken 
to be 1.0091, which is slightly greater than that of a proton. As they 
are uncharged, their atomic number is zero. 

The liberation of neutrons from beryllium may be accounted for 
by the capture of an alpha particle (ionized 2 He^) with the formation 
of the usual carbon atom of atomic weight 12, or eC^^, and the emis- 
sion of a neutron, according to the nuclear reaction 

4Be® 4- sHe^-^eC^^ + onS 

where n means neutron. If the protons ejected from hydrogen by 
the impact of neutrons have a velocity of 3 X 10® cm/sec., this would 
demand about the same velocity for the neutron, since their masses 
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are almost identical. This high corpuscular speed seems reasonable 
according to Chadwick, although, as they are electrically neutral, 
the velocity cannot be measured by deviation in magnetic or elec- 
trostatic fields, as is that of helions, electrons and protons. At any 
rate, the recoil velocity of the atoms struck by neutrons indicates a 
very high speed, and the corpuscular nature of the rays is further 
indicated by the fact that the emission from beryllium is most pene- 
trating in the direction of the alpha particles that caused it. This 
would not be the case if the rays were electromagnetic in character. 

According to Chadwick, a proton moving with one tenth the 
velocity of light travels on an average only a foot in air at normal 
pressure before being stopped by a head-on collision with a nitrogen 
nucleus. A neutron with the same speed will collide only once in 
about a thousand feet, and even then may continue for a mile or more 
before its energy is exhausted. However, when it does strike a 
nucleus with a head-on collision, the result is highly destructive. 

803. The cyclotron. The problem of breaking down the nucleus 
of an atom depends upon the use of high-speed particles of suflScient 
mass. Such particles may be protons, deuterons, neutrons, or alpha 
particles, as we have seen. In order to give a charged particle the 
necessary speed, high voltages are usually necessary, and much inves- 
tigation has been directed toward producing them, as in the case of the 
Van de Graaf generator, described in Article 607. But this difficulty 
has been eliminated by a very ingenious device invented by Lawrence 
and Livingston of the University of California. 

The cyclotron, as it is called, consists of two hollow half-cylinders A 
and B (Fig. 39) insulated from each other and enclosing a vacuum 
chamber. These half-cylinders are subjected to an 
alternating e.m.f. of from 10,000 to 30,000 volts. 

The whole arrangement is placed between the poles 
of an enormous electromagnet capable of producing 
a field of 16,000 gauss or more, normal to the plane 
of the diagram, where it is supposed to be directed 
upward. Then a moving charged particle would 
follow a circular path in the plane of the diagram, Fig. 39. 
as explained in Article 752. 

Now suppose that deuterons are produced by some means (not 
indicated in Fig. 39) at the point a, and suppose that there is a differ- 
ence of potential of 10,000 volts between A and R, with B negative 
and A positive. The positively charged deuterons will be drawn 
across from a to 6 into the space within R, and acquire considerable 
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speed in the process. Under the influence of the magnetic field, a 
deuteron follows a circular path whose radius depends upon the poten- 
tial and the magnetic field strength. If the magnitude of these quan- 
tities and the frequency of the e.m.f. are correctly adjusted, the 
deuteron reaches c at the moment when the charges on A and B 
reverse sign. Thus the particle is drawn across from c to d and ac- 
quires an increased velocity while making the jump. It now traces 


1 ' e'l • 

^ Mi;*.:'-' ^ 


1 ^ ' 




■ ' ; 1 

A 




"" 






1 ’ 




)infiiiiii|[-|iiiii 


'C ' ■ 







Courtesy Professor DuBridge, Rochester (JniversUy. 
Plate 28. 


Photograph of the cyclotron recently installed at Rochester University. Note 
the massive H-type magnet with vacuum chamber Ijetween the beveled pole pieces. 
This cyclotron is designed to produce high-speed protons rather than deuterons. 

a new circular path of larger radius than before, because it is moving 
faster, as is shown in the case of an electron by equation (2) of Article 
752. The velocity acquired in the process of acceleration is given 
by this equation, and the time required for half a turn is ob- 
tained by dividing the half-circumference, ttt, by the velocity. Hence 

. _ ^ _ wrm _ Trm 
p Bre Be^ 

which shows that the interval between jumps, when new speed is 
gained, is independent of the radius and therefore constant. Thus 
with constant frequency and field strength, the accelerating process 
continues^ twice per revolution, and the deuteron travels in a kind of 
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spiral with rapidly increasing velocity. At the end of 100 ‘‘laps/' 
calculation shows that with 10,000 volts applied, an energy equivalent 
to 2 million electron volts is easily obtained. With 30,000 volts 
applied and a field of 16,000 gauss, the result may be as high as 
5 million electron volts. Finally these high-speed deuterons reach the 
edge of the circular chamber and are there allowed to escape through 
a narrow sheet of metal foil. Then they collide with a suitable target, 
or enter an ionizing chamber containing a gas to be bombarded, 

804. Production of neutrons. Neutrons cannot of course be 
accelerated by an electrostatic field. But high-speed neutrons may 
be obtained from the impact with a metal target of deuterons pro- 
duced in the cyclotron. This breaks them down into protons and 
neutrons. Then a lead screen absorbs the protons, leaving only the 
neutrons, which pass through almost unimpeded. 

The method for producing neutrons described in Article 801 is 
particularly effective when the beryllium is bombarded by a stream 
of deuterons instead of alpha particles. The result is an isotope of 
boron and an ejected neutron, n, according to the nuclear reaction, 
4 Be® + The energy lost in the disintegration of 

the iH* nucleus (or deuteron) gives the neutron great speed. It is 
therefore not necessary to make use of the cyclotron in order to obtain 
sufficiently high-speed deuterons. Moderately strong electrostatic 
fields give the deuterons speed enough to obtain a plentiful supply of 
fast neutrons from beryllium. 

806. Composition of the nucleus. With the exception of hydro- 
gen, the atomic weights w of the elements are equal to, or greater 
than, twice their atomic numbers Z, or w>2Z, This inequality 
increases as we ascend the scale of the elements, and implies an in- 
creasing number of neutrons combined with a proportionally smaller 
number of protons. In general, the nuclear composition may be 
expressed by Ip + mn, where I and m are whole numbers, and m is 
equal to, or greater than, t The value of I increases from unity with 
hydrogen, to 92 with uranium, and m varies from 0 to 146. Thus in 
one bismuth isotope of atomic number 83, I = 83, and m == 126; so 
we may express the nuclear structure by 83 p + 126 n. Then taking 
the atomic weights of both p and n as practically unity, we obtain 
83 + 126 = 209, as the atomic weight of the nucleus. 

It is a curious fact that elements of even atomic numbers have in 
general more isotopes than those having odd atomic numbers. An- 
other curious fact is associated with the mass number of an isotope. 
This is defined as the integer nearest the atomic weight of the isotope, 
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It has been observed that, among the lighter elements at any rate, 
the isotopes whose mass numbers are even, are more common and 
more stable than the isotopes whose mass numbers are odd. That 
is, they are less easily disintegrated by corpuscular bombardment. 
These facts may be related to the following peculiarities of the series 
of elements. Above nitrogen, if we take the mass numbers of 
what may be called the typical isotope of each, we find that with very 
few exceptions they are alternately odd and even, according to 
whether the atomic numbers are respectively odd or even. Usually 
the atomic weights advance one unit in going from odd to even values, 
and three, five, or occasionally seven units in going from even to odd.’ 
These longer steps suggest the formation of a less stable and therefore 
less abundant atom than those formed by the short step, as is appar- 
ently the case. 

806. The packing effect. Careful measurements by means of the 
mass spectrograph, especially with the type used by Bainbridge, re- 
veal the fact that the isotopic weights are in general not exactly whole 
numbers, as was at first supposed, but that they are more nearly so 
than the atomic weights of the composite elements made up of 
groups of isotopes. The difference between the isotopic weight W 
and the mass number M is due to what is known as the packing 
effect, caused by loss of mass in the formation of the element. If 
this difference is divided by the mass number, we obtain the so-called 
packing fraction, (W — M)/ilf, which measures the proportional 
variation of mass from the integral value. 

As the mass numbers are all based on oxygen arbitrarily taken 
as 16, with that element, TT == ilf , and the packing fraction is zero. 
But lighter elements have positive packing fractions, as their isotopic 
weights are all larger than their mass numbers. Starting with a value 
for hydrogen of (1.0081 — 1)/1 ~ 0.0081, the packing fractions de- 
crease rapidly until, with oxygen and its neighbors, fluorine and 
neon, it passes through zero to become negative. With increasing 
mass numbers, M is greater than W, and the packing fraction is neg- 
ative, reaching a minimum value of about — 0.001 with chromium 
and nickel. Then it rises again, and near osmium (reOs^^O becomes 
slightly positive and continues gradually increasing through the re- 
maining heavy and largely radioactive elements. 

If hydn^en were taken as the basis of the packing effect instead of 
oxygen, then the packing fraction of hydrogen would be zero, and all 
the other elements would have negative values. As the hydrogen 
nucleus (proton) is a basic unit in building up heavier atoms, the 
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negative packing fractions of the other elements with respect to hydro- 
gen mean that, like helium, they have all lost mass and radiated 
energy in the process of forming a stable unit. 

The mass lost in the process of forming an atom from its constituent 
parts is called by Aston the mass defect and it is really more signifi- 
cant than the packing fraction. In Article 787 we have already 
calculated the mass defect, as a loss of atomic weight, for the helium 
nucleus. The calculated value for any atom is based on an assumed 
nuclear structure containing ultimately only protons and neutrons. 
If this assimiption is correct, the number of protons must equal the 
atomic number, and enough neutrons must be added to make up the 
mass number. To this must be added the mass of as many outer 
electrons as the atomic number. Thus we might regard the chlorine 
isotope, 17 CP®, as made up according to the formula 17p -|- 18n + 17e. 
If the actual mass of an atom is deducted from its mass calculated in 
this way, the result is the mass defect. 
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PROBLEMS 

1. Using equation (3) of Article 798, calculate the electron wave length in a 
field of 200 volts. Ans. 0.866 A. 

*2. Taking the mass of the hydrogen atom as 1.662 X 10“*^ g, and its 
atomic weight as 1.0081, calculate the mass defect of the isotope of copper, 
jgCu”. Ans. 8.38 X 10-« g. 
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Radioactivity 

807 . The Becquerel rays. Immediately after the discovery of 
X-rays by Rontgen in 1895, Henri Becquerel, a French physicist, 
began investigating a possible connection between fluorescence and 
the new form of radiation. He experimented with various fluorescent 
substances to see if they would fog a photographic plate in the dark, 
after having been exposed to sunlight. Among these he tried crystals 
of uranium salts, and found that they did emit penetrating rays like 
those discovered by Rdntgen, but much to his surprise, these were 
emitted just as well without previous exposure to sunlight. 

As soon as this remarkable fact was made known, in 1896, numerous 
other investigators began looking for a similar result with other sub- 
stances, and thus the salts of thorium were found to possess the same 
unexplained property. 

About this time it was discovered that these radiations, as well as 
X-rays, were able to ionize a gas so as to make it conducting. This 
important effect proved of the greatest value in the study of the new 
radiations, because it offered an excessively sensitive test for the 
presence of any radioactive substance in quantities too small for 
chemical analysis. 

808 . The discovery of radiiun. Becquerel soon found that rays 
from compounds of uranium were emitted regardless of the nature of 
the compound, and that those which were not fluorescent were active 
as well as the fluorescent ones. This meant that the property was 
inherent in the element itself, being independent of its chemical 
combinations. Following these discoveries, Mme. Curie, woridng 
in a Paris laboratory, began an exhaustive examination of these 
phenomena. She used especially the mineral pitchblende obtained 
from the mines in Joachimsthal, a town in Czechoslovakia. This ore 
contained from 70 to 75 per cent of a black uranium oxide, but to her 
surprise she found the ore three or four times more active than could 
be accounted for by the amoimt of uranium present. This led her to 
suspect a new and much more radioactive substance present in minute 
quantities, and she undertook its separation with the help of Act 
husband, Pierre Curie. 


790 
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The proctiss followed was that of fractional crystallization in con- 
junction with tests for radioactivity, through the ionization of air, 
as detected with an electroscope. This process was necessary in order 
to separate the new substance, radium, from barium, which is also 
contained in the ore, and which closely resembles radium in chemical 
behavior. Barium chloride, however, has a slightly different solu- 
bility from radium chloride, and when a mixture of these two crystal- 
lizes out of a solution, the first crystals to form are richer in the radium 
salt tlmn the later ones. So by selecting these more active crystals, 
dissolving and recrystallizing them, a stronger and stronger product 
was gradually obtained. At length, in July 1898, the Curies an- 
nounced a new radioactive ^'substance” that Mme. Curie named 
polonium after her native Poland. Then, on December 26, 1898, came 
the announcement of an extremely active element that they named 
radium, but it took nearly four more years to obtain a concentrated 
radium chloride. The isolation of the pure element radium, not com- 
bined in a salt, was later also achieved by Mme. Curie. 

809, Properties of radioactivity. The discovery of radium was 
followed by that of actinium, another highly radioactive element, 
which Debicrne announced in 1899. Then began the period of in- 
vestigating the physical behavior of these strange new substances. 
Among the most successful in this field were Rutherford, Soddy, 
and Fajans. They soon found that the “rays^' were even more com- 
plex than was at first supposed. In the 
presence of a transverse magnetic field some 
were bent one way, some another, while 
others could not be deviated at all, even in 
the strongest fields obtainable. The direc- 
tion of bending showed that the kind most 
easily affected were negatively charged, the 
less easily bent were positively charged, and 
the others carried no charge at all, but all 
three could ionize a gas, and fog a photo- 
graphic plate. These rays are known as 
beta, alpha, and gamma rays, respectively, and their relative paths in 
a magnetic field acting perpendicularly to the plane of the paper are 
indicated in Fig. 40. 

Another important physical property of radioactive substances is 
that they are warmer than their surroundings. This is due to the 
stoppage of the rays by the material which emits them, causing an 
evolution of heat. Most of this is due to the alpha particles, whose 
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energy, as we shall see, is much greater than that of the other rays. 
In fact, these rays are responsible for nine tenths of the total energy 
emitted by radium. The amount of heat thus evolved by the alpha 
rays of a single radioactive substance, assuming all of them to be 
absorbed within its own mass, is equivalent to the total kinetic energy, 

or Wk = lnmv“ + ^nmVfMy 

where n is the number of particles of mass rn ejected per second, and 
M is the mass of the atom from which they wore thrown. The second 
t(*rm of the equation allows for the energy of recoil of the nucleus, and 
is calculated as follows: The recoil velocity of the atom is obtained 
(as for a gun firing a projectile) by equating momenta, giving 
MV = mv. Its kinetic energy is MV“I2; therefore, substituting 
V = rnvfMy we obtain for a single recoil, or 

for n recoils, as above. 

If we allow for the various other radioactive substances present in 
radium, this calculation gives 1.45 X 10® ergs per second per gram, 
or 124.8 gram calories per hour, per gram of the substance. Because 
of the additional heat due to the beta and gamma rays, amounting 
to 12.6 per cent of the heat just calculated, this value must be in- 
creased to 140.1 calories per hour, which agrees fairly well with an ob- 
served value of 132 obtained by Duane. 

Another important property of radioactive substances is their 
ability to cause certain bodies to fluoresce or phosphoresce, the latter 
involving luminosity after the exciting source has been removed. 
Zinc blende is particularly sensitive to alpha rays, and screens coated 
with it show minute scintillations wherever it is struck by the parti- 
cles. This substance is much used in making luminous paints, in 
connection with very small quantities of radium which is not luminous 
itself. 

The mineral willemite is also fluorescent under the action of ietll 
three kinds of rays, while barium platinocyanide is most sensitive 
to the beta and gamma rays. Kunzite, zinc blende, and fluor spar 
exhibit phosphorescence under the action of beta rays, the luminosity 
persisting for some time after the bombardment has ceased. 

Radioactivity produces a discoloration of certain substances, such 
as glass, which turns brown or violet after long exposure. Diamond 
and kunzite become green, but this color can be removed by heating, 
and is closely associated with luminescence. 

Chemical and physiolo^cal effects are also produced by radio- 
activity. Radium decomposes water, causes oxidation of certain 
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substances, produces synthesis among, others, and affects a photo- 
graphic plate like light. The physiological effect is associated with 
ionization, and the beta and gamma rays are the more effective in 
this respect because of their greater penetration. These effects re- 
sult in destroying certain living cells, bacteria, and so on, and in pro- 
ducing chemical and structural changes in the tissues. 

810 . The alpha rays. By means of methods similar to those used 
in the study of canal rays, the alpha rays were found to be positively 
charged helium nuclei moving with an initial velocity which, in the 
case of those produced by radium C', reaches 1/16 that of light. 
Alpha rays from other substances have somewhat different speeds, 
though of the same order of magnitude. Th(' velocit;;^^ just referred 
to would be that of the atoms of helium gas raised to a temperature 
of 7 million degrees centigrade. 

The atomic weight of the alpha particle was found to be 4 and in 
1903 its identity with the doubly charged helium ion (that is, nucleus) 
was established by Sir William Ramsay and Professor Soddy, who 
examined the spectrum obtained from an exhausted chamber in which 
alpha rays had penetrated, and found it to be that of helium. These 
rays are powerful ionizers of a gas, and are therefore rapidly ab- 
sorbed. Those emitted by radium are absorbed in 3.389 cm of air 
at 15° C and 760 mm pressure. Those from radium C' have a range 
of 6.971 cm in air, and the average alpha particle from radium C' 
produces 220,000 ions during its flight. 

811 . The beta rays. The more easily bent rays produced by 
radioactive substances are shown to be particles having the negative 
elementary charge, and as their ratio of charge to mass is nearly the 
same as that of cathode rays, they are evidently electrons moving with 
a very high speed approaching that of light. This, as we have seen, 
results in an increased mass, which makes the ratio ejm smaller than 
for cathode rays, since e is always the same. These velocities range 
from 9 X 10® cm/sec. to about 99.8 per cent of the velocity of light, 
which is much faster than the velocity of the cathode rays in an ordi- 
nary X-ray tube, though they may be approached by using extremely 
high potentials. At 80,000 volts, for instance, the electron speed is 
only half that of light. With a million volts or more, the speed of 
cathbde rays becomes similar to that of the slower beta rays. But 
8 million volts would be needed to duplicate the fastest beta rays. 
Thus we see that the beta rays have a wide range of velocities, all of 
which are higher than those of the alpha particles. Therefore, with 
greater deviability in a magnetic field due to smaller mass, the beta 
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beam may be spread over a much wider area than the alpha beam, as 
was indicated in Fig. 40. The most deviable portion of the beam is 
of course due to the slower moving electrons, whose speed is comparar 
ble to ordinary cathode rays. 

As a result of their high speed and small mass, the beta particles 
have much more penetration than the alpha rays. They travel 
100 times as far in air before ceasing to ionize, and can pierce even 
1 mm of lead, while alpha rays cannot get through a layer of aluminum 
foil 0.06 mm thick. This means that they are also less readily 
absorbed by gases, and are correspondingly less powerful ionizers. 
The total number of ions produced in air by beta rays from 1 g of ra- 
dium is about 9 X 10^^ per second. The gamma rays under the same 
conditions produce 50 per cent more ions, but the alpha rays yield 
2.66 X 10^® ions, or 28 times as many as the beta rays. 

812. The gamma rays. These are identical with X-rays, except 
that they have a shorter wave length and higher penetration. A 
sheet of lead a few millimeters thick will stop ordinary X-rays, 
whereas gamma rays can pass through a block of lead 8 inches thick. 
The shortest gamma wave length yet measured by crystal gratings is 
produced by radium C, where X ~ 0.006 A or 6 X 10"^" cm. This 
is 10 times shorter than the wave length of the “hardest'' X-rays used 
in making photographs, and was measured by using rock salt as a 
grating with an angle of 44' between the rays and the surface of the 
crystal. The gamma rays are usually found in conjunction with the 
emission of a beta particle, and in general both come from the nucleus 
of the atom, as will be explained later. If gamma rays are used to 
excite electronic emission from the elements in the same manner as 
X-rays, their energy and wave length may be obtained from Einstein's 
equation, mv2/2 = eF = — w, where mo^j2 is the kinetic energy of 

the ejected electron, and w is the work necessary to get it out of the 
atom. 

It is quite certain that the high-frequency gamma rays originate 
in the nucleus, as there are no extranuclear energy levels, even in 
heavy atoms, which can account for the large energy quantum 
needed. The simultaneous emii^ion of a beta particle from the 
nucleus is also significant. Gamma rays have a series of distmet 
values like the lines in a “characteristic" X-ray spectrum. These 
values are associated with observed energy differences of the alpha 
rays, and sugg^t energy levels wiiHn the nucleus and the creation of 
gamma rays by a mechanism similar to that by which X-rays are 
pKKluoed outside of the nucleus. 
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813. Atomic disintegratioa. During the first few years after the 
discovery of radium, the investigators in this field studied the rays 
and their behavior, as well as the physical and chemical properties 
of the various radioactive substances. But they were unable to 
explain the origin and meaning of the rays, or the continuous produc- 
tion of heat by these bodies. Nor could they account for the fact 
that the heat evolved is independent of their temperature, though it 
decreases with time. 

In 1902 Rutherford and Soddy advanced the theory that the rays 
and heat developed spontaneously by certain substances were due to 
disintegration of the atom. The following year they carried this 
theory still further, suggesting that the atoms representing a definite 
fraction of the total mass become unstable at a given time, and break 
up with explosive violence, emitting the various rays and so producing 
heat. When this explosion results in the expulsion of an alpha 
particle of atomic weight 4, the atom loses atomic weight by the same 
amount, thus creating another element, which in turn becomes un- 
stable, and so continues the process. 

According to this view, now universally accepted, the atom of 
a parent substance like radium undergoes a succession of changes as 
it disintegrates. Some of these result in a decrease in atomic weight, 
while others that involve only the loss of a beta particle (accompanied 
by gamma rays) result in no appreciable loss of mass, but cause 
a change in the chemical properties of the atom. The rate at which 
these transformations occur differs for different substances, and de- 
pends obviously upon the probability that a given atom will become 
unstable at a given time. This is extremely small in tihe case of 
radium, so that it takes 1690 years for a mass of radium to lose half 
its initial activity by disintegration. Thus the chance that a par- 
ticular atom will explode during any specified second is vanishingly 
small. But in a milligram of radium there are 26.6 X 10^^ atoms, so 
that even with so small a probability, many atoms are transformed 
every second. 

814. Rate of decay. In order to determine the rate of decay of 
a radioactive substance, we assume that the activity of a given quan- 
tity is constant, or, what is the same thing, that the probability of 
disintegration is the same for every atom. Then the activity (that 
is, r^te of decay) of a group of atoms must depend upon their number 
and must decrease as they disintegrate. If n represents the number 
of atoms in a given mass, their rate of decay is -’dnfdtf and this rate, 
by h 3 rpothesis, is proportional to n. That is, —dnidt » Xn, where X is 
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the constant of proportionality called the decay constant, 
differential equation whose solution is 

Ut = 

where no is the initial number of atoms, n^ is the number after a 
lapse of time t, and e is the base of the Naperian system of logarithms. 
As the activity a is proportional to n, equation (1) may be expressed 
by 
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where the value of X depends upon the particular substance examined. 
The graph of this equation is a logarithmic curve, shown in Fig. 4l. 
It reaches zero only when t is infinite, but it falls to half its initial 

value when t = (loge2)/X. This 
particular time, denoted by T, is 
known as the ‘‘half-value period^^ 
of the substance, and serves as a 
useful measure of radioactivity. 
As was stated above, T for radium 
has thus been found to be 1690 
years, but some other substances 
decay much more rapidly. The gas 
radon, which is the first disintegra- 
tion product of radium, has a half-value period of only 3.8 days, while 
radium A, the second disintegration product, decays to half-value in 
three minutes. The faster a substance decays, the greater its ac- 
tivity, so that weight for weight, radon is enormously more active 
than its parent radium, while radium A is much more active still. 

816 . Radioactive energy. The unit of radioactivity is taken as 
that possessed by the amount of radon in equilibrium with one gram 
of radium. It is called the curie, and is subdivided into milli-, micro-, 
and millimicro-curies. This quantity of radon has a volume of 
0.63 mm* under standard conditions, and weighs 6 X 10“'® mg. 

But the activity of such substances may be considered from a 
different standpoint. The ejected particles and gamma rays proceed 
from the nucleus, which is the seat of an enormous amount of energy, 
some of which is released when the rays are emitted. The total energy 
W obtainable from the complete decay of a radioactive substance may 
be shown to be given by TF = 9o/X, where qo is the initial rate of heat 
production corresponding to tio. Since a gram of radium develbps 
heat at the rate of 132 calories per hour, or about 0.037 calories per 
second, we may calculate W from the known value of X, wWdh is 
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L30 X 10“*^^ reciprocal seconds. The result is 2.8 X 10® gram calo- 
ries per gram, equivalent to about 8,7 billion foot-pounds! This is 
by no means the total energy represented by a gram of matter, but 
it is the heat ene^rgy . eleased by a gram of radium if wholly disinte- 
grated. Disintegration is very difiPerent from annihilation, and the 
radioactive atom does not vanish, but ultimately only breaks down 
into one of lower atomic weight. 

816. Induced radioactivity. Almost from the time radium was 
discovered, frequent attempts have been made to induce radioactivity 
in nonactive atoms, but until very recently these efforts have been 
fruitless. In fact, even the unstable radioactive elements have re- 
sisted all attempts either to hasten or retard their decay. 

Improvexi methods of attacking the atom with very high speed 
corpuscles have opened a way to at least partially achieving the de- 
sired induced activity. In February, 1934, Professor F. Joliot and 
his wife, Irene Joliot-Curie, announced the production of artificial 
radioactivity in boron, aluminum, and magnesium. Their method 
was to bombard these elements with alpha particles. This resulted 
in the emission of positrons, which continued for some time after the 
bombardment. The induced activity of boron decays to 30 per cent 
of its initial value in 15 minutes, while aluminum decays still more 
rapidly. 

The Joliots e xplained their induced activity by supposing that the 
element captures the alpha particle. In writing the nuclear reactions 
they regard alpha particles as individual entities within the nucleus, 
a not uncommon assumption which was used in our discussion of the 
nuclear structure of •lithium in Article 787. Thus the composition 
of is written B(2a + p nY^ instead of ^{5p + in accord- 
ance with the simpler method of Article 805. Using the Joliots' 
notation, the nuclear reaction, when bB^® is bombarded with an alpha 
tparticle (ionized 2 He^), is written 

B(2a + p + n)^ + 2He^ — > 7(3a + pY^ + 

The nitrogen isotope 7(3a + is unstable and breaks down into 
an isotope of carbon, or siZa + nY^^ with the emission of a 
positron. This latter change would seem to mean a transformation 
of a proton into a neutron with the loss of a positive electron 
which may be expressed by p n + e+. This tends to bear out the 
theory that a proton is a union of a positron and a neutron. 

Since the experiments described above, Lauritsen, Crane, and 
Harper, of the California Institute of Technology, have carried out a 
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suggestion of the Joliots, and bombarded carbon, magnesium, and 
other substances with deuterons. This resulted in induced radio- 
activity that was especially pronounced with carbon, whose half- 
value period was only 10 minutes. Boron was less active and fell to 
half-activity in 20 minutes. 

Examined in a Wilson cloud chamber, the active carbon produced 
electron tracks, mostly positive, and there was also evidence of 
gamma-ray emission. The curvature of the positron tracks indicated 
a wide range of velocities, but the fastest indicated a kinetic energy in 
agreement with the theory advanced by the Joliots. 

Using the great cyclotron of the University of California, Lawrence 
and Livingston bombarded rock salt with deuterons whose energy 
was equivalent to more than 2 million electron volts. This resulted 
in forming an unstable sodium isotope that emits electrons and very 
penetrating gamma rays. It has a half-value period of 15.5 hours. 
The nuclear reactions are probably 

and iiNa^^ — ^ + e + 7, 

where nN^® is ordinary sodium. It captures the deuteron and be- 
comes uN^^, with the emission of a proton. This unstable sodium 
then breaks down into magnesium, with the emission of electrons and 
gamma rays. Radioactive sodium may prove to be of great thera- 
peutic value. * 

In the University of Rochester, Professor DuBridge is using a re- 
cently installed cyclotron to bombard various substances with 
protons. The results are quite different from those obtained with 
deuterons, and new cases of induced radioactivity are being discovered 
there. 

Still another method for inducing radioactivity has been very" 
successfully used by Fermi, an Italian physicist, and his school. 
Their method is to bombard an inactive element with neutrons. A 
large number of elements have been made active in this way, some of 
which have quite long half-value periods extending to many hours or 
even days. Ordinary phosphorus, for instance, when bom- 
barded with neutrons, captures the neutron and becomes the unstable 
isotope isP^*, when it emits electrons with a half-value period of 14.6 
days. 

817* Measumne&t of radioactivity. The ionizing power of radio- 
active materials is the basis of most quantitative measurements of 
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their activity, although the scintillations caused by alpha rays striking 
a screen of zinc blende are useful in some special cases. Ionizing 
power is usually measured by means of some form of gold-leaf electro- 
scope, which is one of the most sensitive detectors of feeble ionization 
currents yet devised. In this way currents of the order of am- 
pere may be detected. A simple arrangement for comparing ionizing 
powers is shown in Fig. 42. The electroscope is enclosed in a cylin- 
drical box with glass plates at the ends, on one 
of which is a scale S by which the deflection of 
the gold leaf L may be measured. The metal 
rod supporting the leaf ends oil top in a knob, 
and at the bottom in a plate B within the ioniz- 
ing chamber. It is carefully insulated by amber 
bushings AA, The plate C, which carries the 
radioactive material, is supported by a metal 
post through which it is grounded. This ap- 
paratus is used as follows: A charge sufficient to 
make the gold leaf diverge is given to the knob. Fig. 42. ** 

Then the very slow rate at which the leaf moves 
over the scale as it falls is measured in divisions per minute. The 
active substance is then introduced and the rate again measured. 
The difference of these rates is due to the ions created between B 
and C, which carry off the charge from B to the earth. This rate 
may then be compared with that caused by a known amount of a 
standard substance, such as uranium, and the activity obtained in 
milli-curies. 

818. Radioactive transformation. As has been stated, the loss 
of an alpha particle means a decrease of four units in the atomic 
weight of the atom which ejected it. Since the helium nucleus 
(alpha particle) has two positive charges, this means that the atomic 
number is diminished by two units, and there must be two less outer 
electrons remaining after such an explosion. This changes the 
chemical nature of the atom and gives rise to a new element. 

The production of beta rays from the nucleus is a good deal of a 
puzzle. One theory is that the ejected electron may come from the 
simultaneous creation of an electron and positron. The positron 
might then combine with a neutron to form a proton, thus reversing 
the process, p— > n + suggested in Article 816. In any case, the 
nucleus gains one positive charge, but retains practically the same 
mass as before. This results in increasing the atomic number by 
one, without change of atomic weight. Two such elements of the 
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same atomic weight, but of different atomic number and chemical 
properties, are called isobars. 

If the expulsion of an alpha particle is followed by that of two 
beta particles in succession, the resulting atom is an isotope of the 
former, having an atomic weight lower by four, but with the same 
atomic number. It is interesting to note that the beta particles seem 
to go in pairs, giving rise to even atomic numbers. If one is ejected, 
another must follow, though the emission of a second alpha particle 
may very briefly retard the emission of the second beta particle. This 
agrees very well with the nuclear composition proposed in Article 816, 
since the neutrons also appear in pairs. 

819. Radioactive series. There are three distinct series of radio- 
active substances produced by the disintegration of a parent element. 
These are the uranium-radium series, the thorium series, and the 
actinium series. The first is the most important, and we shall con- 
sider it in more detail. 

Uranium, the parent element, is very much less radioactive than 
radium, but the two are found together in minerals in the proportions 
indicated by theory based on assuming one to be a descendant of the 
other. Therefore there is no doubt that they belong to the same 
series. The substance which connects the uranium series with that 
of radium was long unknown, but was finally discovered by Boltwood, 
of Yale University, who named it ionium. The changes in atomic 
weight and number that take place in the series as a result of the loss 
of alpha or beta particles are shown in the diagram of Fig. 43, due 
to Soddy. The formation of each new substance is effected by the 
emission of an alpha or beta particle. With radium C there are two 
possibilities: either a second electron emission forming radium C' fol- 
lowed by an alpha particle to form radium D, or C may form C", first 
by the emission of an alpha particle, and then arrive at D by the loss 
of an electron, thus reversing the order of the events. But the first 
order, C, C', D is much the more likely, and belongs to the standard 
type when two electrons are emitted in sequence, whereas the less 
usual C, C", D, involves the exceptional case of a, 0 . But the 
alpha activity of radium C" has a half-value period of only 1.32 
minutes, so that the second beta particle is not long delayed. 

Uranium Xi and ionium are isotopes, as is seen from the diagram; 
radium B and radium D, radium C and radium E, and radium A, C', 
and F are also isotopes. Radium F is polonium, discovered by 
Mme. Curie, and G is lead of atomic weight 206, being one of the 
isotopes of that element, and found in conjunction with the minerals 
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from which radium is obtained. Thus the series ends in a stable and 
fairly common element, much of which must have been formed in 
this way by the slow process of the disintegration of uranium. 

In this series, only uranium, radium, radon, and polonium repre- 
sent distinct elements. Uranium Xi is an isotope of thorium (No, 



90), uranium X 2 is an isotope of protactinium (No. 91), uranium II 
is an isotope of uranium 1 (No. 92), radium C and E are isotopes of 
bismuth (No. 83), and radium C" is an isotope of thallium (No. 81), 

The following table, after Kovarik,t gives values of the decay 
constant X, half-value periods T, with the nature of the emitted rays 
of part of the uranium-radium series. The two alternate routes 
from radium C to D via C' and C", respectively, are indicated by the 

t A. F. Kovarik and L. W. McKeehan, Radioactivity, Bulletin No. 61 of the 
National Research Council, Washington, 1925. 



802 


CORPUSCULAR PHYSICS 


[Chap. 69 


arrows. As to the lives of the slow-decay substances, they are known 
only approximately, and 1690 years as the half-value period for radium 
is perhaps too large, although it was originally estimated at 2000 


years. 


Element 

Atomic 

Number 

X 

T 

Ray 

Uranium I 

92 

4.8 

4.6 X 10® years 

a 

Ionium 

90 

2.96 X 10-^3 

7.43 X 10* years 

a 

Radium 

88 

1.30 X 10-11 

1.69 X 10* years 

a 

Radon 

86 

2.106 X 10^« 

3.810 days 

a 

Radium A 

84 

3.86 X 10--’ 

3.0 min. 

a 

Radium B i 

82 

4.31 X 10-^ 

26.8 min. 

a 

Radium C 

83 

5.92 X 10-^ 

19.5 min. 

p a/3- 

Radium C' 

84 

10*>» 

10-® sec. 

a^l 

Radium C" 

81 

8.75 X 10-« 

1.32 min. 

y 

Radium D 

82 

1,37 X 10-^ 

16.5 years 

Radium E 

83 

1.65 X Kr« 

4.85 days 


Radium F (Polonium) 

84 

5.886 X 10-« 

136.3 days 

a 

Radium G (Uranio-Lead). . . 

82 





The two other radioactive series are those of actinium and thorium. 
The ancestry of actinium is somewhat obscure. According to 
Rutherford, it may be derived from an isotope of uranium which 
he calls “actino-uranium,’’ having an atomic weight of 235. This 
is supposed to change into an isotope of uranium Xi known as ura- 
nium Y, by the emission of an alpha particle. Uranium Y has beta 
activity and turns into protactinium of atomic number 91 and 
atomic weight 231. Actinium is formed from the disintegration of 
protactinium just as radium is formed from ionium, so that actinium 
and radium belong to the same generation, so to speak, but have 
different atomic numbers, 89 and 88, respectively. Actinium itself 
is much more active than radium, having a half-value period of only 
20 years. Its descendants are all short lived, the longest half-period, 
18.9 days, belonging to radioactinium. The final product is actinium 
D, which is an isotope of lead, like uranio-lead, but its atomic weight 
is unknown. 

The thorium series is an independent one, starting with thorium 
and ending with thorio-lead after ten successive transformations. It 
has one pair of alternative changes like the others already mentioned. 
Some of its half-value periods are very slow, and some extremely 
rapid, as is the case with radium. The final product is a lead of 
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atomic weight 208, which is a different isotope from uranio-lead, 
whose atomic weight is 206. Thorio-lead is found associated with 
thorium, and its identity with the final product of the series (thorium 
D) is accepted. 
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The Solution of Problems 


The real difficulty in solving physical problems lies in the applica- 
tion of general principles to actual cases. Very often, of course, only 
a single formula is needed, and if it is already transposed to give the 
desired quantity in terms of those stated in the problem, there is 
nothing left but to substitute values and do a little arithmetic. 
These are the easiest problems, and they have very little intellectual 
value for the student, though their solution is still worth while be- 
cause it emphasizes the practical aspects of the theory and develops 
facility in numerical computation. 

But many problems are not so easy. Several equations or princi- 
ples enter into them, and these must be intelligently combined, or if 
only one formula is necessary, it may have to be rearranged in order 
to obtain the result required. In all such cases the student cannot 
be urged too emphatically to work through to the final solution with 
algebraic symbols, before introducing their numerical values for the 
final computation. This not only minimizes the chance of arith- 
metical blunders, but it is often a great labor-saving device, because 
what looks like a complicated array of symbols may reduce, as a 
result of factoring, and so forth, to a very simple expression demand- 
ing only a few easy operations. 

The next step, after obtaining the simplest possible expression for 
the unknown quantity, is substituting the given values where they 
belong. Here there is but one real difficulty, wliich consists in having 
the values expressed in suitable and harmonious units. If two veloci- 
ties, for instance, are given in miles per hour and feet per second, they 
cannot be added, subtracted, or otherwise combined until reduced to 
the same units. Similarly, two distances expressed in feet and 
meters cannot be combined in a single expression until they are re- 
duced to a common measure. 

Finally comes the numerical computation. Here, of course, ac- 
curacy is absolutely essential, but this does not necessarily mean 
carrying out a division to five . or six decimal places. But one more 
significant figure at most should appear in the answer to a problem 
beyond the number supplied by the data. Thus if a distance, roughly 
measured to the nearest meter, is 97 meters, and a third of this dis- 
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tance is desired, the answer is 32.3 meters, and not 32.3333+. This 
long decimal would be justified only if we knew that the distance 
has been measured correctly to a fraction of a millimeter. Otherwise 
the added figures are not only unnecessary but actually wrong, be- 
cause they are misleading. 

Many persons believe that while it may be allowable to drop 
figures to the right of the decimal point in extracting a square root, 
or as a result of division, and so forth, it is never justifiable to drop 
figures on the left. This is also erroneous. If a third of the 97-meter 
measurement is to be expressed in millimeters, it is not 32,333 mm, 
but 32,300 mm. Similarly, if 97 meters were reduced to inches by 
multiplying by 39.37, the answer is not 3818.89 inches unless we are 
sure that the distance is exactly 97 meters. If the measurement were 
only as accurate as assumed above, there may be an error as great as 
20 inches, and the distance should be expressed as 3820. In physics, 
then, it is incorrect to carry out operations further than is justified by 
the accuracy of the observed data. 

As this is not a course in arithmetic, long computations are avoided 
wherever possible in the problems. The answers given are obtained 
mainly by using only three or occasionally four significant figures for 
the ordinary constants and numerical ratios. Thus, except in a few 
problems where greater precision is obviously necessary, the student 
may ordinarily use ir = 3.14, VT = 1.41, VT = 1.73, g = 980 
cm/sec®., or 32.2 ft./sec®., one inch = 2.54 cm, one pound = 454 g, 
and so forth, in spite of the fact that these numbers are known to 
many more significant figures. 
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A 

Abampere, 595 
Aberration: 
chromatic, 445 
spherical, 389, 411 
Abohm, 602 

Absolute thermometric scale, 175 

Absolute aero, 174 

Absorption of sound, 325, 326, 348 

Absorption, thermal, 261 

Absorptivity, 261 

Abvolt, 603 

Accelerated motion, equations of, 47-49 
Acceleration, 9 
angular, 79 

of falling bodies, 45, 46 
radial, 80 

Accommodation of the eye, 420 
Achromatism, 446 
Acoustics, architectural, 324 
Actinium, 791 
series, 802 

Action and reaction, 37-39 
Adhesion, 117 
Adiabatic curves, 227 
elasticity, 228 
processes, 226 
Afterimages, 512 
Air pump, 134 
Alnico, 670 
Alpha: 
particle, 770 
rays, 793 

Alternating-current generators, 700 
Alternating currents, 702 
Ammeter, 649 
hot-wire, 650 

Ammonia refrigerator, 219 
Ampere, 595 

international, 622 
turns, 671 

Amplitude of harmonic motion, 87 
Anderson’s photograph of positron track, 
763 

Angle: 
critical, 394 

of contact (capillarity), 147 
of incidence, 287 
of reflection, 287 
of refraction, 294 
of repose, 68 

Angstrom unit, 435 
Angular acceleration, 79 
velocity, 79 
Anions, 619 
Anode, 619 
Antinodes, 292 
Arc; 

discharge, 747 
light, 614 
spectrum, 519 


Archimedes’ principle, 124-125, 136 
Architectural acoustics, 324 
Armature: 

of D.C. generator, 696, 097 
of inducrion motor, 711 
reactions, 698 
Aspirators, 141 
Astigmatism, 423 
Aston’s mass spectrograph, 771 
Astronomical: 
interferometer, 479 
telescope, 427, 428 
Atmospheric pressure, 122 
Atom, 767, 768 
Bohr’s, 773 
Atomic: 

disintegration, 782, 795 
models, 772 
number, 768 

“orbits” or “rings,” 775-777 
weight, 181 

Atwood’s machine, 53, 54 
Audibility, limits of, 323, 324 
Aurora Borealis, 556 
Avogadro’s number, 181, 182 
Avogadro’s principle, 181, 182 

B 

Bach’s tempered scale, 334 
Bainbridgo's mass spectrograph, 772 
Balance, the, 75 
Ballistic galvanometer, 682 
Balmer’s series, 520 
Banking of roads, 83 
Bar, unit of pressure, 118 
Barkhausen noises, 674 
Barnett’s experiment, 673 
Barometer, 122 
Barye, unit of pressure, 118 
Batteries, 590, 626-635 
Beats between tones, 316 
Becquerel rays, 790 
Bel, unit of loudness, 322 
Bell, electric, 666 
Bells, vibrations of, 344 
Bernouilli’s theorem, 140 
Beryllium, rays from, 784 
Beta rays, 793 
Bias, grid, 746 
Binocular: 
prism, 431 
vision, 375 

Biot and Savart’s law, 593 
Blake transmitter, 695 
Block and tackle, 73, 74 
Bohr atom, 773, 774 

Bohr’s calculation of Rydberg’s constant, 
520 

Boilers, convection in, 250 
Boiling point, 200, 201, 245 
Bolometer, 612 
Boltzmann’s constant, 183 
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Boyle’® law, 130 

Bradley’s determination of velocity of 
light, 372 

Brewster’s law, 489 
Bridge, post office, 656 
slide-wire, 666 
Wheatstone’s, 665 

Bridgeman’s high-pressure experiments, 
197 

Brightness, 365 
British thermal unit, 185 
Brownian movements, 177 
Bunsen photometer, 368 
Buoyancy: 
center of, 127 
of gases, 136 

C 

Cadmium cell, 633 
Caisson, 133 
Calorie, 185 

Calorimeter, Joly’s steam, 203 
Camera, 417 
lens rating, 418 
Canal rays, 739 
Candle power, 363 
Capacitance, e.m.u., 657 
e.s.u., 678 
of condensers, 658 
Capacity, specific inductive, 580 
Capillarity, 148 
Carnot’s cycle, 231, 233 
Cathode, 619 
ray oscillograph, 736 
rays, 730-736, 738 
Cations, 619 

Cavendish’s experiment, 44 
CeU: 

Daniell’s, 630 
dry, 633 
Leolanch6, 632 
polarisation of, 632 
standard cadmium, 633 
storage, 634 
voltaic, 629 
Celsius scale, 160 
Center: 

of buoyancy, 127 
of gravity, 26, 27 
of oscillation, 104 
of percussion, 103 
of pressure, 120 
Centigrade scale, 160 
Centml: 
forces, 81, 83 
heating, 251 
Centrifugal: 
reaction, 82 
separator, 85 
Centripetal forces, 82 
C,g.s. i^rstem, 5 

Chadwick’s discovery of neutron, 784 
Characteristic: 
temperature, 193 
X-rays, 767 
Charge: 

distribution of, 577 
electronic, 731 
energy of, 582 
e,8.u., 563 
surface^ 564 


Charles’ law, 169 
Chladni’s figures, 342 
Chords in music, 330 
Chromatic: 
aberration, 445 
scale, 335 
spectrum, 435 
Chromosphere, 440 
Circuits, electric, 607, 609 
magnetic, 571 
Circular measure, 6 

Clausius* statement of “second law,*’ 234 
Coercive force, 669 
Cohesion, 117 
Coil: 

induction, 687 
spark, 686 
Cold light, 529 
Collision, 112 
Colloid, 241 
Colors: 

addition of, 509 
classification of, 514 
combinations of, 507 
complementary, 508 
of objects, 606 
perception of, 609 
sensitivity to, 511 
surface, 507 
Combining weight, 620 
Comma, intervi^ of, 333 
Complementary colors, 508, 512 
Compound pendulum, 103 
Compressibility, 117 
Compression: 
heat of, 180 
work of, 131 
Compton effect, 758 
Condensation, 199, 202 
by expansion, 210 
Condensers, 678, 667 
capacitance of, 658 
combinations of, 658 
Conductance, electrical, 604 
Conduction of heat, 253 
Conductivity: 
coefficient of thermal, 253 
electrical, 604 

measurement of thermal, 254, 256 
molecular (electric), 624 
tables of thermal, 255-257 
Conductors: 
of electricity, 560 
in electrostatic field, 572 
Conical intensity of light, 364 
Conjugate: 
foci, 402 
planes, 413 

Conservation of energy, 62 
Consonance, 332 
Contact e.m.f., 628, 637 
Convection: 
of heat, 250 
prevention of, 252 
Coolidge tube, 755 
Cooling, Newton’s law of, 266 
Coronas, 536 
Corpuscles, 725 
Corpuscular: 
radiations, 757 
theory of light, 370 
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Cortit arches of, 322 
Cosmic rays, 522, 765 
Coulomb, the, 600 
Coulomb’s law (magnetism) , 542 
(electrostatics), 562 
Couple, 22 
Critical: 

angle of refraction, 394 
point, 216 

temperature, 216, 217 
Crookes dark space, 727 
Crookes radiometer, 259 
Cryohydrates, 243 
Crystid: 

gratings, 760 
structure, 758 
Crystal detector, 719 
Curie, the, 796 

Curie (J. and P.), discovery of piezo- 
electric effect, 346 

Curie (Mme.)t discovery of radium, 790 
Curie-Joliot, discovery of induced radio- 
activity, 797 
Curie point, 552, 553 
Curvature, 7 

effect in surface films, 149 
“Curved ball,” 142 
Cycle, Carnot’s, 231, 235 
Cyclotron, 785 


D 


Dalton’s law, 210 
Damped vibrations: 
electrical, 715 
mechanical, 296 
Daniell’s cell, 630 
D’Arsonval galvanometer, 648 
Davisson and Germer’s discovery, 780 
Davy, Sir Humphry, test of caloric 
hypothesis, 222 

Debieme, discover of actinium, 791 
DeBroglie’s equation, 780 
Decay of radioactivity, 795 
constant of, 796 
Decibel, 322 

Declination, magnetic, 554 
Defects of Ihe eye, 421 
Degradation of energy, 63 
Density, 5 
current, 604 
measured, 126 
of water, 168 

surface (electrostatic), 572 
table of, 128 

Detectors of radio waves, 719-721 

Deuteron, 769 

Dew: 

formation of, 265 
point, 212 
Dextrorotatory, 501 
Dialysis, 248 

Diamagnetic susceptibility, 664 
Diamagnetism, 552 
Diatonic scale, 329 
Dielectric, 572 
constants, table of, 581 
strenffth. 580 
Diesis, interval of, 330 
Difference tone, 317 


Diffraction, 463-484 
by grating, 481 
by narrow slit, 468 
by perforated screen, 465 
by rectangular aperture, 470 
by straight edge, 469 
by two apertures, 477 
^ wire, 468 
fraunhofer, 473 
Diffusion: 
of gases, 245, 246 
of liquids, 247 
Dimensional formulae, 6 
Diopter, 406 
Dipoles, 548 

Direct-vision spectroscope, 446 
Discharge, arc, 747 
Discharges: 
electrical, 586, 725 
in exhausted tubes, 736-738 
residual, 582 

Disintegrating the atom, 782 
Disintegration of radioactive atoms, 795 
Dispersion, 434 
anomalous, 447 
coefficient of, 444 
irrationality of, 442 
Dispersive power, 444 
Displacement of ships, 126 
Dissonance, 332 
Distillation, 242 
Diving bell, 133 
Dominant triad, 330 
Dominguez’s color classifioation, 514 

M er effect, 317, 318, 448, 449 
e refraction, 489 
vector diagrams of, 493 
wave surfaces of, 490 
Dry cell, 633 
Duane-Hunt relation, 756 
Duane’s measurement of heat of radio- 
activity, 792 

Dulong and retit, law of, 189 
Dyne, 35 

E 

Ear, human, 320 
Echo, 313 

Eddy currents, 690 * 

Edison effect, 741 
Efficiency: 

of heat engines, 235 
of luminous sources, 528 
Effusion of gases, 143 
Einstein’s photoelectric equation, 749 
Elastic: 

constants. 111, 114 
limit, 109, 112 
Elasticity, 109 
adiabatic, 228 
isothermal, 228 
modulus ot, 110 
Electric: 
battery, 590 
circuits, 607-609 
furnaces, 613 
heating, 613 
welding, 614 

Electric current density, 604 
effects of, 591 
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Electric current: 

. field of, 592, 594, 597 
magnetic action on, 599 
unit of, 595 
Electricity, 558, 559 
e.m.u., 600 

Electrification by friction, 558 
Electrochemical equivalent, 621 
Electrodynamics, 689-605 
Electrodynamometer, 652 
Electrolysis, 617 
Faraday’s laws of, 621 
Electrolyt-es: 

conductivity of, 611, 624 
dissociation of, 617 
Electrolytic: 
reactions, 618, 619 
solution pressure, 629 
Electromagnet! c : 
energy, 605 
waves, 717 

Electromagnetism, 661 
Electromagnets, 664-666 
Electrometer, quadrant, 562 
Electromotive force, 602 
of cells, 626 
Electron, 559 
Electron-volt, 735 
Electron waves, 780 
Electrophorus, 583 
Electroplating, 620 
Electroscop<^8, 561 
Electrostatic (s), 558-587 
charge, energy of, 582 
contour maps, 574 
Coulomb’s law of, 562 
e.s.u., 563 
field, 566 
lines of force, 506 
potential, 587 
surface density, 572 
Elevator, problem of, 52 
Emissive power, 262 
Emissivity, 263 
Energy, 58 

conservation of, 62 
degradation of, 63 
intrinsic, 225 
kinetic, 59 
potential, 59 « 
transformations, 225 
Equilibrant, 18 
Equilibrium : 
conditions of, 23 
of coplanar forces, 24-30 
types of, 64 

Equipotential surfaces, 573 
Equivalent conductivity, 624 
Erg, 57 

Eutectic point, 243 
Evaporation, 199, 200 
cooling bj^ 203 

Exchanges, Provost’s theory of, 260 
Expansion (thermal), 163 
differentia, 164 
coefficient of, 163, 169 
free, 229 
of gases, 168 
of mercury, 165 
surface ana volume, 165 
table of coefficients of, 167 


Expansion (thermal) (Cant.) : 
of water, 167 
work of, 131 
Eye, human, 419 
defects of, 421 
Eyeglasses, 421-424 

P 

Falirenhcit scale, 160 
Falling bodies, motion of, 49, 50 
Farad, the, 658 
Faraday, the, 621, 622 
Faraday: 
dark space, 727 
ice-pail experiment, 565 
laws of electrolysis, 621 
magneto-optical effect, 503 
Fechner’s law, 322 
Fermi’s neutron bombardment, 798 
Ferromagnetic susceptibility, 664 
Ferromagnetism, 551 
Field, electrostatic, 566 
of induction motor, 709 
Field maps, 571 
Figure of merit, 649 
Films (surface), 146 
between liquids, 152 
colors of, 457 
double, 150 
free, 151 
tension in, 151 

First law of thermodynamics, 225 
Fizeau’s determination of velocity of 
light, 372 

Floating bodies, attraction between, 153 
Flotation, 126, 127 
Flow of liquids, 138 
Fluids, 116 
pressure in, 1 18 
pressure on, 117 
Fluorescence, 524 
Fluorescent X-rays, 757 
Flux: 

luminous, 364 
magnetic, 662, 663, 678 
Focal length: 
of lenses, 429 
of mirrors, 384 
Foci, sound, 313 
Focus, principal, 384 
Foley’s sound photographs, 326 
Foot candle, 364 
Foot-pound, 67 
Foot-poundal, 67 
Force, 17 
and motion, 33 
dimensions of, 36 
moment of, 21 
unit of, 35 
Forces: 

balanced, 18-21 
between currents, 712 
coplanar, 24-26, 28 

Foucault’s determination of velocity of 
light. 373 

Foucault’s pendulum, 106 
Fraunhofer: 
diffraction, 473-484 
lines, 440 

Free expansion of gases, 229 
Free vibrations, 295 
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Freezing: 

by boiling, 216 
mixtures, 244 
point, 194 

point of solutions, 242 
Fi^uency of harmonic motion, 87 
Fresnel diffraction, 473 
Fresnel’s biprism, 456 
Friction, 66 

coefficient of, 67 
problems involving, 68, 69 
rolling, 68 

Fungi, phosphorescent, 526 
Furnaces: 

for central heating, 252 
electric, 613 
Fusion, 194 

change of volume during, 195 
heat of, 197 


Galileo’s observations on falling bodies, 45 
Galileo’s telescope, 430 
Galvanic couple, 628 
Galvani’s discovery, 628 
Galvanometer: 
ballistic, 682 
D’Arsonval, (i48 
fixed coil, 647 
moving coil, 648 
Gamma rays, 522, 794 
Gas law, 175 
Gas thermometer, 173 
Gases, 116 

buoyancy of, 136 

coefficient of expansion of, 109 

compression and expansion of, 131 

diffusion of, 245 

dissolved in liquids, 240 

effusion of, 158 

expansion of, 168 

elasticity of, 228 

free expansion of, 229 

heat of compression of, 180 

ideal, 182 

liquefaction of, 220 
mechanics of, 130-136 
pressure of, 178 
specific heats of, 189, 190, 192 
vapors and, 206-213 
Gauss, the, 603 
Gegonfarben, 513 
Geiger counter, 783 
Generator: 

A.C., 700-702 
compound, 699 
D.C., 695-700 
series, 699 
shunt, 698 
voltage of, 696 
Gilbert, the, 671 

Gilbert’s observations on magnetism, 541 
Glaciers, 197 
Governor, flyball, 84 
Gram: 
atom, 182 
equivalent, 621 
molecule, 182 
Grating: 
costal, 760 
diffraction, 481 


Grating (CmU ,) : 
spectra, 482 

Gravitation, Newton's law of, 45 
Gravitational: 
constant, 44, 45 
force units, 46, 47 
waves, 281, 282 
Gravity: 

center of, 26, 27^ 
specific, 125 
Grid (radio-tube), 743 
Grid bias, 744 
Gridiron pendulum, 164 
“Grounds,” 561 
Gyration, radius of, 99 
Gyroscope, 105 

H 

Hadley’s sextant, 382 
Half-period elements, 464, 467 
Half-value period, 796 
Half-wave quartz, 502 
Halos, 536 
Hardness, 114 
Harmonic motion: 
of rotation, 102 
of translation, 101 
simple, 86 

Harmonics, 310-312 

Hasenohrl’s theory of radiation and mass, 
269 

Hastings’ theory of mirages, 531 
Head, hydrostatic, 60, 139 
Hearing, 320 
Heat: 

conduction of, 253 
convection of, 250 
of fusion, 197 

mechanical equivalent of, 222 
quantity of, 185 
of solution, 241 
radiation of, 257 
specific, 186-190 
Hefner-Alteneck unit, 364 
Helion, 770 

Helium, nucleus of, 770 
Helmholtz’s measurements: 
of pitch, 309 
of timbre, 309 
Henry, the, 684 

Hering’s theopr of color vision, 512 
Hertz’s experiments, 718 
Hertzian waves, 521 
Heusler alloys, 552 
Hittorf’s experiment, 728 
Horsepower, 58 
-hour, 59 

Hot-wire ammeter, 650 
Hue, 514 
Humidity, 211 

Hund’s piezo-electric formula, 347 
Huygens’ principle, 284 
applied to reflection, 286 
applied to refraction, 294 
applied to double refraction, 492 
Hydrostatic paradox, 120 
Hydrostatics, 116-128 
Hygrometers, 212 
Hypermetropia, 422 
Hysteresis, 668 



814 


INDEX 


I 

Ice: 

effect of preaeure on. 196, 197 
heat of fusion of. 198 
Iceland spar. 490 
Ideal gases, law of, 182 
Illumination, 364 
Images in plane mirror, 378 
inversion and perversion of, 379 
in lenses, 398, 401, 409 
sise of, 388 

virtual, in lenses, 398, 399, 410 
virtual, in mirrors, 386, 388 
Impact, 112, 113 
Impulse, 34, 36 
Incandescent: 
gases, 519 
lamp, 614 
solids, 516 

Incidence, angle of. 287 
Inclination, magnetic, 554 
Inclined plane: 
as a machine, 72 
motion on, 51 
Indicator cards, 236 
Induced currents, 676-<602 
e.m.f., 679 
magnitude of, 681 
quantity carried by. 681 
radioactivity, 797 
Inductance: 
mutual, 683 
self. 686 
Induction: 
coil, 687 

conditions of, 677 
electrostatic, 664 
lines of, 663 
motor armature, 711 
motor field, 709 
mutual, 682 
self, 685 

without motion, 679 
Inertia, 37 
moment of, 93, 94 
Infrared waves, 521 
Insulators of electricity, 560 
in electrostatic field, 572 
thermal, 252 
Interference, 290 
by Fresnel's biprism, 466 
by Newton's nngs, 457, 458 
of light, 462-462 
of polarised light, 497 
of sound, 316 
by tlun films, 437 
by two narrow apertures, 464 
Int^erometer, Miohelson’s, 459 
used with telesco^, 479 
Interval, in music, 328 
Intrinsic energy, 202, 225, 226 
Inverse square laws. 258 
Inversion of images, 379 
Inversion temperature: 


of gases, 231 
th«moeleotric, 638 
Ionium, 800 
Ions: 

in solurioas, 617 
migratioKi of, 618 
Irreversible i^e, 286 


Isobars, 800 
Isogonic lines, 655 
Isothermal, 131 
elasticity, 228 
processes, 226 
Isotopes, 770 

J 

Joly's steam calorimeter, 203 
Joule, the, 57 

Joule's determination of /, 223 
Joule's equivalent, 222 
Joule's experiments with gaaes^ 229 
Joule-Thomson effect, 230, 231 

K 

Kaufmann’s observations on electron 
mass, 734 
Kelvin scale, 175 
Kerr effect, 504 
Htlogram, 5 
Kilowatt>hour, 59 
Kinematics, 3 
Kinetic: 

energpr, 60, 61, 64 
reaction, 38 

theory of gases, 178-183 
Kinetics, 3 

Kirohhoff's black>body ratio, 263, 264 
Kirchoff's laws, 607 
Knot, nautical, 5 

Koenig's color-sensitivity curves, 511 
Kundt’s tube, 357 


L 

Laevorotatory, 501 
Lambert, the, 366 
Lamp: 
arc, 614 

incandescent, 614 

Langley’s radiation measurements, 612 
Langmuir's equation, 743 
Laplace's correction (sound velooity), 303 
Laplace's electromagnetic equation, 594, 
596 

Laue photographs, 758 
Laurent’s saccharimeter, 501 
Lawrence and Livingston: 
cyclotron, 786 
induced radioactivity, 798 
Leolanch5 cell, 632 
Lens, crystalline, 420 
Lenses, 397-415 
combinations of, 414 
focal length of, 402 
formula of, 405 
ma^ification by. 410 
optical center of, 408 
spherical aberration of, 411 
wephoto, 419 
thick, 413 
Lens’s law, 676 
Lever. 70, 71 
Leyden jar, 579 
Lii^t; 
cold, 529 

diffraction of, 487 
interference of, 452 
mechanioal equivalent of, 528 
nature of, 363 
reflection of, 378 
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Light (Cont.): 
refraction of, 392 
sources of, 363, 51(1 
velocity of, 370-37 1 
wave length of, 43 1 
Limiting angle of rej |>se, 68 
Limma, interval of, fcl 
Linde’s liquid-air malhine, 220 
Linear: 

expansion, 163 
velocity, 9 

Liquefaction of gastf , 220 
Liquid state, 214, 2r 
Liquids, 116 
flow of, 138 
piessure in, 119 
Lissajous’ figures, . 95 , 346 
Liter, 6 

Lodestono, 541 . 

Loudness, 322, 3241 
Lumen, 364 
Luminescence, 52/1 
Luminosity of ookir, 515 
Luminous intensitr, 363 
Lux, 364 [ 

Lyman series, 52( j 

. M 

Machines: . 

efficiency of, 7f 
simple, 69-74 
Magnetic: 1 

attraction, 541 
circuit, 671, 672 
dipoles, 548 
field, 543,* 5‘. y 
flux, 662 f 

induction, 55(' 
lines of force, 546 
moment, 547^ 

rotation of ptiarized light, 503-505 
storms, 556 r 
Magnetism, 54 -556 
dia-, 552 
ferro-, 551 
intensity of, 549 
of iron, 550 
para-, 552 
permanent, 551 
temperaturri effect on, 553 


terrestrial, ff54 

Magnetisation, curves of, 667 
Magnetomotive force, 670 
Magneto-oi>ti * phenomena, dOS-^Ofi 
Magnetostric ion, 549 
Magnets, 541 
unit pole of, 542 
Mamincatiou: 

of compound microscope, 426 
of Galileo’ \ telescope, 431 
of lenses, ilO 
of mirrors, 388 
of readinji glass, 425 
of reflecti ig telescope, 428 
of refractinif telescope, 429 
of simple microscope, 424 
Major tone. 329 
Major triad, 330 
Manometers, 132 

Marconi*s experiments with radio, 719 
Mariotte, law of, 130 


1 


Mass: 
defect, 789 
number, 787 
spectrographs, 771, 772 
Maximum and minimum thermometer. 


101 

Maxwell: 

classification of colors, 514 
electromagnetic theory of light, 718 
theory of radiation pressure, 267 
Maxwell, the, 663 
Maxwell’s “demon,” 663.7 c-t 
Mean free path, 116 
Mechanical: 
advantage, 71 
equivalent of heat, 222 
equivalent of light, 528 
Mechanics defined, 1 
Megabar, 118 
Melde’s experiment, 339 
Melting: 

caused by pressure, 195 
point, 194 

Mendel^ef’s series, 767 
Meniscus, 148 
Mercury vapor lamp, 615 
Merit, figure of, 649 
Metacenter, 128 
Meter, the, 4 
Mho, the, 604 

Mieheison and Morley’s experiment, 461 
Michelson’s determination of velocity of 
light. 373 

Michelson’s interferometer, 459 
Microfarad, 658 
Micron, 435 
Microphone, 695 
Microscope: 
compound, 426 
simple, 424 
ultraviolet, 476 

S ation of ions, 618 

t: 

analysis of sound, 310 
experiments on “ether drift,” 462 
Milhcurie, 796 

Millikan’s oil-drop en^riment, 731 
Minimal surfaces, 151 


Minor tone, 329 
Mincnr triad, 330 
Mirage, 531 
Mirrors: 
concave, 383 
convex, 385 « 

I>araboiic, 389 
parallel, 381 
plane, 378-390 
rotating, 380 
two, 380 

Mixing colors, 507 
Mixtures: 
freesing, 244 
of vapors and gases, 209 
Modulus: 
of elasticity, 110 
of rigidity, 111 
shear. 111 
torsion, 111 
Young’s, 110 
Molar smution, 624 
Mole, 624 
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Molecular: 
concentration, 624 
conductivity, 024 
forces, 145 
“hypothesis,” 176 
range, 145 
weight, 181 
Moment: 
of a force, 22 
of inertia, 93, 94 
of momentum, 97 
Momenta, equilibrium of, 40-42 
Momentum, 34 

compared to kinetic energy, 63 
conservation of, 37 
dimensions of, 36 
moment of, 97 
Moseley’s law, 778, 779 
Motion, 8 
accelerated, 9 
circular, 79 SO 
Newton’s laws of, 33 
Motors: 

A.C. induction, 709 
D.C., 704-709 
efficiency of, 707 
regulation of, 708 
torque of, 707 
Musi(‘, physics of, 328-335 
Musical interval, 328 
Mutual induction, 682 
Myopia, 421 

N 

Negative: 
charge, 559 
crystal, 492 
glow, 726 
pole, 541 
Neon lamp, 610 
Nernst lamp, Oil 

Nernst’s theory of voltaic cell, 629 
Neutral equilibrium, 05 
Neutral temperature (thermoelectric), 038 
Neutron, 768 
discovery of, 784 
Neutrons, production of, 787 
Newton: 

law of cooling, 266 
laws of motion, 33, 34 
theory of sound propagation, 301 
Newton’s rings, 458 

Nichols and Hull’s radiation exiKjrimcnt, 
267 

Nichols and Tear’s wave measurements, 
521 

Nicol’s prism, 494 
Nodes, 292 
Nonconductors, 500 
Normal solution, 624 
Nucleus: 

composition of, 787 
of atom, 769 

O 

Objective, 426 
Octave, 328 
Ocular, 426 
Oersted, the, 545 
Oersted's experiment, 692 


Ohm, 601 
international, 602 
Ohm’s law, 603 

Onnes' experiment with suporconduc 
tivity, 612 

Onnes’ production » ,f low temperatures, 
174 

Opera glass, 430 
Optic axis, 491 
Optic center, 408 3* 

Orbits, atomic, 775 ^ 

Organ pipes, 353 
Orthogonal systems, 73, 574 
Oscillation, center of 04 
Oscillations: 3 

electrical, 715-721 
frequency of, 716 
of triode, 740 

Oscillograph, cathode ay, 736 
Osmosis, 248 
Osmotic pressure, 248 
Overtones, 310 

P 

Packing effect, 788 
Packing fraction, 788 
Parallelogram of vecton* , 1 1 
Paramagnetic susceptibi lity, 664 
Paramagnetism, 552 
Parson's views on color rision, 514 
PartiaJs, of musical toneu, 310 
Pascal's principle, 118, 119 
Paschen’s law, 727 
Paschen’s scries, 520 
Peltier effect, 637 
cause of, 641 
Pendulum: 
compound, 103 
conical, 84 
energy of, 90 
Foucault’s, 106 
gridiron, 164 
simple, 89, 103 
torsion, 102 ' 

Percussion, center of, 103 ' 

Period of harmonic motion, 87, 89 
Periodic series of elements, 767 
Permalloy, 562, 668 
Permeability, 663, 664, 667 
Permeance, 672 
Pennendur, 668 
Perminvar, 070 

Perrin’s determination of Avogadro’s 
number, 177 

Perversion of images, 379 
Pfeffer’s osmotic membranes, 249 
Phase: 

areas on p-v diagram, 217 
diagram, 216 
of wave motion, 277 
Phonodeik, Miller’s, 310 
Phosphorescence, 624, 626 
Photoelectric cell, 750, 752 
Photoelectric phenomena, 748 
Photographic camera, 417 
Photographic lens rating, 418 
Photometer: 

Bunsen’s, 368 
Lummor^Brodhun’s, 368 
Rumford’s, 367 
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Photometry, 367 
Photon. 518, 725 
photosphere, 440 
’^’hotronic cell, 751 
Physics, scope of, 1 
Pieao-electric oscillations, 346, 347 
Pigments, mixtures of, 507 
Pisa, leaning tower of, 65 
Pitch. 308 

measurement of, 344 
standards of, 331 
Planck’s radiation formula, 518 
Plane, inclined, 72 
Plates: 

Chladni's, 342 
colors of thin, 499 
Poggendorf's potentiometer, 654 
Polarimeters, 502 
Polarization : 

by double refraction, 492 
by reflection, 487 
by scattering, 496 
electrolytic, 623 
of cells, 632 
rotatory, 500 
Polarized light, 486-505 
by Nicol’s prism, 494 
by Polaroid, 496 
interference of, 497 
rotation of plane of, 500 
vector diagrams of, 493 
Polarizing angle, 489 
Polaroid, 490 
Poles: 
e.ra.u., 542 
induced, 550 
north and soiith, 541 
Polonium, 791, 800 
Porous-plug experiment, 230 
Positive: 
charge, 559 
column, 720 
crystal, 492 
pole, 541 

Positron, 569, 763 
Post-office bridge, 656 
Potential: 

difference, e.m.u., 602, 603 
electrostatic, 667 
ener^, 59 
gradient, 568 
gravitational, 00 

Potentiometer, Poggendorf’s, 054 
Poundal, 35 

Power, dimensions and units of, 58 
Precession of gyroscope, 106 
Pressure, 21 
center of, 120 

change due to surface films, 149 
gradient, 139 
of atmosphere, 122 
of gas, 178 

Provost’s theory of exchanges, 260 
Primary colors, 510 
Principal planes, 413 
Principal points, 413 
Prism binocular, 431 
Projectiles, trajectory of, 60, 61 
Propagation of heat, 250 
i, Proton, 559, 768 
I Pulleys, 73, 74 


Pump, lift, 123 
Pyrometer: 
resistance, 612 
thermojunction, 643 

Q 

Quadrant electrometer, 562 
Quality of sounds, 307, 309 
Quantity, e.m.u., 600 
Quantity of heat, 185 
Quantum, 518 

condition, Bohr’s, 774 
Quartz : 

half-w'ave, 502 
oscillator, 346, 347 
Quincke’s experiment, 145 

R 

Radial acceleration, 80 
Radian, 7 
Radiation : 

and temperature, 265 
mass equivalent of, 269 
pressure, 267, 268 
thermal, 257, 259 
Radioactive series, 800 
Radioactive transformations, 799 
Radioactivity, 790-803 
decay of, 795 
energy of, 796 
induced, 797 
measurement of, 798 
properties of, 791 
RadiomeU^r, Crookes’, 259 
Radius of gyration, 99 
Rainbow: 
colors of, 535 
form of, 533 
secondary, 635 
Raman effect, 527 

Ramsay’s study of Brownian movements, 
•177 

Raoult’s law of solutions, 243 
Ratio: 

of charge to mass, 731, 734 
of specific heats, 190, 367 
Rayleigh’s criterion of resolution, 475 
Rays: 

alpha, beta, and gamma, 793, 794 
Becquerel, 790 
from beryllium, 784 
Reading glass, 425 
R6amur scale, 160 
Recalescence, 653 
Reed pipes, 355 
vibrating, 361 
Reflection, 284 
angle of, 287 

change of phase in, 288, 289 
law of, 294 
of light, 378 
of sound, 312 
of thermal radiations, 261 
total, 394 
Reflectivity, 261 
Refraction, 284 
angle of, 293 
by prism, 394 
double, 489 
law of, 294 
of light, 392-396 
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Refraction (Conf.) 
of sound, 314 
relative deviation of, 443 
Refrigeration, 219 
Regnauit: 

measurements of sound velocity, 300 
measurements of thermal expansion, 
160, 168, 172 

measurements of vapor pressure, 207 
Reluctance, 672 
Reluctivity, 672 
Remanence, 669 
Repose, limiting angle of, (i8 
Resistance: 
e.m.u., 601 
internal, of cells, 620 
standard, 646 

temperature coefficient of, 605, 610 
Resistivity, 604 
table of, 005 

Resolution of vectors, 14 
Resolving power: 
calculation of, 477 
of lens, 475 
of slit, 475 
Resonance, 295, 296 
of sound, 351 
spectra, 450 

Restitution, coefficient of, 101, 102, 113 
Resultant, 12, 15 
of forces, 18 
Retentivity, 669 
Retina, 419 

Reverberation, time of, 325, 326 
Reversal of spectral lines, 441 
Reversible cycle, 231 
efficiency of, 235 
Reversing layer, 440 
Rheostats, 646 
Rigidity, modulus of. 111 
Ripples, 284 

Rdmer’s determination of velocity of 
light, 370 
Rontgen rays, 754 
Rotation: 

and translation compared, 98 
of plane of polarization, 500 
problems of, 99 
vectors of, 104 

Rotational actions and reactions, 96, 104 
Rotatory power, 501 
Rotor, 702 

Rowland's experiment with rotating 
charge, 598 
Ruhmkorff coil, 688 

Rumford's experiment with heat of fric- 
tion, 221 

Rumford’s photometer, 367 
Rutherford and Soddy’s theory of radio- 
activity, 796 

Rutherford’s disintegration of atom, 782 
Rydberg constant, 520 

S 

Sabine’s reverberation formula, 325 
Saccharimeter, Laurent, 501 
Saturated solution, 240 
vapor, 206 

measurements of. 207 
p-t curve of, 209 
table of, 208 


Saturation current in discharges, 737 
Saturation of color, 515 
Scalar quantities, 10 
Scale: 

diatonic, 329 
major, 329 
minor, 331 
tempered, 334 
Scleroscope, 114 
Screw, as a machine, 73 
Second, the, 4 
Seebeck effect, 637 
Self-induction, 686 
Semitones, 335 
Separator, centrifugal, 85 
Sextant, Hadley’s, 382 
Shear modulus, 110 
Short-sight, 421 
Simple harmonic motion, 86 
acceleration of, 88 
velocity of, 88 
Simple microscope, 424 
Simple pendulum, 89, 90, 103 
Siphon, 121 
Size, apparent, 376 
Sky, color of, 537 
Slide-wire bridge, 656 
Slip of induction motor, 712 
Slug, the, 47 
Snell’s law, 392 
Soap bubbles, 150 
Sodium vapor lamp, 616 
Solar constant, 269, 267 
Solar spectrum, 440-442 
Solenoid, 661 
Solid state, 214, 216 
Solute, 239 
Solution, heat of, 241 
Solution pressure, 629 
Solutions, 239 
boiling point of, 245 
freezing point of, 242 
saturated, 240 
Solvents, 239 
solids as, 240 
Sound, 298, 299 
analysis of, 309 
audibility of, 323, 324 
intensity of, 307 
interference of, 316 
pitch of, 308 
ranging, 305 
reflection of, 312 
refraction of, 314 
timbre of, 309 
Space charge, 742 
Space lattice, 759 
Spark: 
coil, 686 
discharge, 725 
discharge potentials, 729 
spectra, 519 
Specific gravity, 126 
Specific heat, 186-188 
of gases, 189, 190, 357 
quantum theory of, 192 
Specific inductive camoity* 580 
Specific resistance, 604 
Spectral series, 519 
Spectrometer, 4S7 
Spectroscope, direct vision, 446 
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Spectrum, 435 
absorption, 439 
analysis, 438 
arc, 619 ^ 

band, 439 — 
continuous, 438 
emission, 438 
flame, 519 
line, 438 
mass, 771 
production of, 778 
resonance, 450 
solar, 440-442 
spark, 519 
Sp^, 30 

Spherical aberration: 
of lenses, 411 
of mirrors, 389 
Stability of flotation, 127 
Stable eauilibrium, 65 
Standard units, 4 
Standards of pitch, 331 
Stark effect, 450 
State: 

change of, 104 
equation of, 218 
Statics, 3, 17 
Stator. 702 

Stefan’s radiation law, 266 
Steiner’s theorem, 95 
Stereoscope, 376 
Ster-radian, 364 
Stokes’ law of fluorescence, 624 
Storage cell, 634 
Strain, 109 
Stress, 109 

Strings, vibration of, 337 
Subdominant triad, 330 
Sublimation, 204 
Sundogs, 637 
Superconductivity, 611 
Supercooling, 199 
Superheating of liquids, 201 
Supersonic vibrations, 347 
Surface: 
color, 607 
films, 146 
tension, 147 
table of, 154 
Susceptibility, 663 
diamagnetic, 664 
ferrom'ignetic, 664 
paramagnetic, 664 
Synthesis of tones, 310 

T 


Telegraph, 666 
Telephone, 694 
Telephoto lens, 419 
Telescope: 

astronomical, 427, 428 
Galileo’s, 430 
terrestrial, 429 
Temperature, 167-168^ 

coefficient of expansion, 163, 169 
coefficient of resistance, 606, 610 
of inverdon, of gases, 231 
of sun, 266 
thermoelectnc, 638 


Tempered scale, 334 
Tension, surface, 147 
Terrestrial magnetism, 554 
Terrestrial telescope, 429 
Tesla coil, 721 
Thermal: 
capacity, 186 
conductivity, 253 
energy, 180 
expansion, 159, 163 
Thermionic current, 742 
Thermionic emission, 741-746 
Thermocouple meter, 644 
Thermodynamics, 225 
first law of, 225 
second law of, 234 
Thermoelectric curve, 641 
Thermoelectricity, 637-644 
Thermoelectromotivo force, 638 
calculation of, 642 
table of, 643 
Thermometer: 
gas. 173 

maximum and minimum, 161 
mercurial, 159 

Thermometric properties, 158 
Thermometric scales, 159, 160 
Thermopiles, 643 
Thomson effect, 639, 640 
Thomson’s (G.P.) electron diffrac 
Thorium: 

radioactivity of, 790 
series, 802 

Three-element tube, 743 
Thyratron, 751, 762 
Timbre, 307, 309 
Time, 4 

angle in s.h.m., 87 
Toepler-Holta machine, 584 
Toepler’s pump, 134 
Tone: 

complex, 309 
difference, 317 
major, 329 
minor, 329 
whole, 335 
Tonic triad, 330 
Toroid, 665 
Torque, 23 
of motors, 707 
Torricelli’s theorem, 142 
Torricelli’s vacuum, 122, 123 
Torsion modulus. 111 
moment of. Ill 
Torsional pendulum, 102 
Torsional vibrations, 342 
Total reflection, 394 
Tractive force of ma^et, 665 
Trajectory of projectiles, 60, 51 
Transformations, radioactive, 7| 
Transformer, 689 
Transmission, thermal, 261 ; 

Transmissivity, 261, 262 
Transport phenomenon (viscosii 
Transposition of musical scales,! 
Triads, 330 ! 

Triode, as oscillator, 746 
as receiver, 744-746 
Triple point, 214 
Tungar rectifier 743 
Tuning fork, 341 ! 
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u 

Ultraviolet waves, 521 
Unit; 
charge, 
pianos. 413 
pole, 542 
quantity, 600 
Units: 

relations between e.s.u. and o.m.u., (iOl 
' standard, 4 

•* C.g.8., 6 

Unstable equilibrium. 65 
Uranium: 
activity of, 790 
electronic structure of, 777 
•radium series, 800, 801 


V 

Valence: 

, chemical, 777 
ol colors, 514 

Valves, electrical, 719, 720 
Vgi de Graaff generator, 585 
Vrt der Waals’ equation, 218 
Vf.ior: 

bressure, 200 c 
saturated, 206-209 
Vaporization, 199 
neat of, 201 

Vectors, 10-15 f 

Culdition of, 10, 12, 1^ 
of rotation, 104 . 

re'. ,;lution of, 14 
subtraction of, 1 1 
Velocity, 5, 9 
angular, 79 
of effusion, 143 
of light. 369-374 
by Bradley, 372 
by Fizeau, 372 
by Foucault, 373 
by Michelson, 373, 374 
by Rdmer, 370 
of liquid flow, 139, 140 
of liquid jet, 142 
of sound, 299-305 
by Kundt's tube, 357 
effect of temperature on, 304 
in different media, 340 
“Vena contracta,” 143 
Vibrations, 295, 296 
electromagnetic, 715-721, 746 
of gases, 350 
of Jets, 360 
of mombranest 355 
, bf plates, 342 
\ j \reeds, 351 
, iff ffods, 340 
©'Strings, 337, 338 
N* ^ image, 385 
h 117 

V ^ ^iverse, 374 




iii ’74ar, 376 
jjd. r, 509-514 
defects of, 421-424 


Visual purple, 512 
Volcanoes, 197 
Voltaic cell, 629 
Volta’s discovery, 628 
Voltmeter, 050 
electrostatic, 653 
Volume expansion, 166 

W 

density of, 126, 168 
equivalent, ISO 
specific heat of, 188 
waves, 281-283 
Watt, 58 
Wattmeter, 661 
Wave mechanics, 779 
Waves, 275 
diffraction of, 284 
electromagnetic, 717 
equation of, 281 
interference of, 290 
gravitational, 281, 282 
length of, 277 
longitudinal, 278 
reflection of, 284 
refraction of, 284, 293 
stationary, 201, 293 
surface t.<»n8iori, 283 
Weber’s theory of magnetism, 618 
Wedge as a machine, 73 
Welmelt iuterrupk‘r, 688 
Weight, contrastod with mass, 46 
Welding, electric, 614 
Weston cell, 633 
Wheatstone’s bridge, 055 
Wheel and axle, 71 
Wien’s displacement law, 617 
Wilson cloud chamber, 762 
Wind instruments, 366 
Wireless telegraphy, 719 
Work, 57 
dimensions of, 58 
function, 749 

X 

X-ray spectra, 756 
X-ray tubes, 754 
X-rays, 522, 754-762 
characteristic, 757 
fluorescent, 757 
nature of, 766 
secondary, 767 

Y 

Yield point, 112 

Young-Helmholtz theory of color vision, 
510 

Young's modulus, 110 

Z 

Zeeman effect, 450 
Zero, absolute, 174 
Zone plates, 466 



Condensed Table 

of Natural Trigonometric Functions 


Angle 

Sin 

Cos 

Tan 

Angle 

6“ 0' 

.0872 

.9962 

.0875 

b 

o 

10 ' 

.0901 

.9959 

.0904 

50' 

20 ' 

.0930 

.9957 

.0934 

40 ' 

30 ' 

.0959 

.9954 

.0963 

30 ' 

40 ' 

.0987 

.9951 

.0992 

20' 

50 ' 

.1016 

.9948 

.1022 

10 ' 

o 

o 

CO 

.1045 

.9945 

.1051 

84° 0' 

10 ' 

.1074 

.9942 

.1080 

50' 

20 ' 

.1103 

,9939 

.1110 

40 ' 

30 ' 

. il 32 

.9936 

.1139 

30 ' 

40 ' 

.1161 

.9932 

.1169 

20 ' 

50 ' 

.1190 

.9929 

.111 

10 ' 

7“ 0' 

.1219 

.9926 

.1228 

88“ 0' 

10 ' 

.1248 

.9922 

.1257 

50 ' 

20 ' 

.1276 

.9918 

.1287 

40 ' 

30 ' 

.1305 

.9914 

.1317 

30' 

40 ' 

.1334 

j .9911 

.1346 

20 ' 

50 ' 

.1363 

.9907 

.1376 

10 ' 

o 

o 

00 

.1392 

.9903 

.1405 

82°'0' 

10 ' 

.1421 

.9899 

.1435 

50 ' 

20 ' 

.1449 

.9894 

.1466 

40 ' 

30 ' 

.1478 

.9890 

.1495 

30 ' 

40 ' 

.1507 

.9886 

.1524 

20 ' 

50 ' 

.1536 

.9881 

.1554 

10 ' 

9® 0' 

.1564 

.9877 

.1584 ' 

81° 0' 

10 ' 

.1593 

.9872 

.1614 1 

50 ' 

20 ' 

.1622 

.9868 

. 16 ' ! 

40 ' 

30 ' 

.1651 

.9863 


30 ' 

40 ' 

.1679 

. 98 ^ 


20 ' 

50 ' 

,1708 1 



10 ' 

10 “ 0 ' 

.1737 

. J 848 j 

. 176 u ! 

1 

80 ° 0 ' 

Angle 

Cos > 

i 

Sin i 

Cot 1 

Angle 


Angle 

1 Sin 

Cos 

Tan 

Angle 

o 

o 

.0000 

1.000 

.0000 

b 

o 

S 

10 ' 

.0029 

1.000 

.0029 

60 ' 

20 ' 

,0058 

LOGO 

.0058 

40 ' 

30 ' 

.0087 

1.000 

.0087 

30 ' 

40 ' 

.0116 

.9999 

.0116 

20 ' 

50 ' 

.0145 

.9999 

.0146 

10 ' 

1“ 0' 

.0175 

.9999 

.0175 

89° 0' 

10 ' 

.0204 

.9998 

.0204 

50 ' 

20 ' 

.0233 

.9997 

.0233 

40 ' 

30 ' 

.0262 

.9997 

.0262 

30 ' 

40 ' 

.0291 

.9996 

.0291 

20 ' 

50 ' 

.0320 

.9995 

.0320 

10 ' 

2 0 ' 

.0349 

.9994 

.0349 

88“ 0' 

10 ' 

.0378 

.9993 

.0378 

60 ' 

20 ' 

.0407 

.9992 

.0408 

«)' 

30 ' 

.0436 

.9991 

.0437 

30 ' 

40 ' 

.0465 

.9989 

.0466 

20 ' 

50 ' 

.0401 

.9988 

.0495 

10 ' 

3° 0' 

.0523 

.9986 

.0524 

87° 0' 

10 ' 

.0552 

.9985 

,0563 

60 ' 

20 ' 

.0681 

.9983 

.0582 

40 ' 

30 ' 

.0611 

.9981 

.0612 

30 ' 

40 ' 

.0640 

,9980 

.0641 

20 ' 

50 ' 

.0669 

.9978 

.0670 

10 ' 

o 

O 

.0698 

.9976 

.0699 

86° 0' 

10 ' 

.0727 

.9974 

,0729 

50 ' 

20 ' 

,0756 

.9971 

.0758 

40 ' 

30 ' 

.0785 

.9969 

.0787 

30 ' 

40 ' 

.0814 

.9967 

,0816 

20 ' 

50 ' 

,0843 

.9964 

.0846 

10 ' 

b 

o 

.0872 

.9962 

.0875 

85 ° 0 ' 

^gle 

Cos 

Sin 

Cot ! 

Angle 
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822 


NATURAL TRIGONOMETRIC FUNCTIONS 



14* 0' .2419 
10' .2447 
20' .2476 
30' .2504 
40' .2532 
60' .2560 


15* 0' .2688 
10' .2616 
20' .2644 
30' M72 
40' .2700 
50' .2728 
16*0' ,2756 


Angle Cos 


.2493 76® 0' 

.2524 50' 


.2680 76® 0' 
.2711 50' 


.2868 74® 0' 


Cot Angle 


Angle 

Sin 

Cos 

Tan 

Angfe 

16® 0' 

10' 
20' 
30' 
40' 
60' 1 

.2756 

.2784 

.2812 

.2840 

.2868 

.2896 

.9613 
.9606 
.9596 
.9688 
.9580 
.9672 i 

.2868 

.2899 

.2931 

.2962 

.2994 

.3026 

74® 0' 
60' 
40' 
30' 
20' 
10' 



19® 0' .3266 
10' .3283 
20' .3311 
30' .3338 

40' .3366 
50' .3393 


.9455 

.3443 

71® 0' 

9446 

.3476 

50' 

.9436 

.3509 

1 40' 

.9426 

.3541 

30' 

.9417 

.3574 

20' 

.9407 

.3607 

10' 































NATURAL TRIGONOMETRIC FUNCTIONS 
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idigle Sin Cos Tan Angle 


22® 0' I .3746 1 .927? | .4040 | 68® 0 
74 
08 
42 


0' .3907 .9205 
10' .3934 .9194 


,4245 67® 0' 

.4279 50' 


.3988 I .9171 
.4014 .9159 

.4041 .9147 

24® 0' 1 .4067 i .9136 
10 ' 




4452 I 66® 0' 
50' 


26® 0' ,4226 
, 10' .4253 
20' .4279 
30' ,4805 
40' .4331 
6p' ,4358 


26® 0' .4384 
10' .4410 
20' ,^436 
30' .4462 
.4488 
50' .4514 


.4663 66® 0' 

.4699 50' 


.4877 1 64'’ 0 
,4913 
.4950 
.4986 
.5022 
.5059 


^7° H' 

.4540 .8910 .5096 

63“ 0 


.4666 .8897 .6132 

.4692 .8884 .5169 

.4618 .8870 .6206 

.4643 .8867 .5243 


60' 

.4669 .8843 .5280 

10 

0' 

.4695 .8830 .5317 

62® 0 


|n|^6 Cos 



Cot Angle 


Angle Sin Cos Tan Angie 


28® 0' .4695 
10' .4720 

20' .4746 
30' .4772 
40' .4797 
50' .4823 


29® 0' .4848 
10' .4874 
20' .4899 

30' .4924 

40' .4950 

50' .4975 


.8830 5317 62® 0' 

.8816 .5355 50' 

.8802 .5392 40' 

.8788 .5430 30' 

.8774 .5467 20' 

.8760 .5505 10' 


.8746 .5543 61® 0' 
.8732 .5581 50' 



81® 0' .5150 
10' .5175 
20' .5200 
30' .5225 
40' .5250 
50' .5275 


.6009 69® 0' 
.6048 60' 



.8387 

.6494 

67® 0' 

.8371 

.6536 

60' 

.8355 

.6577 

40' 

.8339 

.6619 

30' 

.8323 

.6661 

20' 

.8307 

.6703 

10' 

.8290 

.6745 

66® 0' 
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NATURAL TRIGONOMETRIC FUNCTIONS 


Angle Sin 


Tan Angle I Angle Sin 


Tan Angle 


34^ 0' .6592 
10' .6616 
20' .6640 
30' .5664 
40' .6688 
50' .5712 


.6745 56® 0' 

.6788 50' 


40® 0' .6428 
10' .6450 

20' .6472 
30' .6495 
40' .6617 
50' .6639 


.8391 6p® 0' 

.8441 50' 


35® 0' .6736 
10' .6760 
20' .6783 
30' .6807 
40' .5831 
60' .5854 

36® 0' .5878 
10' .5901 
20' .5925 
30' .5948 
40' .5972 
60' .5995 

37® 0' .6018 
» 10' .6041 
20' .6066 
30' .6088 
40' I .6111 
60' I .6134 


.7002 56® 0' 

.7046 50' 


41® 0' .6561 
10' .6583 
20' .6604 
30' .6626 
40' .6648 
50' .6670 


.8693 49® 0' 


.7265 64® 0' 

.7310 50' 


I .9325 47® 0 
5 



19004 48® 0 


60' .6926 .7214 .9601 


.9657 46® 0 


39® 0' .6293 
10' ,6316 
20' .6338 
30' .6361 



7772 .8098 51® 0' 

7753 .8146 60' 

7736 .8195 40' 

7716 .8243 30' 

7698 .8292 20' 

7679 .8342 10' 

7660 .8391 60® 0' 


45® 0' .7071 .7071 1.000 
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